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ABSTRACT

A recent result of Salvetti and Settepanella gives, for a complexified real ar-
rangement, an explicit description of a minimal CW decomposition as well as an
explicit algebraic complex which computes local system homology. We apply their
techniques to discriminantal arrangements in two dimensional complex space and
calculate the boundary maps which will give local system homology groups given
any choice of local system. This calculation generalizes several known results; ex-
amples are given related to Milnor fibrations, solutions of KZ equations, and the
LKB representation of the braid group.

Another algebraic object associated to a hyperplane arrangement is the mod-
ule of derivations. We analyze the behavior of the derivation module for an affine
arrangement over an infinite field and relate its derivation module to that of its
cone. In the case of an arrangement fibration, we analyze the relationship between
the derivation module of the total space arrangement and those of the base and fiber
arrangements. In particular, subject to certain restrictions, we establish freeness of

the total space arrangement given freeness of the base and fiber arrangements.
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ABSTRACT

A recent result of Salvetti and Settepanella gives, for a complexified real ar-
rangement, an explicit description of a minimal CW decomposition as well as an
explicit algebraic complex which computes local system homology. We apply their
techniques to discriminantal arrangements in two dimensional complex space and
calculate the boundary maps which will give local system homology groups given
any choice of local system. This calculation generalizes several known results; ex-
amples are given related to Milnor fibrations, solutions of KZ equations, and the
LKB representation of the braid group.

Another algebraic object associated to a hyperplane arrangement is the mod-
ule of derivations. We analyze the behavior of the derivation module for an affine
arrangement over an infinite field and relate its derivation module to that of its
cone. In the case of an arrangement fibration, we analyze the relationship between
the derivation module of the total space arrangement and those of the base and fiber
arrangements. In particular, subject to certain restrictions, we establish freeness of

the total space arrangement given freeness of the base and fiber arrangements.
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CHAPTER 1
INTRODUCTION

1.1 Background and Motivation

This thesis focuses on the topology of complex hyperplane arrangement com-
plements. A hyperplane arrangement is a finite collection of hyperplanes ((¢ — 1)-
dimensional subspaces) in any ¢-dimensional vector space. An arrangement can be
viewed as the zero locus of a defining polynomial Q(z1,...,2,) which is a prod-
uct of n linear forms. When the vector space is C?, the complement of the union
of an arrangement is topologically interesting. For instance, the complement of a
non-empty arrangement has non-trivial fundamental group; the pure braid groups
are an example of groups which are realizable as the fundamental group of an ar-
rangement [8]. Arrangement groups are not yet fully understood, even though there
are several interesting presentations of the fundamental group of an arrangement
available [5, 9, 17]. For example, it is not known whether an arrangement group
must be torsion free.

It is also unknown if the integral homology groups of certain covers of the
arrangement complement must be torsion free. The Milnor fiber [15] is one such
cover; it is an n-fold cyclic cover of the complement of the corresponding projective
arrangement, where n is the number of hyperplanes in the arrangement. There is
a canonical subgroup of index n of the fundamental group corresponding to this
Milnor fiber. The fibration that produces the Milnor fiber F' is actually the defining
polynomial ), which at this point is assumed to be homogeneous. This fiber turns
out to be a cyclic n-fold cover of the projectivized complement of the arrangement,
which is the base space of a restriction of the Hopf fibration h : C**' — P’. These
maps are shown in Figure 1.1.

Torsion in the homology of the Milnor fiber would provide an invariant of the



Figure 1.1: Diagram of the Hopf and Milnor fibrations for A central

Figure 1.2: A diagram of a 2-arrangement with Q(A) = (22 — 1)(y*> — 1)(z — v)

fundamental group of the original arrangement, and homology groups of covers cor-
respond to homology groups of the original space with coefficients in a local system.
To this end, we may use a combinatorial method of computing homology groups
with local coefficients developed by Salvetti and Settepanella [22]; this method uses
a finite CW complex which has the homotopy type of the complement [21] and
collapses it to a minimal CW decomposition using Morse theory.

In this thesis we look at a special family of arrangements, discriminantal
arrangements, which are of use in computing hypergeometric integrals [6]. The
simplest example of a discriminantal arrangement in dimension two is depicted in
Figure 1.2. In two dimensional space, we are able to compute all local systems for

which the free ranks of the homology groups are interesting; usually, the boundary



maps have full rank which forces the first local homology group to be trivial, but
for certain local systems we have nontrivial first homology.

In dimensions higher than two, the problem becomes more difficult. The
special CW complex is straightforward to write down, but the process of collapsing
the complex to a minimal one and writing down the local homology boundary maps
is much more difficult.

Another opportunity for geometric analysis lies in the module of derivations
associated to the arrangement. This module may be viewed as the set of linear maps
on (-variable polynomials which satisfy the Leibniz rule and which preserve the ideal
in C[zy, ..., z¢| generated by the defining polynomial ). Alternatively, we could view
derivations as vector fields on C’ which are tangent to each of the hyperplanes in
the arrangement [16]. These derivations form a module over S = Clz1,.. ., 2.

Saito [20] discovered that this module was dual to the S-module of logarith-
mic 1-forms with poles along the variety defined by () which was already known to
generate the cohomology algebra of the complement [1, 3]. Terao [23] found that
the modules of derivations for most of the examples of classical interest, such as
the braid arrangements and reflection arrangements, are free S-modules. However,
no one knows precisely how the topology of the arrangement complement or the
combinatorics of the arrangement and this module are related. Specifically, the
well-known Terao conjecture [25] states that the combinatorics of the arrangement,
or the way the hyperplanes intersect each other, determine the module of deriva-
tions; this remains unsolved. We do not even know if the topology determines
the structure of the module. However, several results are available which establish
ties between the module and the topology: freeness of the module of derivations
implies factorization of the Poincaré polynomial of the complement [24] (which is
computable from the intersection lattice), and freeness of the module behaves well

under certain operations on hyperplane arrangements which are used to dissect and



understand them [23].

In many of the most interesting examples of arrangements, the complement
admits a fibration in which the base space and the generic fiber are both arrangement
complements [10]. Terao [25] showed that the existence of these fibrations comes

from the existence of modular elements in the intersection lattice of the arrangement.

1.2 Overview

In Chapter 2, we provide definitions and background information about hy-
perplane arrangement combinatorics, the Salvetti Complex, discrete Morse theory,
rank-one local systems, and the module of derivations.

In Chapter 3, we compute the Morse complex for a particular family of ar-
rangements and use this complex to compute local homology groups for any choice
of twisted coefficients. We also present several interesting examples of choices of
local systems; the resulting computations reproduce known results.

In Chapter 4, we extend the definition of freeness to affine arrangements in
vector spaces over infinite fields, and prove that an affine arrangement is free in this
sense if and only if its cone is free. Also, subject to some restrictions, we show that
in the case of an arrangement fibration, the total space arrangement is free only if
the base and fiber arrangements are free. This is a partial answer to a conjecture

first made by Falk and Proudfoot [11].



CHAPTER 2
BACKGROUND AND DEFINITIONS

For a more complete introduction to background material, the reader is re-

ferred to Orlik and Terao’s book [16].

2.1 The Intersection Lattice

Let K be a field and let V' be an ¢-dimensional vector space over K.
Definition 2.1.1. A hyperplane is an affine (¢ — 1)-dimensional subspace of V. A
hyperplane arrangement A in V' (or arrangement or {-arrangement for short) is a
finite collection of hyperplanes.

A hyperplane may be thought of as the zero locus of a linear polynomial
a € K[z, xq,...,24. Unless otherwise specified, we will assume that all of the
hyperplanes contain the origin, which makes the arrangement central. Otherwise,
the arrangement is affine.
Definition 2.1.2. Given a hyperplane H in V', a defining form o € K[z, xo, .. ., x4
for H is a linear polynomial whose zero locus is H. If A = {H;y, Hs,...,H,} is an
arrangement, and if for 1 < ¢ < n a defining form for H; is «;, then we call
Q(A) =[] a; the defining polynomial of A.

We may use coning to compare affine and central arrangements.
Definition 2.1.3. Let A be an affine f-arrangement which is defined by @ =
Q(A) € K[z1, ..., z4]. Let Q be the polynomial ) homogenized using a new variable
Zoy1. The cone of A, denoted cA, is the central (¢ + 1)-arrangement defined by
the polynomial z,,,Q)’. Note that cA has one extra hyperplane, which we call the
hyperplane at infinity or equivalently the additional hyperplane. Similarly, given any
central £+ 1-arrangement A defined by a homogeneous polynomial (), we may define
the decone dA of A by choosing a distinguished hyperplane Hy, linearly changing

coordinates in K“*! so that the form defining Hy is 4,1, and substituting 1 for z,,,



in the changed polynomial Q).

Example 2.1.4. Let A be an affine arrangement in C! given by Q(A) = z(x—1)(z+
1). Then Q(cA) = z(x — y)(x + y)y. A handy way to visualize the cone/decone
is by embedding the affine f-arrangement in the hyperplane xz,; = 1 in £ 4 1-
space, drawing all of the hyperplanes spanned by the origin and each of the £ — 1
dimensional spaces, and adding the x,,; = 0 hyperplane. This is illustrated for the

above example in Figure 2.1.

Figure 2.1: An affine C! arrangement and its cone in C?

Example 2.1.5. We note that the polynomial obtained by deconing depends on
the choice of distinguished hyperplane. Let Q(A) = z(z + 2y)(x — 2y)y. If we
choose the hyperplane defined by y = 0 to be the distinguished hyperplane, then
Q(dA) = z(z + 2)(x — 2). However, if we decide that = = 0 is the distinguished
hyperplane, then Q(d.A) = (1 + 2y)(1 — 2y)y, and these polynomials are not equal
up to scalar.

Let M(A) =V — UH,; denote the complement of the arrangement A. In the
case that K = C and V = C*, then M(A) is an open subset of C* and is therefore

a smooth (-dimensional complex manifold.



Definition 2.1.6. A projective arrangement is a finite collection of codimension-1
subspaces in P’.

Note 2.1.7. Another way of viewing coning and deconing is through projectiviza-
tion. If ) is a homogeneous polynomial in ¢ + 1 variables, then it is a well-defined
function on projective f-space P*. We use M* to denote the complement of the
zero set of () in P*. Since the complement of a projective hyperplane in P is affine
(-space K¢, the complement of n + 1 hyperplanes in P’ is the complement of n
hyperplanes in K.

