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ABSTRACT

In this thesis we accomplish two goals: We construct a two dimensional con-
formal field theory (CFT), in the form of a Liouville theory, in the near horizon
limit for three and four dimensions black holes. The near horizon CFT assumes the
two dimensional black hole solutions that were first introduced by Christensen and
Fulling (1977 Phys. Rev. D 15 2088104) and later expanded to a greater class of
black holes via Robinson and Wilczek (2005 Phys. Rev. Lett. 95 011303). The two
dimensions black holes admit a Dif f(S!) or Witt subalgebra, which upon quanti-
zation in the horizon limit becomes Virasoro with calculable central charge. These
charges and lowest Virasoro eigen-modes reproduce the correct Bekenstein-Hawking
entropy of the four and three dimensions black holes via the Cardy formula (Blote
et al 1986 Phys. Rev. Lett. 56 742; Cardy 1986 Nucl. Phys. B 270 186). Fur-
thermore, the two dimensions CFT’s energy momentum tensor is anomalous, i.e.
its trace is nonzero. However, In the horizon limit the energy momentum tensor
becomes holomorphic equaling the Hawking flux of the four and three dimensions
black holes. This encoding of both entropy and temperature provides a uniformity
in the calculation of black hole thermodynamics and statistical quantities for the
non local effective action approach.

We also show that the near horizon regime of a Kerr-Newman-AdS (K N AdS)
black hole, given by its two dimensional analogue a la Robinson and Wilczek, is
asymptotically AdSs and dual to a one dimensional quantum conformal field theory

(CFT). The s-wave contribution of the resulting CFT’s energy-momentum-tensor



together with the asymptotic symmetries, generate a centrally extended Virasoro al-
gebra, whose central charge reproduces the Bekenstein-Hawking entropy via Cardy’s
Formula. Our derived central charge also agrees with the near extremal Kerr/CFT
Correspondence in the appropriate limits. We also compute the Hawking temper-
ature of the KN AdS black hole by coupling its Robinson and Wilczek two dimen-

sional analogue (RW2DA) to conformal matter.
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CHAPTER 1
INTRODUCTION

The thermodynamic and statistical properties of black holes have provided a
unique insight and test for theories of quantum gravity. Though a fully formulated
quantum field theory of gravity is lacking, a multitude of candidates exists, with
string theory and loop quantum gravity leading in popularity. Despite a variety
of theories, it is the hope that any serious candidate reproduce a variant of the

Bekenstein-Hawking entropy [1]

g, 2 1.1
o = (L)
and Hawking temperature [2, 3]
hk
Ty =— 1.2
H o’ ( )

where A is the horizon area and x the surface gravity of the black hole. The fact that
these quantities depend on both A and G is evident of their quantum gravitational
origin.

Effective quantum gravity theories have had much success in reproducing (1.1)

and (1.2) via analysis of anomalous energy momentum tensors,

9" (D) = (T,") #0 Trace Anomaly (CFT) (13)
<V1,TM”> -V, <Tu”> # (0 Gravitational Anomaly ’ '

of non-local effective actions [4] and holographic one and two dimensional conformal
field theories [5], respectively. We will discuss this in more detail next and sketch

where the work of this thesis fits into the current plethora of approaches to quantum



gravitational affects in the near horizon regime of black holes.

1.1 Quantum Gravity
The main difficulty with constructing a quantum field theory of gravity lies in
its renormalizabilty. To see this let us exam the vacuum theory with zero cosmo-

logical constant given by the Einstein-Hilbert functional:

1 4

Next, we will consider small perturbations to second order in h,,, where we assumed

a spacetime:

guy = 77/”/ + h,uy- (15)

To second order the theory (1.4) is linear in h and behaves as a gauge theory, i.e.

ox® OzP

B g Jo8 = o + My + 06 + 0,6, + O (h?). (1.6)

Imposing the Hilbert gauge
o, — o0, =0 (1.7)
the Lagrangian density, to lowest order reads:
1
Lo = §ha587\/aﬁ“”6”hw,, (1.8)

where Vb — %5%551’ — }1(50"35“1’. From the lowest order Lagrangian we obtain the
graviton propagator in Hilbert gauge

5ua5Vﬁ 5#5 Ova 5uV5aﬁ
= 1.9
k? + ie ’ (1.9)

Gaﬂw

which allows the study of the Feynman rules for the tree level diagrams in Figure 1.1,

from which we obtain the simple formula for the naive degree of momentum diver-



(a) (b) (¢)

Figure 1.1: First few graviton graviton diagrams.

gences:
D=4—-FE+n, (1.10)

where F is the number of external legs and n the number of vertexes. This simple
formula indicates non-renormalizabilty due to the fact that it increases with the
number of vertexes. In other words, an infinite sum within the path integral to all
orders in A will be plagued by infinite ever-diverging diagrams. Thus the theory
is non-renormalizable. There are several ideas and theories to attack this problem

and for a comprehensive review of approaches to quantum gravity see [6, 5, 7].

1.2 Effective Action and Hawking Temperature
Analysis of an anomalous energy momentum tensor to compute (1.2) was first
carried out by Christensen and Fulling in [8]. Considering the most general solution

to the conservation equation

i

14

=0, (1.11)
they found that by restricting to the r—t plane of a free scalar field in Schwarzschild

geometry the energy momentum tensor exhibits a trace anomaly leading to the

result:

1 T,

(T") = wegnconr — 1207 (1.12)



which is exactly the luminosity (Hawking flux, Hawking radiation) of the 4-dimensional
black hole in units & = 1 (similarly TU(l) " carries the electromagnetic Pointing flux).

A similar approach was studied in [9] where the authors determined the s-wave
contribution of a scalar field to the 4-dimensional effective action for an arbitrary
spherically symmetric gravitational field. Applying their results to a Schwarzschild
black hole, the authors showed the energy momentum tensor of the non-local ef-
fective action to contain the Hawking Flux. Other closely related approaches for
scalar fields and two dimensional theories include [10, 11, 12, 13, 14]. The general

idea follows from studying the effective action of the functional:

Z(p,9) = / Dpe~ 5" lp9], (1.13)

where SP[p, g] is the action of a free scalar field in D dimensions on the background
spacetime g(D)W. For the case where D = 2 the effective action is given by the

non-local Polyakov Action [15, 16]

1 1
F olyakov — S, _ d2 - (2)R(2)—R(2) 114
Polyak 967 / rv —g Dg<2) ) ( )

which has shown to play an important role for computing quantum gravitational
quantities near black hole horizons [17, 18, 19, 20] and exhibits a unique relationship
to conformal algebras [21, 22].

Another method for computing Hawking radiation, first introduced by Robin-
son and Wilczek [23], considers a quantum chiral-scalar field theory of 2-dimensions
in the near horizon limit of a static 4-dimensional black hole. A two dimensional

chiral field theory is known to exhibit a gravitational anomaly of the form:

1
V, (T")) = —————=¢°0,0,T@*

96/ —g?

where g(z)m, contains the leftover components of the 4-dimensional metric which are

(1.15)

vy



not redshifted away in the near horizon limit of the functional

Stree scalar = %/d%\/—_ngv“sa (1.16)
Robinson and Wilczek showed in the near horizon regime of a Schwarzschild black
hole, that to ensure a unitary quantum field theory, the black hole should radiate as
a thermal bath of temperature equaling Tp. In other words, quantum gravitational
effects in the near horizon regime cancel the chiral /gravitational anomaly [24]. This
method has been expanded to include gauge/gravitational anomalies and covariant
anomalies [25, 26, 27, 28] and has successfully reproduced the black hole tempera-
ture for charged-rotating black holes [18, 19], dS/AdS black holes [29, 30], rotating
dS/AdS black holes [31, 32|, black rings and black string [33, 34], 3-dimensional
black holes [35, 36] and black holes of non spherical topologies [37]. This method
provides a fundamental reason for black hole thermodynamics based on symmetry
principles of a near horizon quantum field theory. It also provides a Robinson and
Wilezek two dimensional analogue (RW2DA), for higher dimensional black holes
besides the Schwarzschild case. This is a rather useful fact since the Ricci tensor in

2-dimensions is always Einstein, i.e.!

1
R® - §g(2) R® =0. (1.17)

Thus classically, in 2-dimensions, there are no general relativistic dynamics and any
gravitational effects that are present must have risen from some (effective) quantum

gravity of metric g(Q)W.

'In 2-dimensions the curvature of any Riemannian manifold is completely characterized by its
scalar variant. This is because any 2-form has only one independent component. Thus for any
Riemannian-Levi-Cevitia connection 2-form wqag, dwiz = K volQ,Where K = WR@) is the
Gauss curvature



1.3 Holographic CFT and Entropy

Combining two dimensional near horizon physics with holography has pro-
vided a unique scenario for studying black hole entropy by asserting that quantum
gravity in two dimensions is dual to a conformal field theory of equal or lesser dimen-
sion. This duality is richly exemplified in the well known AdS/CFT correspondence
of string theory [38]. One simplistic viewpoint of this correspondence is to analyze
the asymptotic symmetry group of an AdS space. Then choosing a particular set
of boundary conditions the asymptotic symmetry group my includ the generators
of conformal symmetry. In fact in their seminal work [39], Brown and Henneaux
showed the algebra of the asymptotic symmetry group of three dimensional grav-
ity with a negative cosmological constant is a Virasoro algebra (conformal algebra)
with calculable central charge. This is widely considered to be the first example of
an AdSs/CFT, correspondence. Applying this to the three dimensional BT Z-black

hole [40], Strominger [41] reproduced the Hawking-Bekenstein Entropy [1]

A
Sei T 4hG

(1.18)
via Cardy’s Formula [42, 43]. This idea has been generalized and applied to various
black holes in near horizon regimes and at asymptotic infinity by Carlip and others
(17, 44, 20, 45, 46, 47, 48, 49, 50, 51], where the general idea is summarized as
follows. Given a set of consistent metric boundary or fall-off conditions, there exists
an associated asymptotic symmetry group (ASG). This ASG is generated by a finite

set of diffeomorphisms which have a mode decomposition into a set of discrete &,

for all n € Z satisfying a Dif f(S') subalgebra:

i{&ms&n} = (M — N)&mpn. (1.19)



Consistency necessitates that these generators, &,, be finite and well behaved at the
respective boundary. Upon quantization, &, — Q,, via Hamiltonian or Covariant

Lagrangian techniques, Brown and Henneaux showed [39]

[Qins Qu] = (M — 1) Qg + 1—C2m (m% = 1) Gprimo (1.20)

where ¢ is a calculable central extension. We should note that (1.20) assumes a fixed
normalization of the lowest Virasoro mode due to the linear term in the center. This
ambiguity was first addressed by string theory in [52, 53, 41, 54], where it was shown
that the massive BT Z black hole is a solution to low energy superstring theory lying
in the Neveu-Schwarz sector (antiperiodic BC). This implies a mass shift Qy = 5;

and thus fixes the normalization such that:

c
(2~ 5;)10) =0. (1.21)
In the case for non-supersymmetric theories the requirement for the generators
of the ASG to include a proper SL(2,R) subgroup, i.e. {Q_1,Qy, Q1} form a
proper s[(2,R) subalgebra, is synonymous to the requirement that the vacuum be
annihilated according to (1.21). The Bekenstein-Hawking entropy is then obtained
from Cardy’s Formula [42, 43] in terms of ¢ and the proper normalized lowest eigen-

mode via:

S =2my/ < 'GQO. (1.22)

Applying the above outline to the two dimensional dilaton black hole

ds® = gDde“dx”

2M 2M - 1.23
Cadoni computed the following central extension and zero mode [46]:
M? M?
c=48— and { = — (1.24)

A2 2)2°



Cadoni further showed by conformally mapping (1.23) to the s-wave sector of the

Schwarzschild metric:

g2, = 269", (1.25)
with
1
A= — 1.26
G (1.26)
and
G
- 1.27
= (1.27)

(1.24) and (1.22) reproduced the Bekenstein-Hawking Entropy for the respective
4-dimensional black hole. In other words, together with Robinson and Wilczek’s
results [23] both entropy and temperature of the Schwarzschild black hole induces

some effective two dimensional semiclassical spacetime

-1
ds* = — (1 — QGM) dt* + (1 - QGM) dr?. (1.28)

r r

Our goal will be to expound and extend this idea to include a greater class of

rotating, charged and other types of black holes.

1.4 Kerr/CFT Correspondence
A recent study by Guica, Hartman, Song and Strominger [55] proposed that
the near horizon geometry of an extremal Kerr black hole is holographically dual

to a two dimensional chiral CFT? with non vanishing left central extension cy. The

2Chiral in this part means that the generators of conformal symmetry split into two holomorphic
sectors each with its own central extension.



Kerr geometry is given by the line element:
ds* = g(4)uydz“dx”

_A() asin?  \*  p? 5 P
= (dt— = dgzﬁ) +A(r)dr +A_9d0 (1.29)

Ay sin2 2 2 2
N g sin e(adt—T +ad¢) |

2 =
p =

where

A(r) = (r* + a®) — 2GMr,

Ng=1,
(1.30)

p*> =1+ a*cos? § and

[1]
I

1
and the horizons are located at r* = GM + VG2M?2 — a2. An extremal Kerr

black hole is one for which GM = a, leaving one horizon located at r* = GM.
By constructing the Frolov-Thorne vacuum for generic Kerr geometry [56], which
reduces to the Hartle-Hawking vacuum [57] for a — 0, GHSS obtain a non van-
ishing left Frolov-Thorne temperature 77, in the near horizon, extremal limit. The
Hartle-Hawking vacuum is obtained by quantizing a scalar field in the Schwarzschild
spacetime. This spacetime has a well defined time-like killing vector which allows
for the definition of well behaved positive frequency base modes. A given quan-
tum scalar will then be given by a standard Fourier decomposition of these base
modes and their Hermitian conjugates, who’s Fourier coefficients, a' and a act as
creation and annihilation operators. The vacuum annihilated by a is called the
Hartle-Hawking vacuum. The extension of this construction to a Kerr black hole is

not obvious and is only well behaved near the horizon, which is all that is necessary

for Kerr/CFT.
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The temperature together with ¢y inside the thermal Cardy formula [58] re-

produces the Bekenstein-Hawking entropy for the extremal Kerr black hole:

71.2

SBH == chTL. (131)

This correspondence has been extended to various exotic black holes in string theory,
higher dimensional theories and gauged supergravities to name a few [59, 60, 61,
62, 63, 64, 65, 66, 58, 67, 68].

One of the main arguments of the Kerr/CFT correspondence is to apply the
rich ideas of holographic duality to more astrophysical objects/black-holes, such as
the nearly extremal GRS 19154105, a binary black hole system 11000pc away in
Aquila [69]. In [55] the authors show that GRS 19154105 is holographically dual
to a two dimensional chiral CFT with ¢;, = (2+1) x 10™ and in the extremal limit
the inner most stable circular orbit corresponds to the horizon. Thus, the authors
conclude, any radiation emanating from the inner most circular orbit should be well
described by the two dimensional chiral CF'T, making the Kerr/CFT correspondence
an essential theoretical tool in an astrophysical observation.

Despite the various models observationalists employ they all incorporate four
main quantities: black hole mass M and spin J, poloidal magnetic field at the hori-
zon By and (Eddington) luminosity L for both supermassive [70] and stellar [71]
black holes. This provides a new testable playing field for holography, i.e. to use
some induced two dimensional CFT in the near horizon regime of extremal and
non-extremal black holes to model the four main quantities in accordance with ob-
servation. In particular, the origin or mechanism of By is unclear from a theoretical
standpoint, since it must be due to an accreting disk for non gauged black holes.

Yet, it might find its origin in some black-hole/CFT duality.
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1.5 Goals and Outline of Our Work

The aim of this thesis is to apply the rich ideas of holography and effective
action approache to the two dimensional near horizon theory of four dimensional
black holes. The near horizon theories are derived via Robinson and Wilczek’s

dimensional reduction procedure and are referred to as two dimensional analogues

(RW2DA). The salient new features of this this thesis are:

e The study of the conformal equivalence between solution spaces of two dimen-
sional near horizon CF'Ts and their centers in order to compute the Bekenstein-
Hawking entropies of more general black holes based on the well known dilaton

gravity theory.

e The introduction of a new method for computing Hawking flux by studying
the holomorphic behavior of the energy momentum tensor of conformal matter

at a predefined metric boundary.

e The demonstration that the near horizon, a la Robinson and Wilczek, of a
Kerr-Newman-AdS (K NAdS) metric is asymptotically AdS for a suitable
choice of metric fall off conditions. Then using a covariant Lagrangian tech-
nique and a Liouville type action resulting from the s-channel of a minimally
coupled scalar, the asymptotic quantum generator (charge) algebra is com-
puted, which is a centrally extended Virasoro algebra. This central exten-
sion together with the lowest normalized eigen-mode reproduce the KN AdS

Bekenstein-Hawking entropy inside Cardy’s formula.

The thesis is outlined as follows: Chapter 2 is devoted to the relevant back
ground and motivational material necessary to understand the methodology used

to obtain the main results. Readers with a working knowledge in general relativity,
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black hole physics, quantum field theory in curved spacetime and conformal field
theory may skip this chapter, or refer to it when prompted. Chapter 3 contains the
first part of the original research. The RW2DAs of a large class of black holes are
analyzed and used to compute entropy and temperature. The conformal equivalence
between two dimensional spacetimes are exploited in what is called the ”Cadoni
map”. Chapter 4 contains the second part of the main results of this thesis, namely
the asymptotic symmetry generators, both classical and quantum, of the RW2DA
field theory for the general K N AdS black hole and its coupling to conformal matter
in order to obtain Hawking temperature. In Chapter 5 we discuss our results and

possible future directions.
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CHAPTER 2
BLACK HOLES AND QUANTUM FIELDS REDUX

In this chapter we will follow the conventions outlined in [72, 73, 74, 75, 76, 77|
where the Einstein-Hilbert action with cosmological constant and matter sector, is

given by the functional:

1

SEH:/d4x\/—g{R(R—2A>+£matter}' (21)

The Einstein field equation for the above functional, resulting from variation with

respect to the inverse metric tensor is

1
R, — §gWR + g\ = 87GT,,, (2.2)

where T}, is the energy momentum tensor of the matter sector in (2.1). Solutions
to the Einstein field equation are given by the spacetime pair (M, g, ), where M

is an n-dimensional Riemannian Manifold and g, its metric tensor.

2.1 Black Holes

In this thesis, we will consider a black hole any region in spacetime, (M, g,..),
that cannot be mapped to conformal infinity. This includes for the most part a
curvature singularity hiding behind a killing horizon or coordinate singularity. As
an illustration of the above definition let us examine the Schwarzschild metric in

Kruskal coordinates

ds* = —(1 — 2GM /r)dudv + r*dQ? (2.3)
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where we employed the transformations u =t — r+,0 = t +r* and r+ = [ dr—er-

We can conformally map (2.3) to Minkowski spacetime via the transformations

u

v
U=t &V =t 9.4
NI NI (2.4)
T-V+U&R=V-U (2.5)

modulo a conformal factor 2 cos U cos V. The transformations (2.4) rescale +00 to
+7 and thus the entire Schwarzschild spacetime can be contained on a finite region
of the U — V plane as depicted in the conformal diagram of Figure 2.1 with labels

defined in Table 2.1. In Figure 2.1 the region bounded by the lines r = 2GM and

Figure 2.1: Conformal map of the Schwarzschild metric. The surface r = 2GM is
located at U = V' = 0, the singularity at » = 0 is the line U +V = £Z and the

PR
points (U, V) = (£7,£75) are the limits of r — +o0.

r = 0 is the black hole and time like curves emanating from here terminate at the

horizon and never reach Z*, thus a black hole is said to be present.
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Label Name Definition

Tt Future Null co v =00, u = finite
- Past Null oo u = —o00, v = finite
1° Spatial oo r=o00, t= finite
it Future Time-like oo ¢ = oo, r = finite
1 Past Time-like oo t = —o0, r = finite

Table 2.1: Labels for Fig. 2.1

2.2 Killing Vectors and Horizons
Given a Riemannian spacetime metric ds* = g,,dz"dz” a vector ¢ is called
Killing if
,nglw = 0, (26)

where L, denotes the Lie derivative along £. Writing (2.6) out in components yields
the Killing equation:
gavaguu - gauvufa - guavuéa =0

V& +V,6,=0

In most spacetimes considered there are two such vectors, a time-like and an angular-

(2.7)

like, 5(0;) =tY = ag_ta and 5&0) = Qpep* = ‘95”—:. Combining these two gives a general
Killing vector:

= ta + QHg0a7 (29)
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where Qg = —% ~+ 1s the angular velocity of the black hole at the horizon r = r+.