In the case K = C, we have that the restriction of the Hopf bundle map
p : C* — P’ to the complement of a central arrangement A is a trivial fiber
bundle [16], so we have

M(A)=M"xC"= M(dA) x C*
This means that we can study the topology of affine, central, or projective arrange-
ment complements and frequently obtain information about the other two.

We are particularly interested in arrangements in C* whose defining forms have
all real coefficients. If this is the case, we say that the arrangement is a complexified
real arrangement. Frequently, we will draw the corresponding real arrangement
as a diagram to illustrate the combinatorics of the complexified real arrangement;
the two intersection lattices are isomorphic. See Figure 2.2 for an example of a
complexified real arrangement in C? which is drawn in R?. Note that for complex
arrangements, codimension means complex codimension; the hyperplanes in A are
all isomorphic to C!.

Example 2.1.8. Let A, be the (-arrangement defined by the polynomial:

{ n
Qen = HH(% ) H (2p — %)
i=1 j=1 1<p<q<t
We call these arrangements discriminantal arrangements; an example may be

found in Figure 2.1.

We wish to understand the topology of the complement M (A), and to this



Figure 2.2: Discriminantal arrangement with { =2, n =3

end, we frequently employ a geometric semi-lattice associated to the arrangement
which is a fairly powerful combinatorial invariant.

Definition 2.1.9. Let L(.A) be the set of all nonempty intersections of hyperplanes
in A. Define a partial order on L(A) by reverse inclusion: X <Y & Y C X.
L(A) is called the intersection lattice of A. Define a rank function on L(A) by
r(X) = codimy(X). Let r(A) := max{r(X)| X € L(A)}. There are two operations
on L(A): the meet of X and Y is defined tobe X AY = {Z € L(A)|Z < X,Z <
Y}, and the join of X and Y is defined to be X VY := X NY.

Note that 7(V') = 0 and that V is the unique element of rank 0. If A is central,
then the join of two elements always exists as a lattice element, the intersection of
all H; is the unique element of maximal rank, and L(.A) is a geometric lattice. If
r(A) = ¢, we say the arrangement is essential.

Definition 2.1.10. Let A be central, so the intersection lattice is a geometric
lattice. An intersection lattice element X € L(.A) is called modular if for all Y, Z €
L(A) with Z <Y, we have ZV (X ANY)=(ZVX)ANY.

Modularity can be defined for an element in any geometric lattice, but in the

case of an intersection lattice for an arrangement, there is a topological interpre-

tation as well. A proof of the following lemma may be found in Orlik and Terao’s



book [16]:

Lemma 2.1.11. Let X € L(A). The following are equivalent:
1. X is modular.
2. ForallY € L(A), r(X)+rY)=r(XVY)+r(XAY)
3. ForallY € L(A), X NY =X +Y.
4. ForallY € L(A), X +Y € L.

Example 2.1.12. Let A be an arrangement in C* defined by Q(A) = (z — y)(z —
2)(y — z)xy. Figure 2.3 shows the intersection lattice for A, where each number
1 denotes the hyperplane defined by the ith form in the above expression of @),
and concatenated numbers indicated intersections of hyperplanes. For example, 24

means Hy N Hy.

12345

I\
WK
N

Figure 2.3: L(A) when Q(A) = (z —y)(z — 2)(y — 2)xy
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Note that the element marked “24” is HoNH, which is the y-axis. This element
is not modular since 24 + 35 = H, N Hy + H3 N Hjy is the xy-plane which is the zero
set of the form z, and this form is not a factor of (). However, it can be checked
that the bottom and top elements are always modular, as are the hyperplanes on
the next to bottom level. Also, note that the elements 123 and 145 are modular,
although this is slightly tedious to check.

Sometimes there is a maximal chain of modular elements in the lattice:
Definition 2.1.13. Let A be an arrangement with 7(A) = ¢ (so A is essential).
Then A is called supersolvable if there exists a maximal chain of modular elements

V=Xo< X< <X, ={0}

If X is modular, then Terao [25] found that the orthogonal projection map
which collapses X down to the origin turns out to be a fiber bundle projection map,
where the base space is the complement of a central r(X)-arrangement and the
generic fiber is the complement of an affine (¢ — r(X))-arrangement. In particular,
if X has rank /—1 or is a one-dimensional subspace, then each fiber of the projection
mapping is the complex line C with a fixed number of points removed.

Supersolvability also has an interesting topological interpretation. The follow-
ing definition is due to Falk and Randell [10]:

Definition 2.1.14. 1. The arrangement {0} in C! is a fiber-type arrangement.

2. Suppose that, after suitable linear coordinate change, projection to the first
(¢ — 1) coordinates is a fiber bundle projection M — M’ where M’ is the
complement of a fiber-type arrangement in C*~'. Then A is a fiber-type ar-
rangement.
Theorem 2.1.15. [25] A hyperplane arrangement is fiber-type if and only if it is
supersolvable.
This theorem establishes a strong tie between combinatorics and topology of

arrangements. Note that the arrangement in Example 2.1.12 is supersolvable since
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() <1 <123 < 12345 and these elements are all modular.

2.2 Discrete Morse Theory on the Salvetti Complex

If A is a complex arrangement, then the complement of A admits a minimal
CW decomposition; this was found independently by Dimca and Papadima [7] and
Randell [19]. Salvetti [21] discovered a CW decomposition for the complement of
a complexified real arrangement which is easy to define and use, but it is far from
minimal. Yoshinaga [26] used the Lefschetz hyperplane section theorem to describe
attaching maps for a minimal decomposition of the complement which did not rely
on the Salvetti complex or the combinatorics of the arrangement. Then, in their
2007 paper, Salvetti and Settepanella [22] described a way to collapse Salvetti’s
complex to a minimal one in order to more easily compute local homology. Their
method makes use of combinatorial Morse theory; for a user-friendly introduction
to the topic, see papers by Forman [12, 13].

We remark that if A is a complexified real arrangement, then the correspond-
ing real arrangement can help us determine certain topological invariants. In partic-
ular, we may be able to compute invariants which are combinatorially determined,
such as betti numbers, since the real and complex arrangements have identical
combinatorics. Salvetti and Settepanella’s technique (and even the definition of the
Salvetti complex itself) relies heavily on the corresponding real arrangement.

The technique described below may be summarized in the following steps:
1. Define the face poset S and the Salvetti complex S.
2. Give a total ordering on S using polar coordinates.
3. Use the ordering to define a combinatorial Morse function on S.

4. Use the combinatorial gradiant field from the Morse function to collapse S to

a minimal decomposition.
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Assume, then, that A is a complexified real arrangement with corresponding
real arrangement Ag.

Definition 2.2.1. Let X € L(Ag) be any intersection lattice element. A face of
Ag is a connected component of M (Ag ), where
AY ={XNH|H€ Az, X ¢ H,and X N H # ()}
is the restriction of Ag to X. Let
S = {F*}

be the stratification of R into codimension-k facets F* (connected components of
intersection lattice elements). Then S has a partial ordering

F'<Fl & Fio>F
We call § the face poset of Ag.
Theorem 2.2.2. [21] There is a CW complez (called the Salvetti complex) with the
homotopy type of M (A) and whose k-cells correspond bijectively with pairs [C' < F¥|
where C' is a chamber (or 0-face) in S and F* € S.

A cell [C < F*] is in the boundary of [D < G] if and only if F* < G7 and
the chambers C' and D are contained in the same chamber of the subarrangement
{He A |F C H}.
Notation 2.2.3. Given a chamber C' and a facet F', denote by C.F' the unique
chamber containing F' in its closure and lying in the same chamber as C in the
subarrangement {H € Ag|F C H}. Given two facets F' and G, the notation
C.F.G shall be read as (C.F).G.

In using the real arrangement Ag to do Morse theory, we will need to describe

points in R using polar coordinates. The coordinate changes are as follows:
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p = Jai+--+ad

0) = i

cos™(hh) = o4 fx?
2
2(0. _ x3

cos (01) - x%++m§
200 ag_y

cos’lOe1) = g
By convention, for any point x = (z1,x2,...,2¢) and any i with z; = .-+ =

x, =0, we set 6; = 0.
Notation 2.2.4. Let

Vii,...,0i1) = {P=(p,01,...,00-1)|0; =0;,...,00_1 = 0,1}
By convention, we let p = 6, if necessary. This space is an i-dimensional open
half-subspace of R. We will denote by |V;(6)| the linear span of V;(#).
Definition 2.2.5. A system of polar coordinates in R, defined by an origin O and
a basis ey, ..., e, is generic with respect to the arrangement Ay if it satisfies the

following conditions:
1. the origin O is contained in a chamber Cj of Ag;

2. there exists § € (0, 7/2) such that the union of the bounded facets is contained
in the open cone

B(0):=={P=(p,01,...,0_1) €R"|6; € (0,6)¥V1<i<n—1p>0}

3. subspaces V;(0) = Vi(0;,...,0,_1) which intersect the closure of B are generic
with respect to Ag, in the sense that, for each k-codimensional subspace
L € L(Ag),
i >k = Vi) NLNclos(B) # 0 and dim(|V;(0)| N L) =i —k

Example 2.2.6. Let A be a real 2-arrangement given by @ = (3x —y — 5)(x —

3)(z —y — 1). Suppose we choose standard polar coordinates, so the origin is at
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(0,0) and our orthonormal basis is vi = (1,0), va = (1,0). Then the origin is in an
unbounded chamber of A, and the union of the bounded facets of A is contained
in an open cone B(w/3). However, V;(r/4) does not intersect the hyperplane H
defined by the form = —y — 1, so these coordinates fail to be generic. See Figure

2.4.

Figure 2.4: Non-generic polar coordinates in R?

These generic polar coordinates always exist; in fact, genericity is an open
condition in RY, in the sense that the set of points of R with respect to which there
exists a choice of polar coordinates which is generic is open in R.