A Killing vector £ also satisfies a non-homogeneous wave equation, which is obtained

by its action on the Rieman tensor;
—RE, 58" = (VsVa — Vo V)&, (2.10)
which can be rearranged via the Jacobi Identity to yield
ViVaés = —Ruvapg” (2.11)
and contracting over o and p gives
Ués = —Rp,&". (2.12)

The isometries are manifested in the inner product between the four velocity and

the Killing vectors, i.e.

uafa = Uafa) —+ Uagao) (213)

=E+1, (2.14)

where E and L are the conserved quantities energy and angular momentum. (2.6)

also implies that & satisfies a geodesic and geodetic equation, i.e.

(Vﬁfa)fﬁ =0 r>rt
(VpE*)EP = k€ r=rt '

Next, we will define the notion of a Killing horizon and its relevance in black

(2.15)

hole physics. Let £ be a Killing vector, then a Killing horizon is the surface defined
by

§al™ =0, (2.16)

i.e. the surface on which the Killing vectors become null generators. A trivial
example is the Killing vector £ = xd; + t0, in Minkowski space. In this case, £ is

null on the surface x = +t¢, thus defining a Killing horizon. Another example is the
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event horizon of a black hole, which we will denote by &,£#|,+ = 0. It is important to
note that every event horizon defines a Killing horizon, but not ever Killing horizon
defines an event horizon. This is easily verified by the example in Minkowski space,
which exhibits no coordinate or curvature singularities. To every Killing horizon
we can associate a quantity k called the surface gravity. It is the force required, by
an observer at infinity, to hold a particle (of unit mass) stationary at the horizon®.
Yet, before calculating s explicitly we need to first make some general statements
about the geometry of the horizon. Combining (2.15), and (2.16) we conclude that
the Killing vectors define a congruence of null geodesics at the horizon, which is
necessarily hypersurface orthogonal. Thus we may employ Frobenius’ theorem [73],

which states that for null generators £“ on a horizon the congruence is hypersurface

orthogonal if and only if

(Vis€a)&y = 0. (2.17)
Expanding (2.17) and acting on it with V/¢* and making use of (2.7) and (2.15)
yields
(VPE)(Vséa)&y = —2K7¢,
— = 3 (VPE)(Vpta), (2.15)
which allows us to determine the surface gravity of any given spacetime ds? by

extracting the Killing vectors thereof.

2.3 Surface Element for Null Generators

Let ¥ be a null surface then we may write the directed surface element as

., = —&,Vhdy, (2.19)

"'We will only be concerned with the surface gravity of black holes.
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where hgp is the metric of the hypersurface (horizon) and y* = (X, 0%, 60%) are its
coordinates and &, acts as the normal vector. We are implying an embedding of the

hypersurface such that for some auxiliary null vector N®2. The metric is given by

g8 = —a¢le Nl 4 h“begef , completeness relation (2.20)
where
Ox“
o — 2.21
= 5o (221)

are the pull backs from the original spacetime to the embedding. Given (2.21) we

can rewrite (2.19) as
¥, = £"dS,,dA, (2.22)
where
dS,,, = 26, N,;Vhd?0. (2.23)

We can draw a direct relation between (2.19) and (2.23) via Stokes theorem, which

/Ww: /M o (2.24)

A direct consequence of (2.24) for any antisymmetric contravariant two tensor is

states that for any p-1 form w

that

1
/ (VgB*)dX, = = 7{ B*dS,. (2.25)
% 2 0%

(2.25) has the form of a Gauss theorem and it will come in handy when calculating

mass and angular momentum transfer across a horizon.

2N? =0, No&® = —1
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2.4 The Laws of Black Hole Mechanics

The laws of black hole mechanics where formulated by Bardeen, Carter and
Hawking during the period from 1971-1973 [3], though Israel presented the first
rigorous proof of the third law in 1986 [78]. In this section we work in units of
G = c = h =1 and the laws are as follows.
Law 2.1. [Zerothe Law of Black Hole Mechanics] The zeroth law states that the
surface gravity of a stationary black hole is constant cross the event horizon, i.e. we

need to show that

Ok =0and (Ouk)e", =0]|, (2.26)

where e, is the pull back from the 4-dimensional spacetime to the horizon. This

my be established by differentiating (2.18) and employing (2.11) to yield:
§"or =0, (2.27)

which shows the first equation in (2.26). The second equation can be determined
by assuming geodesic completeness on the horizon and thus, since (9,k)e”, = 0 in
the bifurcation two-sphere?® of the spacetime, it holds across the entire horizon.

Law 2.2. [First Law of Black Hole Mechanics] Our starting point will be the Komar

formulae [73]

-1
Mio = 3o § (9°€0))dS s
(2.28)
1 0B
s = T $(V°€0, a5

from which we will derive the Smarr formula and expressions for the mass and

angular momentum transfer across the horizon. Taking the Komar formulae and

3(u,v) = (0,0) in the conformal diagram of Figure 2.1



20

applying them across the hrizon of a black hole we get

—1
Mpy = — *t7)dS,
BH = o ]{{ (V17)dSas

1 (2.29)
Jpg = — V") dS s,
BH = 16— H( ”)dSap
where BH stands for black hole and H denotes its horizon. Next, consider
-1 1
Mgy —2QuJpn = — ¢ (V7)dSas — — ¢ (V*Qp)p"dS,
BH HJYBH 8%?{1( ) B 87r7i( H)P 8
-1
= — ¢ (VeeP)ds,
S H( §7)dSag
-1
= — ¢ (V)€ NsdS
= (TN,
-1
=—— PNsdS
4m j{{/{{ 7
K
=—A
1 BH
thus arriving at the general Smarr formula
My = ﬁABH 200 Jpn. (2.30)
next, considering the integral §o(V*¢”)dSas and using (2.25) we have
f (VEPYdS,p = 2 / V. VeEPdy,
S > (2.31)
b
and invoking the Einstein field equation* we have
1
]{Vagﬁdsaﬁ = —167T/ (Taﬁ — égaﬁT) ’I’Lafﬂ\/ﬁd?’y’ (232)
5 b

where n® is the outward normal to the surface. Now we can now rewrite the Komar

formulae as

1
M = / (Taﬁ - 5gch> ¢, Vhdy (2.33)
b

"Ry = 87(Tuy = 39uT)
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and
1
J = —/ (Taﬁ — §gaﬂT) naﬁ(@)\/ﬁd‘gy. (2.34)
b
Next, we introduce the vector currents
e = —T%, (2.35)
and
a _ o ¢B
[* = Tﬁf(@a (2.36)

which interpret to the energy and angular momentum flux. In fact for a perfect
fluid 7°° = pu®u® they take the form €* = Ej® and [* = Lj*, where j* is the
current density pu® and E and L are the conserved quantities (2.13). From energy

conservation we know that j¢ is divergenceless and thus we conclude that

7{ €*dY, = 0 and 7{ 1%dS, = 0 (2.37)
ov oV

by Stokes theorem. (2.37) is the statement that the total energy transfer across a

closed surface OV is conserved. If we take a partition H of this closed surface we

have that the energy transfer through it is

_ a B _ a B
SM = — /H 5 €8 dS, and 6.7 = /H 560 S (2.38)

Using (2.38) we can now derive the First Law of Black Hole Mechanics as follows:

Given the linear combination M — QgdJ, we have

SM —QpdJ = — / T (7 + Que”) d5,
m (2.39)
= / TP dSdN.
H

Next, we need to relate the integrand to the geometric evolution of the horizon to
complete the integration over A\. This may be done via Raychaudhuri’s equation

% = Kkl — 87T,5E*EP, which is an evolution equation for the expansion parameter
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0 of a two dimensional medium, i.e.  is the fractional rate of change of the con-

gruence’s cross-sectional area (§ = - and ¢|y_1o = 0). Thus, substituting for

oM — QH(SJ———/d)\jl{ (——/49) as
——W/j{@de)\

_ 5 1 dd5 (2.40)
/7{ 75 S

ds’:l:oo

T.562€° yields

87T
= —5A
8

thus arriving at the First Law of Black Hole Mechanics:

SM = SiaA + QT | (2.41)
T

Law 2.3. [Second Law of Black Hole Mechanics] The second law was established by

Hawking in 1971 [79], which states that the area of a black hole can never decrease:

ey 242

This follows directly from the focusing theorem and from the observation that the
null generators’ geodesics have no future endpoints in the given spacetime. The
focusing theorem states that assuming the strong energy condition Rqk%k? > 0,
for null vector k%, an initially negative expansion # implies that the generators will
converge in a caustic at § = —oo. This is a contradiction to the initial observation
and we conclude that 6 > 0.