Now, a total order on § will be calculated which is induced by these polar
coordinates. Given a codimensional-k facet F' € S, and given 6 = (0;,...,60,_1)
with 6; € [0,6] for all j =14,...,¢ — 1, denote by

F(b;,...,001) = FnNV/(0)
We allow (6;,...,6,_1) to be empty; in this case F(}) = F N'V,. Note that by
genericity conditions, if i > k then F'() is either empty or it is a facet of codimension
¢ — (i — k) (with respect to RY) contained in V().
Also, for any facet F'(0), let
ir@) =min{j > 0|V; N F(0) # 0}

where Vj is the linear subspace generated by ey, ..., e;.
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Definition 2.2.7. Given any facet F'(f) (assume that F(0) # (), let the minimum
verter Pre) be the unique 0-dimensional facet in its boundary which satisfies the

following;:

1. If ip@) > i (meaning F(§) N V;_y = 0), then P is the unique vertex such

that

0i-1(P) = min{f;—1(Q) | Q € F(0)}

2. If ipg) < i, then the point Pr) is either the origin O or it is the unique one

such that

eiF(e)—1<P) = min{eip(e)—l(Q) | Q€ F(Q) A ViF(e)}

The uniqueness of this vertex is implied by the genericity conditions. We will
associate to the facet F'() the n-vector of polar coordinates of P )

O(F(0)) := (6o(F(0)),...,0 (F(0)),0,...,0)

ip(0)—1

Definition 2.2.8. Given F,G € S, and given 0 = (0;,...,0,_1), 0 < i < n,

0; € 10,6] for j €4,...,n—1, (8 =0 for i = n) such that F(0), G() # 0, we set
F(0) < G(0)

if and only if one of the following cases occurs:

1. Prg # Pg@- Then ©(F()) < ©(G(0)) according to the anti-lexicographic
ordering of the coordinates (i.e., the lexicographic ordering starting from the

last coordinate).

2. Pp(g) = Pg(g)- Then either

(a) F(0) is a vertex, but G(6) is not.
(b) neither F' nor G is a vertex. Let ip 1= ip(g) = ic(g)-

i. If i9 > 1, then one can write

O(F(0)) =O(G(®)) = (Bo,...,0i-1,0;,...,0,,1,0,...,0)
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Then, for all €, 0 < € < ¢, it must happen that

F(éi,1+€,éi,...,9i0,1,0,...,0)<]G(éi,1+€,97i,...,91‘0,1,0,...,0)

ii. If iy <1, then one can write

O(F(0)) = O0(G(®)) = (b, ... ,0:i,-1,0,...,0)
Then, for all €, 0 < € < ¢, it must happen that

F(9i0—1+€707'-'a0)<]G(9i0_1+6,0,...,0)

This relation is irreflexive and transitive, so we have

Theorem 2.2.9. The relation < is a total ordering on the facets of Vi(0), for any
given 0. In particular, it gives a total ordering on S.
Example 2.2.10. Let A be the arrangement of Example 2.2.6, so A is defined by
Q= 3z —y—>5)(x—3)(x —y—1). If we choose polar coordinates for R* with the
origin at (—13/9,1/2) and v; = (1,0), then we get generic polar coordinates with
d = arctan.9 < 7/4; see Figure 2.5(a). The unbounded chamber containing the
origin intersects Vj nontrivially, and so that chamber will be marked with a 1 (note
that the minimum vertex of that chamber is the origin). There are three 1-facets and
three chambers which intersect V; nontrivially, and so those are ordered next. Note
that chamber 3 comes before edge 4 according to condition 1 of Definition 2.2.8,
and also that edge 2 comes before chamber 3 according to condition 2a. Finally,
the vertex P; is the minimum vertex for four different facets; those are ordered
according to condition 2b. Figure 2.5(b) shows the ordering of all facets in S.

We will use this polar ordering of facets to define a combinatorial gradient
vector field ® over S which is the gradient of a combinatorial Morse function.
Definition 2.2.11. For j =0,...,n —1, let ®;;; be the collection of pairs of cells

@1 = {([C < F],[C < F'™)) €S x 811}

(where S; is the j-skeleton of S) so that

1. F9 < i+l
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18
17

Ps

14
Py

6
Py
v1> 7
(a) Generic Polar Coordinates for A (b) Polar Ordering for .4

Figure 2.5: Polar ordering for affine 2-arrangements

2. Fitl q FJ

3. ([C< FI7 1 [C < Fi])¢ ®;V FI~! < FJ
n—1

Let & = |_|q)j+1-
=0
Theorem 2.2.12. One has:

1. ® is a combinatorial vector field on S which is the gradient field of a combi-

natorial Morse function.

2. The pair ([C < FI],[C < FITY) belongs to ® if and only if the following

conditions hold:
(a) FI < Fit!
(b) Fitt < FJ
(c) YE'=1 such that C' < FI=' < FJ one has FI=!' < FJ,
3. Given FI € S, there exists a chamber C' such that the cell [C' < F7] is the
“head” of arrow if and only if there exists F7=1 < FJ with F7 < F7~t. More
precisely, the pair which is in ® is ([C < FI=Y,[C < F]), where FI=1 is the

mazximum (j — 1)-facet (with respect to polar ordering) satisfying

C <1<l FiqFi—!
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4. The set of k-dimensional critical cells is given by
Singy(S) = {[C < F*|FFNV, =0, FI <« F*YC < F7 2 F*}
Equivalently, F* NV}, is the mazimum (in polar ordering) among all facets of

cNV.

Corollary 2.2.13. Once a polar ordering is assigned, the set of singular cells is

described only in terms of it by:

Singi(S) == {[C < F*¥]:
1. FEq Py Pl gy R < phtl
2. FF1aqFPY FF1 st C < FF1 < FF}

We note that the integral boundary of the Morse complex generated by these
singular cells is zero, so we have minimality of this C'W decomposition of the comple-
ment. We can use this minimal CW complex to combinatorially compute homology
groups with local coefficients.

2.3 Rank-One Local Systems

If X is a path-connected space having a universal cover X and fundamental
group 7, then given any left Z[r]-module M, we may define homology groups with
local coefficients in M. The module structure of M can come from any representa-
tion of 7 on M. The chain groups are C,,(X; M) := C\,(X) @, M, where C,,(X) is
viewed as a right Z[r]-module. The boundary maps are 0 ® Id.

In the case that we are taking a representation on C", we say that we have a
rank-n local system. In particular, we can choose a representation p : m (M (A)) —
GL,(C) = C*, in which case we have a rank-one local system. It is known that
the fundamental group of an arrangement complement is generated by n transverse
loops around each hyperplane in the arrangement, but the fundamental group is in

general not abelian. For examples of presentations of the fundamental group see

papers by Arvola [2], Cohen-Suciu [5], Falk [9], and Randell [17] [18]. However,
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GL;(C) is abelian, so any representation chosen factors through the first integral
homology group of the complement. In effect, then, a choice of representation is
equivalent to the assignment of a non-zero complex number (which represents an
automorphism of C) to each hyperplane in 4. Once a choice of complex weights is
made, we may use a minimal C'W decomposition to combinatorially compute the
local homology groups.

We are interested in computing homology with local coefficients because it
tells us about ordinary homology of the Milnor fiber F = Q~1(1) of the fibration
given by @ : M(A) — C*. A more thorough discussion is given in a paper by Cohen
and Suciu [4]. F is a cyclic n-fold cover of the projectivized complement M* of the
arrangement 4, where n is the number of hyperplanes in the arrangement, or the
degree of . Using a Leray-Serre argument on the fibration p : F' — M*, we find
that H,(F;C) = H,(M*; Hy(p~*(z0); C)), or that H,(F;C) = H,(M*; L), where L
is a rank n local system given by a representation p : m(M*) — GL,(C). This
particular representation decomposes into a direct sum of rank-one representations
p= @Z;é pr, where p, maps each generator to &* or the kth power of a primitive
nth root of unity. We use L to denote the kth rank-one local system. In short, we

are interested in rank-one local systems because

n—1
H.(F;C) = H.(M*; Ly)
k=0

2.4 The Module of Derivations

The final background notion we will need (in Chapter 4) is the module of
derivations, which we now define.

If V' is an ¢-dimensional vector space over a field K (usually we will be working
with C* over C), then let x1,xs,...,7, be a basis for V*, and let S = S(V*) =
K[zq,x2, ...,z be the symmetric algebra of V* over K. If we wish to emphasize
the dimension of V' we will write S(V}*).

Definition 2.4.1. We say that 6 : S — S is a deriwation of S if 6 is multilinear
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and satisfies the Leibniz rule: 6(fg) = 0(f)g — f0(g) for all f,g € S. Let Derk(S)
be the free S-module of derivations of S.

A basis of Derg (S) may be given by the maps 6%1- for 1 <14 < ¢, where a%i(a:j) =
5; Therefore any derivation may be written in the form flai:cl + f2a%2 +-- 4+ ffa%ev
where fi, fo, ..., fr € Klzy,29,..., 2]

Definition 2.4.2. Let A be a hyperplane arrangement in V' with defining polyno-
mial ). Then the module of A-derivations is defined to be
D(A) = {6 € Der(S) |6(Q) € QS)

Although D(A) is a submodule of a free S-module, it is not necessarily a free
S-module itself. We are interested in situations in which D(A) is a free S-module.
Definition 2.4.3. We say that A is free if D(A) is a free S-module.

Example 2.4.4. The module of derivations for the empty arrangement ®, in V* is
actually all of Derg(S), which is of course free.

The following lemma is often handy in determining whether a given derivation

is contained in D(.A):
Lemma 2.4.5. [16] Let A = {Hy, Hy, ..., H,} be a central arrangement and let o
denote the linear form which determines H; for 1 < i < n. If 6 € Derg(S), then
0 € D(A) if and only if 0 € D(oy) for all i. That is, 0 is an A-derivation if and
only if 0(«;) is divisible by «; for all i.

Given a collection of A-derivations 6, 0,, ..., 0,, we will want to know if these
derivations comprise an S-module basis for D(A).

Definition 2.4.6. Let 0; = fu32- + fiogee + - + fuze € D(A) for 1 <i < (.
We may arrange the coefficient polynomials into a matrix, which we will call the

coefficient matriz:



21

[ fu fo o fu
M =M(b,...,60) = ffl f% f'”
_fél f€2 ff@_

The following result is due to Saito [20] and is often referred to as Saito’s
criterion:
Theorem 2.4.7. Given a central (-arrangement A, let 61,0s,...,0, € D(A) with
0, = fila%l + fiQ% + -+ fiea%e. Let M denote the € by ¢ matrixz of coefficient
polynomials. Then {01,0s,...,0,} is a basis for D(A) if and only if det(M) = Q(A).
Example 2.4.8. Let A be a 2-arrangement defined by Q(A) = zy(x — y). Then

fia an% € D(A) & fi € 25, fo € yS, and fy — fy € (z — y)S

Two derivations which satisfy these conditions are xa% + y% (this is known as
the Euler derivation and is always in the module of derivations for any central
arrangement) and y(x—y)a%. Using Saito’s criterion, it is clear that these derivations

form a basis, since

det | © ! = zy(z —y) = Q(A)
y ylr—y)

We note that this theorem also works for affine arrangements.
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CHAPTER 3

LOCAL SYSTEM HOMOLOGY GROUPS FOR DISCRIMINANTAL
ARRANGEMENTS

3.1 A Minimal C'W-Decomposition

Let Ay, be the arrangement defined by

{ n
Qua=I11G-5 I (o—2)
i=1 j=1 1<p<q<t

as in section 2.1.

In this section a system, of polar coordinates will be determined which is
suitable for application of Salvetti’s and Settepanella’s technique.

Choose

O=(n?>—2n+31-1/n)
vi=(-n’+3n-3+1/n,n—1+1/n), e = Hv—lu
Vi
§ = arccos &7 where w = (—n® + 2n — 2,1/2n)
[vallllwl

as a generic polar coordinate system for ,A. The second basis vector e, is
simply e; rotated /2 radians in the positive direction.
Example 3.1.1. When n = 2, A contains 31 facets, which are ordered as in Figure
3.1.
Example 3.1.2. When n = 2, and given the above polar ordering, the Salvetti

complex S for A has 12 critical cells (see Figure 3.1):
o O-cells: [1 < 1]
o l-cells: [1 <2],[3<4],[5=<6],[7=<28][9=<10]

o 2-cells: [3 <22],[5=<12],[7 < 12],[8 < 18], [14 < 26], [16 < 26]
3.2 The Morse Complex for Local Homology

Using the critical cells obtained above, it is possible to compute the Morse

complex and compute homology with local coefficients.
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5
2—p—FF—32 %
16
20 1P 13 3
14
3t 25—42 2

282 24 43 1

Figure 3.1: Polar Ordering for A when n = 2

Let L be the local system over M(A) where L = C, with base ring Z[r/7'].
Let O € Cy be the basepoint for the fundamental group. Take as generators for the
fundamental group 2n + 1 small loops, one for each hyperplane and transverse to
it, which are composed with minimal paths from the loop to O in order to produce
representatives for 2n + 1 fundamental group elements. These generators act on
L as automorphisms, so choosing a homomorphism from m; to Aut(C) amounts
to assigning a non-zero complex number to each hyperplane (and thus each m
generator) in A. Denote these complex numbers as z1, 29, . . . , 22,41, Where for 1 <
1 < n, z; corresponds to the hyperplane y = 4, 29, 12_; corresponds to the hyperplane
x =1, and z,.1 corresponds to the hyperplane y = z.

To simplify much of the notation and calculations that follow, define a function
f as follows:

fo{1,2,...,n} x{1,2,...,n} — {1,2,...,4n* + 6n + 3}
f(i,j):4n2+6n+2—4(n(y_1)+$)_2({”(yn——j);ﬂ”])

where [z] is the greatest integer that is less than or equal to . f is a function

which assigns to (7,7) the polar ordering of the 2-facet located at = = i, y = j.
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Locally, then, the facets around a double- and triple-point in the arrangement can
be described as shown in Figure 3.2. Note that f(n,n) < f(n —1,n) < --- <

fn) < f(nyon—1)<---< f(l,n—1) <--- < f(1,1).

Fit1)+1
fl+154+1)+4

S FGAD42  FAGAD+L f(iH1+1)+2

Fl+1i41)+2

Lla o 1 L£lo o 1.2 LLA N Lo o
I PAANGS A EAN 1) JX

flii)—2

b+

(a) Triple point (b) Double point

Figure 3.2: Polar ordering with respect to nearby 2-facet

Definition 3.2.1. A cell [C' < F| € S is called locally critical if F' is the maximum,
with respect to <, of all facets in the interval {F" : C' < F' < F'}.

In particular, a O-cell in S is always locally critical, and a 1-cell [C' < F] € S
is locally critical if and only if C' < F, since {F' : C < F' < F'} = {C, F}.
Notation 3.2.2. Recall that galleries of adjacent chambers in A uniquely corre-
spond to positive paths in the 1-skeleton of S. Also, for each C' € S there exists
a unique positive path I'(C') which connects the origin O to the vertex of S corre-
sponding to C' [22].

Given an ordered sequence of (possibly not adjacent) chambers C4,...,C;
let u(C;, Ci11) be a minimal positive path induced by a minimal gallery start-
ing in C; and ending in C;,q, and let u(Cy,...,C}) be the rel-homotopy class of
u(Cy, Cy)u(Cy, C3) - - - u(Ci_q, Cy).
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Let
u(Cy,...,Cy) € m(M(A),O)
be the homotopy class of the path
a(Cy,...,C) = (L(C) u(Cy,...,COT(Cy)
Finally, let
u(Cy,...,Cy)s € Aut(L)

be the automorphism induced by w(Cy, ..., C}).

In order to state Salvetti’s and Settepanella’s theorem on the homology of the
Morse complex, two more definitions will be needed.
Definition 3.2.3. Given a codimensional-k facet F* such that F* NV, # 0, an
ordered admissible k-sequence is a sequence of pairwise different codimensional-
(k — 1) facets

FER) = (FFY o JEED) m > 1

tm

such that

1. FFY < ey

)
2. FFq Fl-(jk_l) for j < m while for the last element FZ-(:_l) < F*®

3. FF Y g g Y

11 tm—1

In order to compose two admissible k-sequences
FFO) = (o BT
FE™) = (57 FAh
it must hold that
31—1 < pk
If it happens that Fijl =F ;?1_1, write the facet only once, so there are no repetitions

in the composition.

Definition 3.2.4. Given a critical k-cell [C' < F*] € S and a critical (k — 1)-cell
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[D < G*1] € S, an admissible sequence
F = F(e<rr)p=<r-1)
for the given pair of critical cells is a sequence of pairwise different codimensional-
(k — 1) facets
Fo=(F5 ... ’E(hkq))

obtained as a composition of ordered admissible k-sequences
F(ES)- F(F})

such that
1. F]”“1 = [F

9. F.(kfl) — k-1

th

3. OV Y =D

4. for all j = 1,... & the (k — 1)-cell [C.E Voo F7Y < F* Y] s locally

critical.

Notation 3.2.5. Let Seq := Seq([C' < F*],[D < G*~1]) denote the set of all ad-
missible sequences for the given pair of critical cells. Let s = (E(lk_l), SRR F;(hk_l)) €
Seq denote an element of Seq. Let

u(s) = u(C, C.E(lkfl), fe ,C.ﬂ(lkfl). e .Fi(hkfl))

a(s) =a(C,C.F Y o o pFTY L B
Finally, let I(s) := h be the length of s, and let b(s) be the number of k-sequences
comprising s.

We are now ready to state Salvetti and Settepanella’s main theorem [22].
Theorem 3.2.6. The homology groups with local coefficients
Hi(M(A); L)

are computed by the algebraic complex (C,,0.) such that, in dimension k,

Ck = @L-e[C<F’€]
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where there is one generator for each critical cell [C < F*] in S of dimension k.
The boundary operator is given by
C<F*
O(leioxpny) = ) A{Digk]—l](l)‘e[D-<Gk*1]

where the incidence coefficient is given by

C<F* $)—b(s)—
A{Din]_l} — Z (—1){O-¥)g(s),

s€Seq
For the arrangement 4 given in Section 2, then:

1. Cy is generated by one 0-cell, {[1 < 1]}.
2. C is generated by 2n + 1 1-cells: {2m +1 <2m +2]:0<m < 2n}.

3. (s is generated by n? +n 2-cells:
{41+ 1) +2=< ) 1<) <n—1}
WfE+1,i+1)+4 < f(i,i)]: 1 <i<n-—1}
U{[2j +1 = f(n, )] : 1< j < n}
U{[dn+3 —2i < f(i,n)]: 1 <i<n}
Lemma 3.2.7. For n > 2, Oi(l.epmi1<om+2) = 2122 Zm(1 — Zpy1)lep<ay, for

1 <m < 2n.

Proof. An admissible sequence for the pair ([2m + 1 < 2m + 2], [1 < 1]) is obtained
as a composition of admissible 1-sequences

F(Fjll)]'—(ﬂlg) = (F»O ,Fi(i)

11?

such that
1. F! =2m
2. F) =land 2m+1.F)..-- .F) =1
3. V1 <1< hthe O-cell 2m+ 1.F).--- .F}) < F}] is locally critical

Note that admissible 1-sequences only exist for F'! such that F' NV, # 0, so
admissible 1-sequences only exist for facets 2,4,6,...,2n. Also, recall that 0-cells

are always locally critical and that C;.Cy = C5 for any two chambers C, Cs.
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For the 1-facet 2m + 2, there are two choices for F(F}): (2m +1) and (2m +
3,2m +1). If m = 0, then no further compositions need to be made. Otherwise, in

order to compose F(F},) with some F(F},), the facet F;, must satisfy:
1. 2k—1=<F}
2. F}, €{2,4,6,...,2n} (so that F(F}) will exist)

No repeats are allowed in the F}. This implies that F} = 2m, and F(F},) =
(2m+1,2m — 1) or (2m — 1). Therefore, F(F},)F(F},) = (2m+3,2m +1,2m — 1)
or (2m+1,2m —1).
Repeat this process m times. There are ultimately two admissible sequences:
s1=0C2m+32m+1,...,1) u(s)) =u2m+1,2m+3,2m+1,...,1)
so=02m+1,2m—1,...,1) u(sy) =u(2m+1,2m+1,2m—1,...,1)
I(s1)=m+2 b(s;))=m+1
[(s2) =m+1 b(sy) =m+1
u(sy1) is the homotopy class of the path which is the composition of minimal
positive paths from 1 to 2m + 3 to 2m + 1 to ...to 1, and this is the same as the
homotopy class of the composition of the first m + 1 generators of 7. This implies

that @(s1)s = 21 - Zma1. Similarly, T(se)s = 21+ 2.

Therefore, Aﬁfﬁlﬂmﬁ] =z1 2l = Zpa1). O
Note that if 2 = 29 = -+ = 29,41 = 1, then Hy(M(A), C) is isomorphic to C.