Law 2.4. [Third Law of Black Hole Mechanics| The third law follows from the weak

energy condition

T,utu” >0 (2.43)
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for an observer moving with four velocity u® in a bounded energy momentum tensor
T,,. It states that the surface gravity of a black hole cannot be reduced to zero in
a finite advanced time v = t + r*. The third law may be illustrated by help of the

general Vaidya spacetime [80] given by the line element:

ds® = — fdv* + 2dvdr + r*dQ?, (2.44)

where f =1 — QmT(”) + @. This metric describes a spacetime in which the mass

and charge vary with time due to some fictitious irradiating charged null dust with

TH = TH 4 Th (2.45)

ust (1)’

where

T = plil” — a2 (m-%)
dust P P 4rr? Ov 2r ] (246)
T{J”(’I) = Pdiag(—1,—1,1,1) =L

For a charged spacetime the surface gravity vanishes in the case of extremality, i.e.

m(vg) = q(vg) for some advanced time vy < co. Assume an observer is restricted

dv

to moving along the radial direction then T utu” = p (%)2 + P. Now since we

require (2.43) this implies p > 0. In particular we have the relation on the horizon
rt =my/m?— ¢
4 (T+)3p (?"+) = mi — Qq ++/m?2 — q2m > 0’ (247)

where dot means differentiation with respect to v. The above equation implies that

m(vo)A(vg) > 0, (2.48)

where A = m — ¢. This means that if we assume the black hole becomes extremal

in some advanced time vy then A must be decreasing, i.e. there exists vy for which
A(vg) <0 (2.49)

and A will become zero in a finite time, but this is a contradiction to (2.48). Thus
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the weak energy condition prevents the black hole from becoming extremal in a

finite advanced time.

2.5 Black Hole Thermodynaimcs

The laws of black hole mechanics, Law 2.1, Law 2.2 and Law 2.3, bear a
striking resemblance to the laws of thermodynamics® with x ~ temperature, A ~
entropy and M ~ internal energy. This duality was first noticed by Bekenstein [1]
and solidified by Hawking [2] by examining quantum processes near black holes. The

exact duality is outlined in Table 2.2. Classically, black holes where considered a

Thermodynamics Black Hole
Temperature T' %/{
Entropy S %
Energy E M
Thermo. Equilib. Kk = constant
1%t Law 1t Law
05 >0 0A >0

Table 2.2: Black Hole Thermodynamic Analogy.

region in spacetime from which escape was impossible. Yet, by combining a general
relativistic and quantum field theoretic description of the region just outside the
event horizon, Hawking and his contemporaries demonstrated that black holes are

not so black after all. Instead they behave as thermodynamic objects, where the

5In the special case of an isolated system in thermal equilibrium.
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horizon area encodes information about the quantum spacetime, thus their relevance
to the study of quantum gravity. Another interesting fact is that black hole entropy
scales with the area instead of volume as compared to a traditional thermodynamic
system. These interesting facts about black hole thermodynamics are summarized
in the principle of holographic scaling:

Principle 2.1 (Holographic Scaling).
e The entropy depends on area and not volume
e The horizon area encodes information at the quantum level

e Any viable quantum gravity candidate should reproduce the duality of Ta-
ble 2.2

2.6 Canonical Quantum Fields in Curved Space
In this section we will restrict our analysis to a scalar field theory. We be-
gin by first reviewing quantization in flat spacetime and then extend to a curved

background. The Lagrangian density is given by

1 4
L= —3 (" 0, + m*p?) (2.50)
with line element
Nuda'de” = —dt* + d7°. (2.51)

Varying the functional [ d*zL with respect to ¢ yields the equation of motion:
Op —m?p = 0. (2.52)
A solution to this equation is given by the complex exponential

p = poe ", (2.53)
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where k# = (w, k). Substituting the solution (2.53) into (2.52) implies the relativistic

dispersion:
w? = k> 4+ m? (2.54)

An orthonormal inner product is defined by the constant time integral

(prson) = =i [ @2 (010003~ 30001, (255)
which implies an orthonormal set of modes
ez’kum“
fr= ——— (2.56)
(2m)° 2w
since
(fk17 fk2) = 53 (kl - k2) . (257)

Given the dispersion relation (2.54) we will take w to always be a positive number
and thus complement the set (2.56) with its complex conjugate, f;. This strategy

allows for the definition of both positive and negative frequency modes:

{8tfk = —iwfr positive

. s (2.58)
O fy =twf;  negative

with the following orthogonal relationships
(fk17 sz) - 53 (kl - k2) ) (fl;kl? fl::kg) = _53 (kl - k2) and (fkl? fl;;) = 0. (259)
{fe, fi} form a complete set and any solution to (2.52) is € Span ({ i, fi}), i.e.

o(t,z) = / &k [ak fult,z) +al f;;(t,x)} . (2.60)

To canonically quantize this theory we promote the fields ¢ and 7 = % to



27

operators satisfying the equal time commutation relations:
[o(t, ), @(t,2")] =0
I7(t, 2), 7(t, 2')] =0 (2.61)
ot 2), m(t,2")] =id*(z — o)
these relations imply the standard creation and annihilation operator algebra
lag, ax] =0
al,al,] =0 (2.62)
(g, ) =6°(k — &)
with Fock state

1 )
) = —= (al) " 10) (2.63)
and number operator
Ay, = alag. (2.64)

The above analysis may be repeated for scalar field in a curved background

with Lagrangian density:

1
L= -5 (9" 0,000 p + m*@* + ERY?) (2.65)
where ¢ may have the following numerical couplings
0 minimal
=9 4o ; |- (2.66)
T conforma
The field equation now takes the form
Op —m2p —ERp =0 (2.67)

and adhere to the modified orthogonal inner product:

(1, p2) = —i / VAP (01V 005 — @3V 1) 0, (2.68)
>

where V, is the covariant derivative compatible with g¢,,, 7;; is the metric of the
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hyper surface ¥ obtained from g,,|i—¢ and n* is its unit normal. Defining the

oL
I(Voyp)

[gp(t, :L‘), Qp(t’ l‘/ﬂ :0

canonical momentum as m = we impose the canonical commutation relations

[7(t, ), 7(t,2")] =0 (2.69)
[o(t, ), 7(t, 2)] == (z — ')

and assuming a complete orthonormal decomposition

°=2 <difi + &Ifl-*) (2.70)

such that
(fi, fi) = 6i, (fi, fi) = =0y and (f3, f7) =0 (2.71)
arrive at the creation annihilation commutator algebra:
[di7 d]] :0
[al,al] =0 (2.72)
[di’ &;r"] 52]
with Fock state
n) = —— (a)" joy) (273)
n;) = a; .

and number operator
g = ala. (2.74)

We should note that the choice of basis {f;, f*} is not unique and we could

have instead chosen an alternative basis {g;, g} such that

p = Z (Bzgz + 639:) ) (2.75)
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where b and b are a new set of creation and annihilation operators satisfying:

[i)i, Z)]] :0

ATt

[b;, b;] =0 (2.76)
[bi, bj/] :(5ij

and new Fock state [n;) = = ((SI) i|Og>. This fact begs the question what is

the difference between the vacuum states |07) and |0,)? Or analogues, how do the
excitations above |0f) and |0,) differ? This question may be addressed via the

Bogolyubov transformations:

9i = Z (Oéijfj + ﬁijf;)
J
(2.77)
fi= Z (042}9]‘ - @‘jg;) )

J

where
aij =(9i, fi)
(2.78)
Bij = — (9, f7)
are called the Bogolyubov coefficients and satisfy
Z (awajy, — BinlBjy) =0 (2.79)
k
> (B — Bar) =0. (2.80)

k
Given the above, the Bogolyubov coefficients may also be used to transform between

the operators:

a; = Z (aiﬂ;j + @*]bD

’ . (2.81)

b =3 (a3 = 93l

J

Next, let us imagine a system with vacuum state |0y), in which there are no excita-
tions above the ground state, i.e. no particles are observed. We may now calculate

the particle excitations as observed using the g-modes, in other words we evaluate
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the expectation value of ng with respect to the f-vacuum:
(Of [72gi| Of) = (Of Of)

= <0f > (aif} - 5@'%’) <Oé%kk&k - 52‘1@@2)
jk
=> BB <0f

ik
= BB <0f ‘ <dit&j + 5jk) ’ Of>

ik
=> 18l

J

This shows that the number of g-particles in the f-vacuum is nothing but the square

bib;

)

ajaf|0r) | (2.82)

of the beta sector of the Bogolyubov coefficients.

2.7 Effective Action in Curved Space
Given a generic theory S of fields ¢ we can always write a quantum theory as

given by the path integral

Z = / Dype™®. (2.83)
We will restrict our analysis to the case when S is a two dimensional free scalar

field. We define the effective field theory as the logarithm of the partition function,
le.

Feffective =InZ. (284)
There are many ways to determine the functional I with the heat kernel approach
leading in popularity. In this approach the strategy is to first Wick rotate (2.83)

from Lorentzian to Euclidean time, t — 47 and expand the fields as in an orthogonal

set of functions satisfying the eigen value problem:

Ovn = A\pn, (2.85)
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where ¢ = ) ¢,p,. For the free two dimensional scalar this strategy has the

advantage of reducing the functional of (2.83) to:

(2.86)

This equates the computation of the effective action with computing the functional

determinant of the differential operator [, i.e.
1
= 5 Indet OJ,. (2.87)
At first glance the expressions in (2.86) and (2.87) are infinitely divergent due to

the infinite spectrum of U, and a standard tool to regulate these divergencies is via

analytic continuation of the zeta function. The zeta function for [, is defined as

o, (s) = i (%ﬂ) =Tr (O,”) (2.88)

and satisfies the relation:

d¢n, (s) doofl,\ Oofl)\
9\°) _ 2 shndn _ sAn n \,. 2.89
ds ds ; ‘ ;} ‘ " ( )
Thus, the effective action is recast in terms of the zeta function as:
1d¢
[=--—= . 2.90
2ds|,_, ( )
The heat kernel is defined as
k(T) =e i (2.91)
and relates to the the zeta function via the integral
1 ~
) =75 [ arrmie), (2.92)
The operator K derives its name from the diffusion equation:
(o [50] ) = g e ]) (293)
A\ T)|7') =5 (T | K| ). .
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The task of computing the effective action is now reduced to solving the PDE
(2.93), then using its solution in (2.92) to determine the zeta function in terms of
the parameter s and finally evaluating its derivative in (2.90). Applying this outline
to the theory of (2.65) with d = 2 and m = 0 yields the Polyakov two dimensional

gravitational action:

1
= —/d%d—gRD;lR. (2.94)

grav 967'['

In the case of a massless charged scalar field, 9, — 0, — ©A,, the effective action

will have obtain a gauge field sector:
I' =Ty +Tva), (2.95)

where

1 1
Coraw =—— | d?zr/—g® 2 _~ p@ 2.96
g 967 / v g r Dg(z) r ( ) )

2
1
_C |F
2w Dg(2)

Tu) F. (2.97)

2.8 The Unruh Effect

The Unruh effect is basically the fact that an observer in Minkowski space at
rest will disagree with the thermal spectrum around it as compared to an observer
accelerating with uniform acceleration a. In other words an observer accelerating

at constant acceleration a will observe a thermal bath of particles with temperature

Ty =— (2.98)
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called the Unruh temperature [81]. To arrive at this conclusion we will start with

the metric written in inertial coordinates
ds* = —dt* + dz? (2.99)

and define coordinate adapted for uniform acceleration given by the transformations

t :%eaf sinh (an) (2.100)
x :éeag cosh (an), (2.101)

in which the metric reads:
ds® = e (—dn* + d&?) . (2.102)

The region where —oo < 1 and £ < oo covering the wedge = > [¢| is called Rindler

space, as depicted in by region [ in Figure 2.2. As mentioned earlier the presence of

>

H+
11
A% I

117

H-

Figure 2.2: Rindler coordinates. The Region I is accessible to a positive constant
accelerating observer. The coordinates (n,&) may be used in region IV as well
with opposite orientation. H* corresponds to a Killing horizon of the symmetries
generated by 0,, which are Lorentz boosts.
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a Killing horizon does not necessarily imply a black hole, yet we may still compute

the surface gravity following from (2.15), which gives
Kk = a. (2.103)

We will proceed to quantize the free scalar field in Rindler coordinates. The

equation of motion (2.52) reads
e (= +0) =0 (2.104)

with normalized eigen mode solution

1 —w ik
<1>_{WW€ kT
gV =

0 v
(2.105)

g(Q) = 0 o ! .
k 417rw ezwn—‘rzkﬁ IV
The distinction between the two modes stems from the fact that the future time-like
killing vectors of region I and I'V differ by on overall minus sign and both modes
will be positive frequency with respect to these isometries:
1 .
Oyl? = — )

2)

2 (2.106)
09y = — iwg}

Following the canonical quantization prescription outlined in Section 2.6 we obtain

the quantum field
o / ak (879" + 3o + 0 + b1 (2.107)

analogous to (2.60). Using the modes (2.105) we define a set of alternate Rindler

modes which are analytic and well defined along the entire surface t = 0 and thus
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share the same vacuum as Minkowski. These modes properly normalized are:

1 *
h](;) _ (emu/2agl(€1) + 6_77‘0/2(19(_2]1 )
2sinh (%‘”)
X (2.108)
2 Tw/2a (2 —nw/2a _(1)*
h?z—(@ /2g](€)+€ /29(_,3)

2 sinh (%)
and the quantum scalar field may now be expanded in terms of these new modes as

p=p= [ i (D + D+ AP + N, (2100)

Equation (2.108) should be recognized as a Bogolyubov transformation and from

Section 2.6 we have:

1
b](gl) _ (errw/2aél(€1) + e—rrw/Qaé(f]):)
2 sinh (%)
, . (2.110)
b(2) — <€7rw/2aél(€2) + 6—7rw/2ae(j])j>

2sinh (%)

We know ask the question about particles observed in region I, i.e. we need to

(0n |22 0ar) = (O )8,9”13,9) Owr)
| 1)+
s o)
rofa (2.111)
4(0)

compute
)

A

(1
ngr

B €

_2sinh%
1

:€2ﬂw/a _ 16<O)’

where the 0(0) is due to the fact that our basis consists of plane waves and we used
the fact that c&l,)gT) 0 M> is a one particle normalized state. The result of (2.111) is

a thermal Planck distribution with temperature:

Ty = — 2.112
U 271'7 ( )

thus arriving at the Unruh effect.
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2.9 The Hawking Effect

In this section we will draw a direct analogy to the Unruh effect, by extend-
ing the above analysis to quantum fields in a black hole background. We have
already seen how to quantize a scalar field in a curved background in Section 2.6
and Section 2.7. We will now apply these results directly to the s—wave sector of

the Schwarzschild black hole of Section 2.1, given by the two dimensional metric:

— (1 — 26M 0
95 = ( =) . (2.113)
0 (1 26y~

We will be considering the massless theory of (2.65) in this background. When
restricting to two dimensions (2.65) is naturally conformally coupled and it will be

to our interest to exploit this convenience via light cone and Kruskal coordinates.

The light cone is defined via the transformations

u=t—r"and v="t+r", (2.114)
where % = (1 — QGTM)_IG. In these coordinates the metric takes the form:
2GM
ds* = (1 - ) dudv. (2.115)
T

The light cone has the advantage that it is naturally conformally flat and coincides
with Minkowski at asymptotic infinity. Yet we will need another coordinate system
to cover the region on the black hole horizon and its interior. The desired coordinate

system is the Kruskal one given by the transformations:

U= —4Me™*M and V = —4Me V/4M (2.116)

6We use (u,v) instead of xT in this section to be consistent with current literature on this
subject.
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and define the Kruscal light cone via
U=T—-RandV =T+ R. (2.117)

The metric in Kruskal reads

- 2GM 1_2GM

ds® e~ dudv (2.118)

,
and we see the Kruskal choice eliminates the coordinate singularity for the curvature
one at r = 0 and thus we now have covered the entire spacetime.

A quantized light cone mode expansion is given by:

B dQ)
L VAT

where the operators beo correspond to excitations observed by a stationary observer

(e*m“f)g + e pl 4 emWh_g + em”y_g> ; (2.119)

a uniform distance from the horizon. This is directly analogous to a uniformly
accelerating observer in Rindler space. Similarly the mode expansion in Kruskal

coordinates reads:

dw ( U U , .
o —iwU iwU AT —iQV A iwV AT )
= e a, +e“ al, +e a_,+e“"al, ), 2.120
@ 7 (2.120)
where a-,, correspond to excitations measured by an observer falling past the horizon
into the black hole.

We see now that we have two different sets of creation and annihilation both

annihilating the vacuums:
Gaw |0x) =0 and big [0;) = 0 (2.121)

and just as in Section 2.8 we can now compute the Bogolyubov coefficients and thus
the particle spectrum of the black hole at some distance from the black hole. Yet,
a direct analogy to the Unruh system, studied in Section 2.8, may be drawn due

to the fact that the massless two dimensional scalar in Rindler space is conformally
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equivalent to its variant in both light cone and Krusakal coordinates. This analogy

is detailed in Table 2.3. From this analogy we deduce that a calculation of the

Rindler Schwarzschild
Stationary |0p/) Free Fall |0k)
Accelerated |0g) r = const |0;)

K=a K= 1077
U=—ge™ U = —4GMe/GM
V=g V = —4GMev/CM

Table 2.3: Analogy between the Unruh and Hawking effect for conformally coupled
massless two dimensional scalar field and Rindler space the light cone coordinates
u=n—E&andv=mn+¢.

density of state will yield a thermal spectrum

1
ng = g (2.122)
e —1
thus arriving at the Hawking temperature of a Schwarzschild black hole:

1
- 8tGM

Ty (2.123)

2.10 Hawking Effect and Energy Momentum

It was first shown by Christensen and Fulling [8] and expounded upon by
others [9, 17, 82] that the quantum energy momentum tensor of conformal matter
near a black hole, encodes quantum information about the respective spacetime.

We will exploit and modify this fact in latter chapters of this thesis, but for now we
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will show how the Hawking temperature may be alternatively derived by analyzing
the energy momentum tensor of the effective action (2.94). The energy momentum

tensor is defined as

2 oo

(T.) = Wt (2.124)
and in the case of the functional (2.94) we obtain:
1
(Tw) =5 {—2v,V, (O0,'R) +V, (0,'R) V, (O, 'R) (2.125)
1
+9u | 2B = 5V, (O,'R) V7 (DglR)] } : (2.126)
Choosing (2.113) as our spacetime we obtain
r4(A2+a2)—4G’2M2 Ara
- 9672 (r—2G M )2 487r—96G M
(L) = Ara (A24a2)ri-16GMr+28G2 M2 |’ (2.127)
48mr—96G M T 967rd

where A and « are integration constants left over from evaluating (Dg_lR). The
integration constants may be determined by choosing Unruh vacuum boundary

conditions (UBC) [81]:
T,.)=0
(Tir) tee (2.128)
(T-_)=0 r—ry

where we have introduced light cone coordinates ¥ = t & r*. These conditions

basically ensure that there is no ingoing flux at » = co and a free falling observer

should observe regular energy momentum at r = r,. Applying the UBC yields:

A=—«
. (2.129)

- 4GM
Now we may analyze the (77,) component after substitution of the integration

constants. We find

1

T7)y=—
(T T68mG2M?2’

(2.130)
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which is the energy flux of the energy momentum tensor and in this case known as

the Hawking flux

_ T e
HF =T} (2.131)
1
Ty = . 2.132
B =8nGM ( )

We now have an alternative method for computing black hole temperature via the
path integral quantization and analyzing the quantum energy momentum tensor of

the resulting effective action.

2.11 Generators of Conformal Symmetries

In this section we will focus only on certain features of a conformal field theory
that will be used and recalled in some of the main calculations of the latter chapters.
We will restrict ourselves to two dimensions and analyze the generator algebra and
energy momentum tensor in this setting. A conformal field theory is one, who’s

action functional S = [ d*x/—¢gL is invariant under a conformal transformation:

Oz Oz
g;“’ - Or'e ﬁgaﬂ = quu' (2133)

Let us consider an infinitesimal coordinate transformation where z* = x# 4 £#,
for some ¢ such that £2 < 1. We know from Section 2.2 how the metric varies

infinitesimally and thus introduce the conformal Killing equation
V& + V& = Mg, (2.134)
where Q = 1+ A + O(&?). Tracing (2.134) yields the convient relation:

Vyfu + vug,u - V#f”g;w- (2135)
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For convenience, but without loss of generality, let us consider a flat spcetime” and
the complex variables:

2 =20 + izt £ = €0 446t

7 =" — izt € =¢Y— et

Taking £(z) to be holomorphic we see that z — f(z) is an infinitesimal conformal
transformation, with the trivial example f(z) = z 4+ £(z).