Otherwise, if z; # 1 for any 4, then

9, ! 1
.€[9;— i = 1.
1 2 Zz‘—1<1 — Zz) [20—1<2q] [1<1]

and Hy(M(A),C) is trivial.
Now 0, must be calculated. Let [C' < f(i,7)] denote a critical 2-cell in S,

where 1 < 7,5 < n. Depending on the values of ¢ and j, C' can take one of three
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forms: f(i+1,7+1)+2, f(i+1,j+1)+4, or 2m+ 1. Unless i = j, the polar
ordering of C' is uniquely determined, and its numeric value will not be important.
Claim 3.2.8. Given [C' < f(i,])], there are up to two types of admissible sequences

pertaining to the pair ([C < f(i,7)], [2k + 1 < 2k +2]), where 1 < k < 2n:

1. There are admissible sequences of the form
Ff@NFfEg+1)) - F(f(E,7))
Ff+1i+1)- - FF(N,N)F(f(N+1LN))--- F(f(n,N))

where N = min{k +1,n}, ifand only if j <i<n—1andi <k <n

2. There are admissible sequences of the form

FOGNFS GG+ 1) FFEGN)F(fE+1,N)) - F(f(n, N))
if and only if one of the following holds:

(a) j—1<k<n-1
(b) k=2n+1—1

(c) k=i=n

Proof. Let i,j,k be given. Since F. = f(i, ), the last 1-facet F;. in F(f(i,j))
must have lower polar order than f(i,7), and F, < F3, it must hold that F7 =
fa+1,9),f(@,j+1),or f(i4+1,i4+ 1) in the case i = j. The same holds true for
each Ffl, provided those 2-facets exist.
Suppose a portion of a sequence of 1-facets is equal to
L FGIFFG+L)FFG+T,+ 1))

Then the last 1-facet of F(f(4,7)) must be f(¢,7) — 1,80 C.Fr .-+ (f(4,5) — 1) =
f(i,j)—2or f(i+1,j+ 1)+ 2. Barring repeats in the list of 1-facets, there are two
admissible 1-sequences to choose from (4 in the case ¢ = j) and all of them result
in non-locally critical 1-cells, making the sequence inadmissible. For example, in

Figure 3.1, if F(f(4,7))F(f(i + 1,7)F(f(i + 1,5 + 1)) = F(26)F(22)F(12), the
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last 1-facet of F(26) is 25, so C.F}.--- .25 = 14 or 24, but [24.23 < 23],[24.13 <
13],[14.23 < 23], [14.13 < 13] are all non-locally critical. The same argument holds
for sequences containing strings of the form F(f(j—1,7)F(f(5,)F(f(G+1,7+1))
or F(f(i,0)F(fli+ 1,0+ 1)F(f(i+1,i+2)).

Now, assume that there exists an admissible sequence of the form

FOGNF S5+ 1)) F(fE D)
FUF+ 10+ 1) FEN, N)FFN +1,N)) - F(f(n, N))
Assume i < N (otherwise the sequence is identical to the admissible sequence of
the second type). Then j < i <mn—1andi <k <n+ 1. Suppose k = n+ 1,
however. Then N = n, so the last two admissible 2-sequences in the composition
are F(f(n —1,n —1))F(f(n,n)), and the last 1-facet in F(f(n — 1,n — 1)) must
be f(n,n) + 3. There are then four possibilities for F(f(n,n)) (again, eliminating
repeats):
[(f(n,n) +2).(f(n,n) +1) < f(n,n) +1]
[(f(n,n) +2).(f(n,n) +5).(2n + 4) < 2n + 4]
[(f(n, )+ 4).(f(n,m) + 1) < f(mm) + 1]
[(f(n,n) +4).2n+4) < 2n + 4]
But these are all non-locally critical, contradicting the admissibility of the sequence.
Therefore, k < n.
Assume that there exists an admissible sequence of the form
FU G NFS g+ 1)) F G NNF(f G+ 1,N)) - F(f(n, V)

Then i < N = min{k + 1,n}. If N = n, then k+ 1 > n and one of three cases
happens: either k =n—1, k =n, or k =2n+ 1 —i for some i. If Kk =n — 1, then
it must hold that j — 1 < k. If £ = n, then ¢ = n, otherwise an argument similar
to those above shows that the sequence violates the fourth condition of Definition
3.2.4 whenever ¢ < n = k. Finally, if N = k+1, then k <n—1, and since j —1 < k,

the conditions are all satisfied.
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Now let 7, 7, k be given such that 7 <¢<n —1and ¢ <k <n. Then
(fl, g+ +1, f(i,5+2)+1,..., f(4,9) + 1,
fa+1,i+1)+3,f(i+2,i+2)+3,...,f(N,N) +3,
fINNN)—1L,f(N+1,N)—=1,...,f(n—1,N)— 1,2k +2)
is an admissible sequence for the given pair.

Let 1, 5, k be given such that j — 1 < k <n — 1. Then
(fl, i+ +1,fG,i+2)+1,...,f(i, N)+ 1,
f@,N)=1,fG@+1,N)—1,...,f(n—1,N) — 1,2k + 2)
is an admissible sequence for the pair.
If i, 7, k are such that k =2n+1 —14 or k =i = n, then
(fG, i+ + 1, fG,5+2)+1,...,f(i,n)+ 1,2k +2)
is an admissible sequence for the pair. O

It remains to calculate Seq([C < F*],[D < G*~V]) along with the induced

C<F¥]

coefficient A%D%;k_l]

for each pair of critical cells which satisfies at least one of the
above conditions.

First, assume that ([C < F*¥],[D < G®*~V]) satisfies the first condition of
Claim 3.2.8 but not the second, so j <+ <n—1and k =n. If j <1, then there

are four admissible sequences:

L (fGt,7+ 1)+ 1, f(e,54+2)+1,..., f(,0) + 1,

f+1,i+1)+3, f(i+2,i+2)+3,..., f(n,n) +3,2n + 2)

2. (f,j+ 1)+ 1, f(6,j+2)+1,..., f(i,9) + 1,
fl,0)+3, fe+1,i+1)+3,..., f(n,n)+3,2n + 2)

fl+1,i+1)+3,f(i+2,i+2)+3,...,f(n,n) +3,2n +2)

4. (fG, )+ 1, fG,j+1)+1,..., f(¢,9) + 1,
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f,9)+3, fe+1,i+1)+3,..., f(n,n) +3,2n + 2)
These admissible sequences induce the following four galleries:

L (Cf(i,j+1)—2,f(i,j+2)—2,..., f(i,i) — 2,
fG+1,i+1)+2,f(i+2,i+2)+2,...,f(n,n) +2,2n+ 1)

2. (Cof(i,j+1) =2, f(i,5+2)—2,..., f(i,9) — 2,

fl,9)+2, fe+1,i+1)+2,..., f(n,n)+2,2n+1)

3. (Caf(zﬁj)_2af(27]+1)_277f(7172)_27
Fli+1i+1)+2, f6+2,i+2) +2,..., fln,n) +2,2n+1)

4. (C, f(i,5) =2, f(4, 7+ 1) —2,..., f(i,3) — 2,
fl,0)+2, fe+1,i4+1)+2,..., f(n,n) +2,2n + 1)

These galleries induce the following four fundamental group elements whose
representatives are minimal paths from the basepoint in chamber 1 to each chamber

in the gallery and finally back to the basepoint:
L. 21 ZnZng2 " Zong1—i
2. 221 ZnZng2 Zongl—i
3. Zon42—i%1 " ZnZnt2 "t Zongl—i
4. RZjRoan42—iR1 " Anfn42 "t Z2n41—i

Note that (—1)1*)=t() equals 1 for the first and fourth sequences and —1 for

the second and third. Therefore,
k
Ag:gk}fl] = (25 — D(22nt2-i — )21 2nZnsa** 22nt1-i
If 7 = i, then either C = f(i+1,i+1)+20r C = f(i+1,i+1)+4. If

C = f(i+1,i+ 1) + 2, then there are four admissible sequences:

Lo(fli+10i4+1)+3, f(i+2,i+2)+3,...,f(n,n) +3,2n+2)
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2. (f, )+ 1L, fe+1,i4+1)+3,f(i+2,i+2)+3,..., f(n,n) +3,2n + 2)
3. (f(4,d)+3, fli+1,i+1)+3,f(i +2,i+2)+3,..., f(n,n)+3,2n+2)
4. (f(i,a)+1, f(4,0)+3, fli+1,i+1)+3, f(i+2,i4+2)+3,..., f(n,n)+3,2n+2)

The third and fourth sequences cancel because they induce identical 7i-elements,
but their lengths [(s) differ by 1, so their signs are opposite. In other words the
fourth sequence is the m-extension of the third sequence by the 1-facet f(i,7) + 1

[22, Theorem 8]. Therefore,

A[C%Fk]

[D<Gk—1] = (1= 221 ZnZny2 - Zons1—

If C'= f(i+ 1,i+ 1) + 4, then there are two admissible sequences:
L (f(e,a)+ 1, fli+1,i+1)+3, f(i+2,i+2)+3,..., f(n,n) + 3,2n + 2)
2. (f(,9)+1, f(4,0)+3, fi+1,i+1)+3, f(:+2,i+2)+3,..., f(n,n)+3,2n+2)

Therefore
[C<F*] 2
A[D<Gk—1] = (2ont2—i — 1)21- - 212 Zig1 -+ Zong1—i

Now, assume ([C' < F¥],[D < G*~1]) satisfies both of the conditions in Claim

328, s07<i<n—1,i<k<nand j—1<k<n-—1. Then:

( e
(z; — 1)(zon42—i — 1)21 -+ ZkZnto - - Zont1—i ifj <i
(2i = 1)(Znt122n42—i — )21+ Zkpg2 - Zonp1—; ifi=jand C =
A[C<F’“] N . .
[D<Gk-1] — fa+1,i4+1)+2
(zi = 1) (22nt2-i — )21+ ZkZpg1 - - Zong1—i ift=jand C =
( fli+1,i+1)+4

Finally, assume that ([C < F*],[D < G*~Y)]) satisfies the second condition in
Claim 3.2.8 but not the first, so either < j, i =n, i > k,or k >n. If k =1 =n,
then:

(z; = D)(zns2 — Dzg -+ 2y ifj<n-—1

A{g:g}li]—l] =q @ —z)z1 2 itj=nand C =2n+1

(Zpao — D21+ - zn120%20p1 ifj=nand C =2n+3
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[ ad—-1) ala—1)(d—1) abla—1)d—1) abe(l - a) o
0 ab(cd — 1) ab(1—b)  abe(1—b) 0
0 abe(d — 1) ab?c(d—1)  abe(l — be) 0
0 abed(e — 1) 0 0 abed(1 — b)
ad(ce —1) ad(a—1)(ce—1)  abd(l - a) 0 abed(1 — a)
| acd(e—1) acd(a—1)(e—1)  a*bed(e —1) 0 abed(1 — ac) |

Figure 3.3: Transpose of matrix for 0y when n = 2, with variable substitutions

If k=2n+1—14, then:

AlC<FY (1 —2j)z1 - 2on+1— ifC=f(i+1,j+1)+2
[D=G+1] (1 - ZjZn+1)Zl c o Zon41—i lf 1= j and C == f(’L —+ 1,2 —+ 1) -+ 4

If 7—1 <k <n-—1, then either i < j or ¢ > k, and:

A[C_<Fk} . {(Zj — 1)(22n+2—i — 1)21 C ot ZRZn42 tt Zon41—i if i >k
[D<GF-1] ™

(25 — D (2ont2—i — D)z1 - 2ingn -+ Zong1—i 14 < j

Finally, if 7 — 1 =k < n — 1, then either i < 7 or 2 > k, and:
( e
(Zonq2—i — 1)21 -+ Zp2ng1 -+ - Zong1— ifi<jy
(Zn+12on42—i — )21+ ZiZpgo -+ Zopi1—;  if @ >k, i = j, and
C=fi+1i+1)+2

k
Agigk}fl} = (Zongo—i — 1)21 -+ ZiZny1 - - - Zong1—i it i >k, i=7, and
C=fli+1i+1)+4
(Zny2 — 1)21- - 25 ifi>kandi=n
L <Z2n+2—i — ].)Zl Tt ZjRn42tt Ron+l—i if i > k and ] <i1<n

Example 3.2.9. When n = 2, there are five critical 1-cells and six critical 2-cells.
The matrix representing the second boundary operator is showing in Figure 3.3,

where the 1-cells and 2-cells are ordered as in Example 3.1.2. For display purposes,
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the following substitutions have been made: z; = a, 20 = b, 23 = ¢, 24 = d, and
25 = e.

3.3 Computations and Examples
Theorem 3.3.1. Let n be given, along with automorphisms {z1, z2,..., Zont1} as
in Section 3.2. Then the rank of the matriz representing the second boundary map

1s as follows:

1. If 21 = z0 = -+ = 29541 = 1, then 1k[0y] = 0, and the Betti numbers for the

complement are bo(M(A)) =1, by(M(A)) =2n+ 1, and by(M(A)) = n® +n.

2. If 2y = 20 = --- = 2,01 = 1, and if there exists some i, n +2 < i < 2n+1,
such that z; # 1, then tk[0y] = n + 1. Similarly, if zpy = -+ = 29p01 = 1,
and if there exists some i, 1 < i < n, such that z; # 1, then rk[0;] = n + 1.
In this case, the Betti numbers are bo(M(A)) = 0, by(M(A)) =n—1, and
bo(M(A)) =n? —1.

3. If 21,29, ..., 2on41 do not satisfy the above two cases, and if:

(a) there are two indices i,j in {1,2,...,n} satisfying: if k # 14,7, then
2k = Zongo—k = 1, and at least one of z;, 2, Zopya—i, OT Zopio—; 45 NOt
equal to 1.

(b) at each double point in the arrangement, either z; = z; or z; = 1 or
zj =1,

(c) at each triple point in the arrangement, either z;z, 12on42; = 1 or z; =

Zopt2—i = 1,

2n+1 n+1 2n+1
(d) eitheerizlwnzi: H 2z =1,
i=1 i=1 i=nt1

then tk[0y] = 2n — 1. In this case, the Betti numbers are by(M(A)) = 0,
bi(M(A)) =1, and by(M(A)) =n? —n + 1.
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4. If 21,29, ..., zans1 do not satisfy the above three cases, then rk[0y] = 2n, and

the Betti numbers are bo(M(A)) =0, by (M(A)) =0, and by(M(A)) = n? —n.

Proof. Fix the matrix representing the second boundary map by ordering the critical
1 cells and 2 cells in ascending order with respect to the polar ordering of C in
[C' < F]. See Example 3.1.2 and Figure 3.3.

If 2y =+ = 29441 = 1, then [0y] is the zero matrix.

If 21y =---=2,:1 =1, and if there exists some 7, n+2 < i < 2n+1, such that
z; # 1, then the bottom n rows of the matrix are identically zero. If z,,o # 0, then
the minor formed by the first n 4+ 1 rows and the first n + 1 columns is an upper
triangular matrix with determinant (z,45 — 1)"*! £ 0. Otherwise, let i > 2 be the
least integer such that z,,; # 0. Then the minor formed by rows {1,2,...,n+ 1}
and columns {n+ (i —1),2n+ (i —1),...,G—)n+ (G —D}U{(i —1)(n+1)—
Li—1(n+1)—1+n,...,(i—1)(n+1) =1+ (n—i+1)n} has determinant equal
to +(zp4s — 1)"T! # 0. Therefore the rank of [35] must be equal to n + 1.

If 2,01 = --+ = 29041 = 1, and if there exists some 7, 1 < ¢ < n, such that
z; # 1, then the top n rows of the matrix are identically zero. A similar argument
finding (n + 1) x (n + 1) minors with nonzero determinants shows that the rank of
[02] must be n + 1.

Now assume that zi,..., 29,41 satisfy condition (3). Let 4,j be the special
indices.

If 2on4o—i = 2Zony2—; = 1, then z,41 # 1 (otherwise the automorphisms satisfy
case (2)) and without loss of generality z; # 1. By condition (3c), then, z,.; = zi,
and by condition (3d), z; = 1. With these automorphisms, rows ¢, n+1, and 2n+2—i
in [0y] are linearly dependent, so rk[0s] < 2n — 1. Further, the (2n — 1) x (2n — 1)
minor given by taking columns {n+k(n+1):0 <k <n—-1}U{(n+1)(n+1-k):

1 <k <n,k +# i} and striking out rows n+ 1 and 2n + 2 — ¢ has determinant equal

i(zi71)2n71

to 22+

# 0. A similar argument holds if 2z; = z; = 1.
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0 0 0 (1-y)z (1—-2)z =1z

Figure 3.4: 0, for n = 2, automorphisms (z, v, y—lz, 2,9)

If z; # 1 and z; # 1, then 29,49 ; = and 2g,49-; = ;H by condition

ZiZn+1 Z5Z

(3c). Then, by conditions (3d), either z;2;2,41 = 1 or 2,41 = 1. If 2,1 = 1, then by
condition (3b), z;z; = 1, which implies that z;2;z,11 = 1. In either case, substitute
Znt1 = i, Zopta—i = Zj, and zonyo-; = %. With this choice of automorphisms,
many of the columns of [3,] are linearly dependent, but there are 22"~! choices of
2n — 1 columns which have non-zero determinant (after the appropriate rows have
been stricken out). For example, see Figure 3.4, which shows [05] for automorphisms
(z,9,1/(2y), z,y). Note the linear dependence of columns 5,6 and columns 2,3.
There will always be two sets of two linearly dependent columns (their indices will
vary with ¢ and j), and for n > 2, there will be 2n — 4 sets of 3 pairwise-linearly
dependent columns and n? — 5n + 6 zero columns. Now, since n? +n — (n? + 5n —
6) —2(2n—4) —2 = 2n, there are 2n columns that are possibly linearly independent.
At this point, one could check all 2n + 1 minors of the submatrix to see that they
are all zero. Therefore, rk[0s] = 2n — 1.
1

Finally, if z; # 1 and z; = 1, then 25,,9; = ——, which implies that either

ZiZn41 ’

1

Zn+1

Zopto—j = 1 or An argument similar to the previous one will work in the latter

case, since 2g,49-; = implies that z,,; = Zi and therefore z5,,5; = 1. On

1
Zn+1
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the other hand, if 29,42 ; = 1, there will be 2n — 1 sets of two linearly dependent
columns, and all other columns will be identically zero. This implies that the rank
of the matrix is at most 2n — 1, and if one of each of these sets of columns is chosen
(and the i-th and n + 1-th rows struck out), there is a minor of size 2n —1 x 2n —1
with determinant equal to a polynomial whose only roots are z; = 1 and z;2,,1 = 1.

Now, assume that the automorphisms fall into the fourth category. Then there
exists « <n+1and j > n+ 1 such that z; # 1 and 2; # 1, and the automorphisms
must fail one of the condition in part (3) of the theorem. In each case, a 2n x 2n
minor will be found in the matrix representing the boundary which has non-zero
determinant. Note that the rank cannot be 2n + 1 since the matrix represents a
homology boundary map.

Assume the automorphisms fail condition (3b), so there exist 1 < i < j <n
such that z; # 1, z9p40-; # 1 and 2; # 29n49—;. If j = n, then the minor formed by
columns {1,2,....n—1,n+1,n+2,....2n,n>+n—1— (i —1)(n+ 1)} with the
2n 4 2 — j-th row stricken out has a determinant which is non-zero. If 7 < n, then
the minor formed by columns {i,n?*+n—i,n*+n—i—n,...,n*+n—i—n(i—1),2n+
1—i,3n+1—i,...,(n—i+)n+1—i,n*+n—(n+1)(j—1),n*+n—j—n(i—1)}
with the 2n + 2 — j-th row stricken out has a non-zero determinant.

O

Example 3.3.2. Let each 2 be equal to the same mth root of unity, n = e>*/™.
Then the rank of [0s] is 2n unless n = 2 and m = 3. This is the example shown in
Figure 3.1. This partially recovered a known result of Cohen and Suciu [4], in which
they compute ranks of homology groups with local coefficients using the same rep-
resentations (which correspond to cyclic covers) but for an arbitrary arrangement.
Example 3.3.3. Let 21 = =2, =2,50="-=29,01 =2 # 1, and let z,,.1 = y.
Then the rank of [0] is 2n unless n = 2 and y = Z%, in which case the rank is 2n —1.

This was a result obtained in [6], and it is used to compute a faithful representation
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of the braid group called the LKB representation.

Example 3.3.4. In this example, let 29,,0 ; = 2;, for 1 <7 < n, and let z,.1 = y.
Then, if one or two indices are chosen such that z; = z # 1, if all other z; = 1 and if
y = 2, then the rank of [0,] is equal to 2n—1, and the first local homology group is
nontrivial. Otherwise, the rank is 2n. These computations are useful in computing

solutions to KZ-equations.
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CHAPTER 4
FREENESS OF ARRANGEMENT BUNDLES

4.1 Freeness of Affine Hyperplane Arrangements

Throughout this section, let K be an infinite field. We wish to extend known
results about central arrangements over K to affine arrangements over K.