Next, let us determine the generators of infinitesimal conformal transforma-

tions. Consider the holomorphic functions

=2+ ) & (=) (2.136)
nez

=24 &(-7"), (2.137)
neZ

where we have performed a Laurent expansion about zero of {(z). The generators

corresponding to infinitesimal conformal transformations are
l,=—2""0, and I,, = —2"*10;. (2.138)

Since n takes its values form the integers it becomes apparent that the generators
form an infinite set, i.e. the algebra of conformal transformations in two dimensions

is infinite dimensional. The generators satisfy the commutation relations:
[lma ln] :(m - n)lern

Ty 1] =(m — 1)l (2.139)

(L, [n] =0
known as one copy of a Witt algebra.

An interesting subset of the Witt algebra is the conformal group SL(2,C)/Z,

generated by {I_,lp,l;}. To see this we perform the change of variables z = re®

“In two dimensions any two Riemannian metrics are conformally equivalent and thus for a
conformal field theory statements in Minkowski space will hold in general for any curved space.
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and obtain the generators:

[y =-0, translation (2.140)

lo+ 1o =—10, dilatation (2.141)
i(lo—1lo) =— 0 rotation (2.142)
I, = —2%0, modular. (2.143)

In other words {l_1,ly, 1} generate transformations of the form

az+b
cz+d

zZ —

(2.144)

this transformation is clearly invariant under a sign change and invertible if (ad —
be) = 1, thus arriving at SL(2,C)/Zo,.

The Witt algebra does not take into account the possibility of a center. Math-
ematically any Lie algebra may be centrally extended as long as it vanishes with

respect to the Jacobi identity:
(L, Ly Le)] + [Lry [Liny L)) + [Lny [Lry Lin]] = 0. (2.145)

In physical theories it is common to violate symmetry upon quantization, thus giving
rise to anomalies. Mathematically this is the case when transitioning from a center
less Witt algebra to a centrally extended one and the center is commonly referred

to as the conformal anomaly. A center satisfying the condition (2.145) is given by

C = %m (m? = 1) o (2.146)

where c is called the central charge and gives rise to the Virasoro algebra:

[Lns L] = (1 — 1) Lo + 1—62m (m2 = 1) 6pnsno- (2.147)
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2.12 The Energy Momentum Tensor of a Con-
formal Field

Let us recall Noether’s theorem, which states for every continuous symmetry
in in a field theory there exists an associated conserver current such that V,J* = 0.

In the case of conformal symmetries we have the obvious current
J,=T,,&", (2.148)

where T}, is defined as in (2.124). Taking the divergence of (2.148) and employing

(2.135) gives the equation:
AT", =0, (2.149)

which is the statement that the energy momentum tensor of a conformal field is
always traceless. As mentioned in the previouse section upon quantization anomalies
may apear. This was in fact the case when we quantized the free two dimensional
scalar field and computed its quantum energy momentum tensor in Section 2.10.
A quick calculation would show that the energy momentum tensor of the Polyakov

action is not traceless, but satisfies:
(T",) = LR (2.150)
’ 247

This is known as the trace anomaly of a quantum conformal field theory and has

the general form in two dimensions

C
(") = oyt (2.151)

which includes the central charge of the conformal anomaly.

Next, we may associate to each conserved current a conserved charge

Q= / Jda” (2.152)
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which is the generator of symmetry transformations of any field, i.e.

ogp ={Q, 0} (2.153)

This allows us to define the quantum symmetry generators of a quantum conformal

field theory as:

Q, = 271m d=T(2)ln(2), (2.154)

where we have expressed the energy momentum tensor in complex coordinates and
defined T' = T,,. @, is now the quantum generator of conformal symmetry and
from our discussion at the end of Section 2.11 we should expect Q,, to satisfy a

Virasoro algebra. This is in fact the case which may be verified by computing the

blacket:

One way to compute this bracket is to introduce the operator product expansion
(OPE)

c/2 2T (w)  O0uT(w)
Cow)i  Gow? (z-w)

T(2)T(w) = (2.156)

and the contour C'(w) as depicted in Figure 2.3 which stems form Wilson’s hy-

jI{z|>|w| w|>|Z| f{C(W)

Figure 2.3: Appropriate contour for computing commutators of radial ordered op-
erators.
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pothesis on short distance expansions and the fact that any correlation function
of a given quantum field theory only makes sense when defined as a time ordered
product. Analogous, the product (2.156) only makes sense for z > w, eliminating
the ambiguity wether w is inside or outside the contour, which is referred to as
radial ordering and the radial ordering of [,] is ensured by the contour relation of

Figure 2.3, i.e.

%dz[A(z),B(w)] - 7{» A)Bw _7{|>| B)AR) (2.157)

Upon application of these tools yields the Virasoro algebra:

Qs Qul = (m = 1) Qi + 55m (m* = 1) G (2.158)

The OPE and contour C(w) provide another benefit to analyze how the energy

momentum tensor responds to an infinitesimal conformal transformation:

5T () = fc (2)€(w)T(w)T(2)

i (2.159)

c

:fT/ + 2T§l + E5///
We see that in the case of a quantum conformal field theory the energy momentum
tensor transforms as a quadratic differential form, as should, with the addition of

an anomalous term 5&”°.

2.13 The Eentropy of a Conformal Field

In this section we will present a heuristic derivation of the Cardy formula. For
a micro canonical ensemble the relation ship between the entropy and density of

states is given by

S =lIn(p), (2.160)

8The factor of % is dependent upon the choice of conformal coordinates and normalization of
Q. For conformal light cone coordinates and unit normalization, the the factor is ﬁ
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where S is the entropy and p the density of states. This will be our starting point,
and we will need to manipulate the partition function in order to yield p. This
procedure applied to conformal field theories gives rise to Cardy’s formula. Given a
CFT who’s symmetry is generated by a centrally extended Virasoro algebra, Cardy’s

basic result relies on the partition function

c

Zy = Tre¥ribo=3p)7 = 2millo=3)7 (2.161)

beeing modular invariant, i.e. invariant under the transformation 7 — _71 Applyed

to the torus gives:
7 = Tre?rithor =2millo)r (2.162)
_ Zp(A’ A)e%i(A)reqm'(A)f (2.163)
The above functional has a direct analogy to a unitary theory for A and A the eigen
values of Ly and L. This analogy is observed by inserting a complete set of states

into the trace, allowing the extraction of p via contour integration and Fourier’s

trick. Assume 7 is a complex variable, then

_ 1 dg dq _
p(AA) = (2m.)2/qA+1 qAHZ((LQ) (2.164)

where ¢ = €™ and ¢ = e 2™". We will focus on the A integral and add the other

2micT

contributions later. It is easily observed that Z(7) = e 21 Zy(7) and employing the

modular invariance yilds:

TLCT —1 TiCcT Tic _1
Z(T) = 62720 (—) = 6224 @2247— 7 (—> (2165)
T

and thus

. TiCcT Tic _1
p(A) = /dTe_%mTe224 e%ir 7 (—) . (2.166)

This integral may be evaluated by means of a saddle point approximation. By
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assuming that Z (_71) varies slowly near the extremum 7 = i\/% , so that:
p(A) = ™A HEeH ﬁe%(\/%)ilZ(ioo)
= ™V % Z(ic0) (2.167)
= p(AA) = ezﬂ(\/%Jr %)

Nex, the entropy is given by the logarithm of the density of state, such that

[eA  [eA
S =2 ( % + %) Cardy’s Formula (2.168)

arriving at the desired result.

2.14 AdS/CFT

In this section we will motivate a duality between a quantum gravity theory
on a d+ 1-dimensional AdS bulk space and a d-dimensional C'F'T" at the asymptotic
boundary. This duality, known as the AdS/CFT correspondence and depicted
in Figure 2.4, was first rigorously conjectured and formulated by Maldacena who
showed that a type II B string theory on AdSs x S° is dual to a N = 4, d = 4
super-Yang-Mills theory [38]. To begin we will need to briefly review some aspects
of quantum conformal field theory and AdS not perviously addressed.

As in any quantum field theory we may classify a field operator QO (z*) via its
transforms under the respective symmetry group. In the case of a conformal field
theory the symmetry group is the conformal group in d+ 1 dimensions, SO(d+1,1)

and the field operator transforms under scaling as
Qa(z") — Oa(Az") = A204 (z), (2.169)

where A is called the scaling dimension. The Partition function is defined in the
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CFTy

—

AdSgq1

Figure 2.4: Cartoon depiction of the AdS/CFT correspondence.

usual sense
Zorr [pa] = <ef ddW(x)©M”> : (2.170)

where () denotes path integration and ¢ (z) is a conformal field. Treating pa ()

as a source, we may employ functional methods to study the correlator:

_ d0Zcrr
590A1 (xl)(SSOAz (‘TQ) S

(Op,0p, . ..) (2.171)

which is conformally invariant if and only if the partition function is invariant under

the scaling:

pa(z) = A 2pa (A1) (2.172)
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since

/ ' 3oa ()0 () = / d ) (Ar)0a (Az)

=)\i=4 / d?zpa(2)O0a(z).

The duality between a quantum gravity and a quantum conformal field theory

(2.173)

relies heavily on the fact that the isometry group of the respective spacetime is
isomorphic to the conformal group. This makes AdS a natural choice since its
isometries generate conformal transformations of the respective field content on the

space. The metric for AdS with radius R is given by the line element:

R? r?
2 2
ds® = =) dr® + ;2

(—dt® + dz'da;) (2.174)
where 7 is denoted as the radial coordinate and » — oo is the asymptotic boundary
and r = 0 may be considered a horizon.

The boundary r — oo is particularly interesting, since the asymptotic confor-
mal isometries generate conformal transformations of the (conformal) d-dimensional
fields ¢ = (o0, z). In other words the asymptotic AdS isometries generate a d-

dimensional conformal group for boundary fields ¢. Such invariant boundary fields

may be interpreted as sourcing an operator Qa (z) of scaling dimension A:
Z @] = / Dype 59l = <€fddI@A(x)®A(x)> 7 (2.175)
p=p
where Z is conformally invariant provided ¢ behaves near the boundary as
1) 42 1\ 4-A+1
o(r,x) ~ (—) o+ 0O <—) , (2.176)
r r
which implies
@(x) — X2p(\r) (2.177)

and following from (2.172) we conclude Z must be a quantum conformal field theory.

The above conclusion will hold in general irrespective of the field species and in the
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case of a free massless two dimensional scalar it is not to difficult to show that the

scaling dimension satisfies:

d [d
A =2 @ 2 P2
p Ty g TR (2.178)

=2
i.e. the conformal dimension must be equal to the spacetime dimension.

In Section 2.12 we have already seen that for a given CF'T we may derive the
local field T" by variation of the CFT action functional via the massless symmetric
spin two field g,,. This means that the AdS theory must include a graviton in its
field content, giving rise the the AdS/CFT correspondence: The partition function
of a quantum gravity theory on an asymptotically d 4+ 1-dimensional AdS, as a
function of the boundary values of its field content, is equivalent to the partition
function of a d-dimensional CFT where the boundary fields source an operator

Oa(x) of scaling dimension A

Zgra’u [@] = ZC’FT [@] = <€fddm@A(I)©A(I)> . (2179)

2.15 Gravity and 2-Dimensions
For a given two dimensional Riemannian-Levi-Cevita connection 2-form wyg,

the Gauss curvature is simply:
dwry = Kvol? (2.180)

and relates to the Ricci scalar curvature as

K= m}z@ (2.181)
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This implies that the curvature of any Riemann-Surface is completely determined by
its scalar variant and the Einstein equation is always trivially satisfied. Following a
Cartan application to (2.180) and (2.181) it is not difficult to show in two dimensions

that:

1
R = §gw,R(2). (2.182)

The above equation may also be realized from a gravitational view point by tracing
the Einstein equation, which implies that in two dimensions there exists no classi-
cal energy momentum configurations which can gravitate. Thus classically, in two
dimensions, there are no general relativistic dynamics and any gravitational effects
that are present must have quantum gravitational implication/origin. This is an
interesting conclusion since the existence of two dimensional black holes has been
well established, see [83] for a comprehensive review, and their associated theories
usually contain additional field content beyond the metric such as dilatons or auxil-
iary scalar fields. In other words, the classical Einstein equations in two dimensions
do not admit black hole solutions. Thus any two dimensional black hole must orig-
inate from some two dimensional effective quantum gravity theory such as string
theory.

One example, dilaton gravity, is found by studying the s-wave sector of classi-
cal four dimensional gravity. Almost all salient features of black holes are encoded
in their respective s-wave sectors, irrespective of the symmetries of the spacetime.
To arrive at two dimensional dilaton gravity, we begin with the four dimensional

metric ansatz

1
ds® = g(z)uydaj“dw” + ﬁe_Q‘de%z) (2.183)
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and substituting into the Einstein-Hilbert action (2.1) and integrating out the an-

gular degrees of freedom we are left with the theory:

Spa = — / Par/—g@e 2D L RD 1 2(Vp)® + N2e¥} (2.184)
with a dimensionless coupling of & q’;” = fg;é and A = 7%. A black hole solution

to this theory was discussed briefly in Section 1.3 and its relationship to conformal
field theory and quantum gravity. Though the functional (2.184) is in general not
a conformal field theory, we know from the c-Theorem [44, 84] that (2.184) must
flow, under the renormalization group, to a quantum conformal field theory. The
c-Theorem establishes the following relationships of the renormalization group of a
two dimensional field theory with beta function (3, coupling g and invariant under

a one parameter group of transformations:

e There exists a function ¢(g) such that [é(g) = ﬁ(g)g—; , where ¢g* is a fixed
g*

point of 3.

e At a fixed point the two dimensional field theory has an infinite conformal

symmetry.

e The value of ¢ at the fixed point is the central extension of the generator

algebra which is Virasoro.

and is proved in [84]. There exists strong evidence [17, 20, 44, 85, 86, 87], that in

the near horizon this CFT takes the form of a Liouville Theory [88]

SLioum'lle = % de V _9(2) {_(I)Dg@)q) —+ 2(I)R(2)} (2185)
T

with effective dimensionless coupling proportional to:

A

m, (2.186)
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where the numerator originates from the dimensional reduction procedure and the
denominator is a remnant of the parent classical gravitational theory (general rela-
tivity).

To see this, let us study the quantum theory of (2.184) in the conformal gauge

1
gr-=— e

2 (2.187)
g4+ =9—— =10
and from our discussion in Section 1.3 and Section 2.14 we know this gauge leaves

unfixed a set of diffeomorphisms
(2.188)

which generate a conformal group at asymptotic infinity and the corresponding
quantum charges of T, generate a Virasoro algebra with calculable central charge.
This is a familiar setting and is well understood from the study of bosonic string

theory with conformally invariant sigma model

1 1
S = 5 /dQ:c\/—fy {gu,,VX“VX” + §<I>RV + T} , (2.189)
T
where Y, is a fiducial metric, X* = (p, ¢) and the couplings g,,, ® and T are

functions of X* with known gravitational beta-functions to lowest order:
B3, =2V, V, @+ Ry, +---. (2.190)

From the above we see that conformal symmetry (39, = 0) severally restricts the
possible quantum gravity theories in two dimensions. Omne obvious choice is the
Liouville functional (2.185) for field redefinition ® — 2® in (2.190).

A similar analysis for a large class of non-extremal weakly isolated horizons,

including cosmological and of non-spherical spacetimes, by Chung [89, 90] showed

9We have restricted to the case By, = 0 since we are only interested in gravity at this stage.
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by considering near-horizon Gauss Null Coordinates, given by the line element
ds* = FF(7)du® + 2dudF + 27h;dudz’ + g;jda'dx? (2.191)
which takes the form
ds* = 29, (datda™ + hyda*da’) + gijda’da? (2.192)

on the light cone,'® that in the near horizon regime general relativity reduces to a
two dimensional Liouville type conformal field theory to O(7). This was done by
considering diffeomorphisms &* preserving specific metric boundary conditions on
the isolated horizon, then evaluating the Einstein-Hilbert Action for g,, = g, +
L¢g,, and integrating out the angular degrees of freedom. This near horizon theory
again exhibited the same pre-factor ﬁ and a center proportional to this coupling.

It may seem unclear why we would consider studying quantum gravity in two
dimensions, especially since in four dimensions the problem is yet to be solved. Yet
when restricting our analysis to the near horizon regime of black holes the tools
from two dimensions become very useful, since in this isotropic region the only
relevant degrees of freedom are contained in the r — ¢ plane. In other words we
may extract four dimensional quantum black hole quantities from two dimensional

quantum gravity in the near horizon regime. This will be the premise of the original

research presented in this thesis.

19For the line element (2.191) the horizon is located at # = 0 and 2% are defined in terms of
(u, 7).
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CHAPTER 3

BLACK-HOLE/NEAR-HORIZON-CFT DUALITY AND THE
CADONI MAP

In this chapter we present a method for computing black hole temperature
and entropy from a near horizon quantum conformal field theory. The goal is to
make contact with methods from both effective action approaches (Section 1.2 and
Section 2.10), holographic duality (Section 2.11 and Section 2.15) and the conformal
equivalence between spacetimes in two dimensions. We have addressed a large class
of four dimensional black holes and the three dimensional BTZ as well. Yet it is
not clear that the methods of this chapter apply to most general four dimensional
static black hole of Kerr-Newman-AdS. This particular spacetime exhibits four
complex horizon radii for which only one does not diverge in the Schwarzschild
limit. This problem is addressed in Chapter 4 with an elegant solution. The work
in this chapter is published in [17].

Motivated by Section 2.15 we will model the near horizon regime with a two

dimensional Liouville type quantum field theory

1
Stiouvitte = g~ d*z/—g® { -0, ® + 20R } . (3.1)
™

We make this choice based on the fact that in this regime all mass and angular

terms of (1.16) fall of exponentially fast upon transformation from r — r,, were

or

s = f(r) [23]. This leaves us with an infinite collection of two dimensional free

scalars in spherically symmetric spacetime 9(2)WI. The effective action of each

1g(2)m, may always be assumed spherically symmetric since any Riemannian Space in 2-

dimensions is conformally flat.
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partial wave is given by the Polyakov action of Section 2.7:

1 1
r olyakov — ~. d2 - (Q)R(Z) R(Q) 3.2
Polyak 96 rv —g ng ( )

and integrating out ® in Srouvitie yields I'poryaron- In the case where the original four
dimensional metric is not spherically symmetric [18, 19], a U(1) gauge sector appears
in addition to (3.2), which adds a gauge anomaly to Robinson and Wilczek’s method
for computing Hawking Radiation. In this chapter we will ignore this contribution
since we are mainly focused on Hawking effects and address the gauge field sector
in Chapter 4.