Recall that V is an ¢-dimensional vector space over K, and that S(V}") is the
symmetric algebra over V/, so that S(V,*) = Klzy,...,x,. When we do not need
to emphasize the dimension of the vector space, we will simply write S. Recall
also that Derg(S) is the free S-module of K-linear maps which satisfy the Leibniz
rule. Any of these maps, or derivations, may be written in the form 6 = Zle fiaixi’

where f; € S. Corresponding to an arrangement, there is a submodule of Derg(S)

called the module of A-derivations, defined as follows:

D(A) := {6 € Derg(S) |0(Q) € QS}

In the case of a central arrangement, if this module is free as an S-module,

then we say that A is a free arrangement.

The following definition may be found in Orlik and Terao’s book [16]:
Definition 4.1.1. A nonzero element 6 € Derg(S) is homogeneous of polynomial
degree p if 0 = Ele fia%i and f; is homogeneous of degree p for 1 <4 < /. In this
case we write pdegf = p.

We will extend the definition of polynomial degree to all derivations as follows:
Definition 4.1.2. A nonzero element 6 € Derg(S) is of polynomial degree p if
0= Zle fiai% and max{deg f; |1 < i < {} = p.

Note 4.1.3. Definition 4.1.1 can be used to define a grading on Derg (S) by defining

Derg(95), to be the set of all derivations which are homogeneous of degree p when
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p > 0 and defining Derg(S), =0 if p < 0, so

Derg(S) = @ Derg(95),

pEL

The extended definition does not give us any such structure, and we will not
need it. Therefore, in what follows, we will use pdeg to mean polynomial degree,
with the understanding that any derivation which is of polynomial degree p and
whose coefficients are all homogeneous of degree p is “homogeneous of polynomial
degree p” in the sense of Orlik and Terao.

We note also that Saito’s criterion (see Theorem 2.4.7) remains valid for affine
arrangements; we will use it to prove the following theorem.
Theorem 4.1.4. Let A be an affine (-arrangement over an infinite field K defined
by a polynomial Q). Then the cone cA is free as a central (¢ 4+ 1)-arrangement if
and only if D(A) is a free S(V;*)-module and if there is a basis {61,0,...,0,} for
D(A) such that Zle pdeg 0; = deg Q.

Proof. (<) Assume A is a free central (¢4 1)-arrangement. We will show that any
decone of A, dA, is a free affine f-arrangement.

Without loss of generality, assume that Q(A) = xpy1 [[ g, where the form
Z¢y1 corresponds to the distinguished hyperplane Hy. For any H € A, we may write
ag = c1xy + -+ ey + o141, and for H # Hy we have ¢; # 0 for at least one i
between 1 and /.

Since A is free, there exists a homogeneous basis {6, ...,0,, 0} for D(A),

where 0 = Zle xia%i is the Euler derivation and §; = Zﬁ

; an’%- Since 6;(ay) €
agS(Vy,) for all H € A, we have 6;(ap,) = 0i(2i41) = Fry1,i € 21 5(Vy,) for all
1 <i<{+41. We write Fyi1,; = Ty41fe41, for each 7. The matrix of coefficients for

this basis, denoted M = M(6,,...,60,,0g), is given by
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[ Fiq F1,2 Fiy € ]
Fg’l FQ’Q ce FQ,Z )
M =
F&l Fg}g Ce ngg Ty
L Iz+1fz+1,1 $e+1fz+1,2 e $e+1f£+1,e Le+1 |

Another basis for D(A) is therefore given by

Fii—xifimn Fio—oifeqe 0 Fig—2ifepe o
Foir—axofirn Foo—2oferip -0 Foy—oafipe 2
M =
Foi—xeforing Fro—xfome 0 Foo—aefirie a0
O 0 Ce O IZ+1

Fixing ¢ and suppressing some subscripts, let ¥ := (F; — xlfgﬂ)a%l + -+
(Fy — xéfﬂl)a%z' W is a derivation in Derg(S(V},)) which we will use to create
a derivation ¢ € Derg(S(V,*)). To do this, we will simply substitute z,4; = 1 in
all of the coefficient polynomials. Note that the mapping v : Klxy, ..., z0q] —
K[zq,...,x¢] that does this is a ring homomorphism, and Q(dA) = [[v(ay) =
v(Q(A)). If g € K[zy, ..., x1] satisties Y(ay) =D ¢;j(Fj — x; fis1) = ang for any
H # Hy in A, then
blvlan) = i ev(F) = zife)

= v (Zﬁ:l c;(F) — ijfe+1))

= v(anyg)

= v(am)v(g) € vian)S(Vy)
and this implies that ¢ € D(d.A). If we take the determinant of the matrix of
coefficients for {iy,..., 1.}, we get v(det M) = v(Q(A)) = Q(dA). By Saito’s

criterion for affine arrangements, then, {¢1,...,1,} form a basis for D(d.A).
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We also need to check that Zle pdegy; = deg Q(d.A). We have that pdegy; <
pdegV¥; for 1 < ¢ < £. V; is homogeneous of some fixed polynomial degree, so we
have pdegy; < pdegV¥; if and only if every coefficient polynomial is divisible by x4, 1.
Therefore, if there is some i such that pdegy; < pdegV¥;, then det M’ is divisible
by x7.,, which is impossible. Thus we have pdegy; = pdegVl; for 1 < i < ¢, so
> oioy pdegy = deg Q(A) — 1 = deg Q(d.A).

(=) Let A be an affine (-arrangement. Let 6 € D(A), § = 30, fia%i, where
fie S(V;) =Klzy,..., 2. Let d =max{deg f; : 1 <i < /(}.

Let Fi,...,Fy € K[zy, ..., 21| be homogeneous polynomials, all of the same
degree, so that v(F;) = f; for all 1 < i < {. Further, let F},..., Fy be the polynomi-
als of least degree with this property. For example, the polynomial fi(z,y) = 23y +
22y%—5 is of degree 4, fo(x,y) = 22 is of degree 2, and Fy(z,y, z) = x3y+2xy*2—524,
Fy(x,y, z) = 2*2*. This defines a set map I' : Derg (S(V;*)) — Derx(S(V{,,)), where
r (Zle fi%) =5 F,-a%i. We will show that I'(6) € D(cA).

Recall that S(V*) is a graded ring, with S(V*); the additive subgroup con-
sisting of the zero polynomial and all homogeneous polynomials of degree i. We
will write S(V*)<; to denote the additive subgroup consisting of the zero polyno-
mial and all polynomials of degree i or less. Consider pq : S(V;)<a — S(Vii1)a,
where g (>°,, ca®) = >, caxa:pztf 87" Then g is a group homomorphism and
wa(f;) = F; for all 1 <i < ¢ since we chose d = max{deg f; : 1 <1 < /(}.

Let H € cA with defining form ay. Then 0(v(ag)) € v(ag)S(V,*). This

implies that there exists some g € S(V;*) so that

14

¢ ¢
(Z ﬁ%) (Z CjTj + Ce+1> = Zcifi = v(am)g
i=1 ! j=1

=1

We need D(0)(ar) = (L0, B ) (Sithen) = Sl 6k € anS(Vay).
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But if we note that deg g < i — 1 which implies that ug_1(g) exists and is homoge-

neous, we have

S aF = g (Zf:1 Cz‘fz‘)
= pa(v(an)g)
= Hd ((Zle Ci%) g+ Ce+19>
= i citta(i9) + coyipialg)
= S cmipta-i(g) + coepipta(g)
= apta-1(9)

Since this is true for all H € cA, we have that I'() € D(cA).

Now assume that we have ¢ derivations 6y, ...,0, € D(A) which form a basis
for D(A) and such that 3¢, pdegf; = deg Q(A). Then T'(6y),...,T(6;) € D(cA)
along with the Euler derivation 6g, and therefore det M(I'(6),...,1'(0y),0r) €
QeA)S(Visy).

Note that the last £ 4 1st coefficient is zero in each of I'(6,),...,1'(6,), so the

matrix of coefficients is block upper diagonal:

[ Py Fio ... Fu| o |
F2,1 F2,2 .. FQ,Z Ho)
ML), ..., 1'(0,),08) =
Fe,l Fz,z e Fz,e Ty
| 0 0 ... 0 |zpr |

We have detM = Q(cA) - g for some g € S(V;';). Let M’" denote the upper

left block in the matrix, so we have
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detM' -2,y = detM

= Q(cA)-yg

_ QcA) .
= g, Y1t g

This implies that det M’ = %-g. Apply v to both sides to get det M(61, . .., 6)
Q(A) - v(g). By Saito’s criterion, this implies that v(g) is a nonzero constant, and
therefore g is a nonzero polynomial in S(V;,). Thus {I'(6y),...,T(6s),0r} are
linearly independent, and since Zle pdegl'(60;) + pdeghp = Zle pdegh; + 1 =
deg Q(A) + 1 = deg Q(c.A), we have a basis for D(cA).

]

We are led to define freeness for affine arrangements in the following way, a
similar version of which may also be found in a paper by Jambu [14].
Definition 4.1.5. Let A be an arbitrary f-arrangement over some field K with
defining polynomial . Then A is free if D(A) is a free module over S(V;*) and if
there is a basis {61, 65, ...,60;} for D(A) such that 3'_ pdeg 6; = deg Q.

Note that this definition coincides with the original definition of freeness for
a central arrangement. The following example shows that the condition on the
polynomial degrees of the derivations cannot be omitted in the theorem.
Example 4.1.6. Let A be an arrangement in C? with variables 2 and y defined by
Q(A) = zy(z +y —1). Then 6; = zy2 + y(y — 1)8% and 6y = z(z — 1) 2 + zyl
are both in D(A), and

ot xy x(r —1) _(A)

yly —1) Ty

By Saito’s criterion, these derivations form a basis for D(.A). Note that
pdegf; + pdeghy = 4 > 3 = deg Q(A).
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However, when we try to create a basis for the cone by “homogenizing” the

derivations by applying I" to 6, and 0 and appending the Euler derivation, we get

xy x(x—2) =z
det | yly—2) 2y y | =wdl@+y—2)=QcA):
0 0 z

In fact, the arrangement cA is not free at all. Because it is a 3-arrangement,

it is free if and only if it is supersolvable, and L(c.A) does not have any rank 2
elements which are modular.
Example 4.1.7. Even when an affine arrangement is free, we do not know as
much about an arbitrary basis for D(A) as we do in the central case. Let A be an
arrangement in C? with variables x and y defined by Q(A) = x. Then it is clear
that D(A) = {0 = fi3; + foze € Derc(S(Vy))| fi € z-S(Vy)}. Then the following
two derivations are in D(A):

6, = (22 +x)a% —|—xa%

0y, = x% + %

Saito’s criterion shows that these derivations form a basis for D(A), since

T
det 1 =@ +2)(1) - (2)(z) =2

The defining polynomial of cA in C? is Q(cA) = zz, and
f)

L(0) = (2% +a2)g + a2,
L) = o +2%

When we take the determinant of the coefficient matrix for {I'(6,),'(0s),0r},

we have
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x2—|—xz X X

det Tz zZ Yy = ZL’Z3

which implies that the derivations are linearly independent, but they do not
span D(cA). Note that these derivations are not even a basis for the multiar-
rangement defined by xz3 since the Euler derivation fails to satisfy the condition
0p(z) € (2*) - S(V5) and is not even in the module of derivations for the multiar-

rangement.

4.2 Arrangement Bundles

Let A be a complexified real arrangement in C* with modular element X €
L(A) of rank k. Orthogonal projection 7 : C* — C*/X restricts to a fiber bundle
projection map with total space M (A). The base space of this projection mapping
in an arrangement complement in C¥; this arrangement consists of all hyperplanes
in A containing X. The generic fiber is the complement of an affine arrangement
in C’~*. We will use B to denote the base space arrangement and F to denote the
arrangement corresponding to a generic fiber.

Let D(A), D(B), and D(F) be the modules of derivations for each of the ar-
rangements. Note that since F is an affine arrangement, the coefficients of deriva-
tions in D(F) will not generally be homogeneous multivariable polynomials. How-
ever, we may assume that after linear change of coordinates the modular element
X =A{0,...,0,zk11,---,20) | Zk41,---,2¢ € C} and the projection mapping is the
standard projection map forgetting ¢ — k coordinates, so 7w(z1,...,20) = (21, .., 2k)-

We wish to establish exactly which hyperplanes in A correspond to hyper-
planes in B and which correspond to hyperplanes in F.

Definition 4.2.1. Let A be a hyperplane arrangement in a vector space V', and let

X and Y be elements in the intersection lattice L(.A). Then Y is horizontal with



48

respect to X if X +Y =V.

If « =214+ o294+ - -+ ¢z is a linear form for a hyperplane H in A, then H
corresponds to a hyperplane in B if and only if H is not horizontal with respect to
X. This is equivalent to H containing X and, because of our assumption about X,
is also equivalent to the condition c;y11 = -+ = ¢, = 0. The horizontal hyperplanes
are exactly those for which there exists a j > k such that ¢; # 0; these are the
hyperplanes which correspond to hyperplanes in the fiber arrangement.

We will therefore partition the linear forms comprising the defining polynomial
(@ into two sets. We will denote by «; those forms for which the corresponding
hyperplane is horizontal with respect to X and ; will denote those for which the
corresponding hyperplane is non-horizontal with respect to X. Therefore () =
IT; i Hj G-

Note that the a; naturally correspond to linear forms on C*. As a set, then,
the complement of B is defined by M(B) := {(z1,...,2) |@i(z1,...,2x) Z0Vi}. If
we fix one of these points (z1, ..., zx) € M(B), then the complement of F is defined
by M(F):={2=(Z1,- ., 2k, 2Zks1,-- -, 20) | Bj(2) OV j}.

Example 4.2.2. Let A be an arrangement in C* with

QUA) = ay(a? — ) (a® — 22)(a? — ) (o — 2)(y" — w?) (22 — u?)
This arrangement is not supersolvable since there are no modular rank 3 elements in
its intersection lattice. There is a single modular rank 2 element: the intersection
of the first four hyperplanes, or the subspace of C* such that x = 0 and y = 0.
The projection mapping m(z,y, z,w) = (z,y) is therefore a fiber bundle projection

mapping, and we have

and

Q(F) = (x5 — ") (x5 — w*) (o — 2°) (v — w*) (2" — w?)

for a generic fiber 7! (zg, y0). See Figure 4.2.2.
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(a) Base Arrangement (b) Fiber Arrangement

Figure 4.1: Diagrams of B and F in two-dimensional space

For any fiber 7 1(xq, yo), F is free as an affine arrangement, with basis given

by
0, = 2(2% — )R — )2+ w(ad — )R — w?)
1 0 0 az 0 0 aw
and
9
0y = (s} — )1 — ) + 2(a — w?)(4h — )

The matrix of coefficients for this basis is

2w = 2)(ys — %) wlag —2*)(y5 — 27)
w(ag —w?)(yg —w?) 2(xf —w?)(ys —w?)
The base space is free (it is even supersolvable) with matrix of coefficients for

a basis given by

x 0
y y@® —y?)
Interestingly, these bases may be “extended” to a single basis for D(A) whose

coefficient matrix is block lower-diagonal:
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0 0
2 2) 0 0

z 2@ =2%) | 2(2® =22 -2 w2 (Y - 27

w w(a? —w?) | wa? —u)(y? —w?) 2(@® —w?)(y? —w?)

This suggests that it may be possible to use Saito’s criterion and the freeness
of the base and fiber arrangements to construct a basis for the total arrangement
A.

Lemma 4.2.3. Let A be an arrangement in C* with modular element X € L(A)
of rank or codimension k. Let m : C* — C*/X = C** be a fiber bundle projection
corresponding to X. Suppose that there is a k-parameter family of derivations in

DercS((C%)*) such that

y4
0
0 - Z fj(a17-..7ak7-rk;+1,...’l'£)a—mj

j=k+1
with f; a polynomial in k variables ay,...,ax, Tpt1,...,2¢ and such that for any

fized point (ay, ..., ay) in the complement of B we have § € D(F). Then 6 € D(A)

where

ZZ 9
xlv-' y Tk L1y + o5 X )8
Lj

j=k+1

Proof. Recall that we may write Q(A) = [[; a; [[; 8;, where the o; are forms corre-
sponding to “base hyperplanes” and the 3; correspond to “fiber hyperplanes.” Also,
recall that for every i, a; = ¢ + - - - + cxxp,. Therefore, O(a;) = 0, which is in the
ideal generated by «; in DercS(C).

Now consider 3; = cjz1+- - -4k Tr+Cpi1 g1+ - -+core. Forany (aq,...,ax) €
M (B), we have B = cr1a1+ -+ Cpag + Crp1Tpy1 + - -+ ¢ as a form which defines
a hyperplane in the fiber arrangement 7. Then because 6(3;) € §;S(V(j_,), there
exists some g € C[zg41,. .., x| such that

0(8)) = crrifrri(an, o ap Trga, - x0) + o+ cofelar, - ag, Ty, -, Te)

= (aa + -+ cpap + o1 Tpyr + -+ o) 9(Tpgr, - -, To)
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Simply substituting z, for a, for all s, we get

é(ﬁ]) = Ck’-i—lfk-‘rl(l'lv"'7$k7xk+17"'7$£)+”'+Cfff(x17'"7xk7$k+17"'ax€)
= (a1 + -+ g + Cpp1Trer + -+ o) g(Tpa, ..., xp)
Therefore, §(/3;) is in the ideal generated by 3;, so € D(A). O

Suppose that there is a k-parameter family of sets of ¢ — k derivations in

DerCS((Cf_’“*), say 61,05, ...,6,_, such that the derivations satisfy the conditions

of Lemma 4.2.3 and F is a free affine arrangement with basis 61, ...,60,_ . Then by
Saito’s criterion the determinant of the matrix of the coefficients for 61,60, ...,0, 4
is up to scalar equal to Q(F), and the set of derivations @y, ..., 0, is linearly

independent. Unfortunately, in an arbitrary module, we cannot necessarily extend
an linearly independent set of elements to a basis.

Theorem 4.2.4. Let A be a hyperplane arrangement in C° with modular ele-
ment X € L(A) of rank k. Assume that the base arrangement B and fiber ar-
rangement F corresponding to X are free arrangements. Suppose that the con-
ditions of Lemma 4.2.3 hold and that there exists a basis {11,..., ¥} for D(B)
and polynomial functions Fjj(xq1,...,x¢) for k+1 < i < L and 1 < j < k
such that for each j 1; + Zf:kﬂ Ej% € D(A). Then A is free with basis

¢ ¢ 7] )
{1+ > i El%; Ut D Fika%i, 01,..., 001}
Proof. Saito’s criterion. O]

Example 4.2.5. Let Q(A) = (z—y)(z—2)(zr —w)(y— 2)(y —w) (2 —w) be the braid
arrangement in C*. This arrangement is fiber-type, and we can choose forgetful
mappings for all of the fibrations. That is, the first projection map is p, : C* — C?
defined by py(z,y, z,w) = (x,y, 2), ps(x,y, 2) = (z,y), and pe(x,y) = x. In all three
cases, the fibrations satisfy the conditions of Theorem 4.2.4.

The base space for p, : C> — C! is the empty arrangment, and p,'(zg) =
{(z0,y) |y # zo}. A basis for D(B) is given by -& which is extendable to 8%+3% and

0

a one-parameter family of bases for the modules of the fibers is given by (x — y)a—y.
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These make up the following basis for the arrangement defined by x — 3 in C?:

1 0
1 x—y
These two derivations may be extended to derivations in the module for the
arrangement defined by (z —y)(z — 2)(y — 2), and (z0 — 2)(y0 — 2) 35 € D(Fiap40))
for any (xg,y0) € M(B). We then get the following matrix for a basis for the

arrangement in C:

1 0 0
1 z—y 0
1l z—2 (x—2)(y—2)
Repeating the process one more time, we find the following basis for the 4-

dimensional braid arrangement:

10 0 0 |
1 z—y 0 0
1 z—2z (z—2)(y—2) 0
1 z-w (z-w)(y—w) (z-w)ly—w)(z-w)

We note that, in general, we will only see a block lower diagonal matrix like
this if the fiber bundle projections are all forgetful mappings, which only happens
if the modular elements are all of the form (0,...,0,2k41,...,2¢). As this cannot
be guaranteed via a linear coordinate change, we do not necessarily get a lower

diagonal coefficient matrix for fiber-type arrangements.
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