The energy momentum tensor for (3.1) was defined in Section 2.10:

<T > _ 2 5SLiouville
pv/ =

/@) §g@u
19 g ) (3.3)
= DO, P — d (2) IR? _ 27 _pVeP
8. {8u 0, V,.0,®+g v R 2Va \V4

and the equation of motion for the auxiliary scalar & is:

O,2® = R® (3.4)

As an ansatz for the two dimensional metric g(2)W, we choose the RW2DA a la
Robinson and Wilczek of Section 1.2. Thus given a g(Q)W we are free to solve (3.4)
and (3.3) up to integration constants. The integration constants are addressed by
adopting Unruh Vacuum boundary conditions [81] with a slight modification [17]

{T++:0 r— o0, | — 00 (3.5)

T =0 r—ry
where #¥ = t £ r, are light-cone coordinates, r, is the horizon radius defined as
the largest real root of f(r) = 0 and [ is the de Sitter radius. At the horizon and
asymptotic infinity for (A = j:l%) = 0 and at the horizon only for A # 0, (3.3) will
be dominated by one holomorphic component. This component equals the Hawking

flux of the four and three dimensional black holes, which determines the Hawking
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temperature. In other words, at the boundary? of the RW2DA there exists a one
dimensional quantum conformal field theory who’s holomorphic energy momentum
tensor contains the higher dimensional black hole’s Hawking temperature.

The entropy will be determined by counting the horizon microstates of g(Q)W
via the Cardy formula (1.22). Following the outline proposed in [45] we construct a
near horizon Dif f(S') or Witt subalgebra satisfying (1.19) based on the isometries

of ¢®,,,. In the horizon limit (Z+ boundary) the Diff(S!) subalgebra takes the form:

12 {57—27 5:{} = (m - n) :1—&-71’ (3'6)
where the factor 2 comes from neglecting the asymptotic infinity limit (Z~ bound-

ary). On the ZT boundary the energy momentum tensor is holomorphic given by

the (T';,) component. Next, we define the charge on the Z+ boundary?

34

Qn - E diL’+ <T++> 5:7 (37)

where A is the horizon area of the higher dimensional black hole. The coefficient

on the integral of @, is chosen such that in the case when the higher dimensional

black hole is Schwarzschild @, = 2= [dz™

6nC 2_ (T, )&, where we have nor-

~(75)
malized the units of the energy momentum tensor. For a 1-dimensional CFT with

holomorphic energy momentum tensor 7'(z) we have from Section 2.12:

k
e T(2) = ET' + 2T¢€ + ——¢" .
e T(2) = €T+ 2T¢ + 5 ¢, (3.8)

where k is the central extension associated with the CFT and not with the mi-
crostates of g(2)W. In the case for two dimensional quantum scalar k& = 1 [91].
Thus, given the transformation (3.8) and compactifying the Z* boundary to a cir-

cle with period (1/2-1/Ty), where the 1/2 takes the Z~ boundary into account, we

2Boundary is used loosely and refers to either » = r, or r — occ.
3Q,, is only conserved on the Z boundary.



o8

obtain the following charge algebra:

[va Qn} = (m - n)Qn + %m (m2 — 1) 6m+n,0> (39)

where c is the central extension associated with the microstates of gmw,. The
Bekenstein-Hawking entropy of the four and three dimensional black holes is then
given by Qg and c via (1.22).

Finally we compare our results to [46] by conformally mapping g”,, to g(2),“,

for some conformal factor 2¢ = (A\x)?, where (1.24) is invariant under conformal
transformations [13, 92]. This is what we will refer to as the Cadoni map.

We will now apply the method, outlined above, to various four and three
dimensional black holes with zero and non zero cosmological constant and construct

their Hawking flux, associated entropy and temperature.

3.1 Spherically Symmetric Solutions
In this class we will consider the Scwarzschild (SS) and Reissner-Nordstrom

(RNS) black holes. Their two dimensional analogues have the form [93, 23]

—f(r) 0
g(2)uy = ’ (311)
0 1
f(r)
where
2GM
fss(r) =1-— (3.12)
and
2GM G
frvs(r) =1— +Q2 (3.13)
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Next, using the above ansatz and solving (3.4) we get:
Ggg =Cot + Cir+Inr — (1 —2GMCy) In(r —2GM) + Cy (3.14)
and

(I)RNS :Cgt + 017“ +

CivVG (2GM? — Q?) GM —r
arctan

GM? — Q2 VGIM? — GQ? (3.15)
+2Inr — (1 - GMCy) In (r* — 2GMr + GQ?) + Cs

Using these auxiliary fields in (3.3) and transforming to light cone coordinates we

obtain:
<TSS> . —7’4(01 + 02)2 + 8TGM - 12G2M2
s 192774
<TSS> _ —7”4(01 — 02>2 + 8TGM _— 12G2M2 (316)
- 19274
GM(r—2GM)
(T55) = (1%5) = =225
and
(TEYSY = [=r%(Ch + Co)? + 8r°GM — 120°G (GM* + Q°)
+24rG*MQ* — 8G*Q"] / [192ma’]
(TFNS) = [—rS(Cy — Cy)* + 8r°GM — 120G (GM? + Q°) (3.17)

+24rGPMQ* — 8G*Q*] / [192ma°]

4876
The fact that both energy momentum tensors are not holomorphic/anti-homolomorphic

signals the existence of a conformal anomaly taking the form

1
[ G »18))
(T,") = Yt (3.18)

due to the trace anomaly [91]. Imposing (3.5) to eliminate C; and Cjy our final
steps are to analyze (T, ) at the horizon and construct the conformal map (3.10).

At the horizon the energy momentum tensors are dominated by one holomorphic
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component (T, ;) given by

() = m = 15 (T’ (3.19)
and
(TRNS) e Q) (2M GGV =Q7) + 22; e - Q?)
A8 (\/G (GM? — Q) + GM) (3.20)
" (Tw)?,

T 12
which are in agreement with Hawking’s original results [2, 3].

Following [45], we compute the near horizon diffeomorphisms satisfying (1.19).

We get:

(7, _ 2GM)2 inkt

55_4 Mznnt
& GMe™" 0, + i

0, (3.21)

and

b t
¢RNS _ (\/G (GM? — Q%) + GM) ¢ O+

G (M\/G (GM? — Q?) + GM? — Qz) (3.22)

ine™™ (r? — 2rGM + GQ2)2
rG (rM — Q?)

where & is the horizon surface gravity. Transforming to 2% coordinates and taking

O,

the horizon limit, we obtain the Z1 boundary charge algebras:

[Qms Qnlgs = (M —n)Qn + 2GM*m (m2 — 1) Omtn,0, (3.23)

and

[Qm: Qn]RNS :(m - n)@n"’

(M\/G(GMQ 0+ GM? — QZ) (12— ) omine, Y
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which imply
55 =GM? (3.25)
9 =24G M* (3.26)

and

(VEGIr = + GM)2

RNS
= 2
2
6 (\/C? M7= GQ? + GM)
NS — (3.28)
G
and using these values in (1.22) we get:
S5 = ArGM? = - (3.29)
5 4G '
and
2
. (\/G (GMZ— Q7 + GM) 4
S = = —. 3.30
v - ” (3.30)
Finally, conformally mapping g(Q)W to g(D)W implies:
Ny =t (3.31)
SS G :

G
rss —— (332)

r
css =48G M? (3.33)

GM?>

55 = (3.34)

2
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as in [46] and

AGM?
Nns = 3 (3.35)
(Ve =cq? + Gum)
_G@2rM —-@?)
LRNS = 22 M (3.36)
2
12 (MG?M? “GQ? + GM)
CRNS — a (337)
2
(w/GzMQ ~GQ° + GM)
SIS — (3.38)
8G
where Apys and xryg are such that
32@0 ArNs = Agg and clglin@ TRNS = Tss (3.39)
Using (1.22) we find the respective entropies:
A
—ArGM? = — 4
SSS TG 1G (3 0)
and
2
7 <\/G (GMZ—Q?) + GM) 4
S - = —. 3.41
RNS a 10 ( )
We see that our central extension and zero-mode relate to Cadoni’s via
Ce
= — -42
=1 (3.42)
and
Qo =2&o. (3.43)

Yet, their respective products are equal and invariant under two dimensional con-
formal transformations and produce entropies in agreement with the Bekenstein-
Hawking area law [1] for & = 1. Thus, we may choose to conformally map into

(

Cadoni’s solution for all g 2)W for calculational simplicity.

We will proceed to solidify our main argument by applying the methods of



Section 1.5 to several more black hole solutions of various types.

3.2 Axisymmetric Solutions

63

For this class we analyze the Kerr (K) and Kerr-Newman (K N) Black holes

with two dimensional analogues [18, 93]

9(2) _ —f(T') 0
ny 9
0 1

f(r)

where
A
and
A r? —2rGM + J? K
=2 GM +GQ?2+J? KN

The auxiliary scalars read:

Gy =rCy +tCy + (C1GM — 1) log (r2 —2rGM + JZ) + log (r2 + J2) +

2C1G* M? arctan (%)

+ (s

and
Gy =rA+1tCy+ (C1GM — 1) log (r2 —2rGM + GQ* + J2) +

2 _ N2 r—GM
C1G (2GM? — (Q°) arctan (\/G(QZ—GM2)+J2)

VG (@ —GM?) +.]°

log (7"2 + JQ) + +Cs

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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from which we obtain the energy momentum tensors:
(TE) == [r*(C1 + Co)* + 48 J%(C1 + Cy)? — 8r°GM + 6r* (CT "+

201J%Cy + 2G*M? + J*C3) + 16r°GJ*M + 4r* (CTJ°+
2C1J°Cy — 10G*J*M? + JOC3) + 24rGJ*M + C3 T+
201J5C; — AG2 T M? + J*CE] [ (1927 (2 + )|
(TE) = = [P%(Cr = Go)? + T2 (Cr = Go)* = 8r°GM + 61 (CLT'= 3 49
201 a + 2G°M? + J*a®) + 16r°GJ* M + 4r* (C7J°—
201J°Cy — 10G* 2 M? + JOC3) + 24rGJ*M + C}J*—
201J°C; — AGRT'M? + JC3] [ 1927 (12 + )|

rGM (r? — 3J?) (r* — 2rGM + J?)
247 (12 + J2)*

(1) =(1%,) =
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and
(TEY) == [r3(C1 + Co)* + 4rSJ*(Ch + Co)? — 8r°GM + 6r* (CF T+

201 Cy + 2G°M? + 2GQ* + J*C3) — 8r°GM (3GQ*—
2J%) +4r* (C7J° + 2C1 J°Cy 4 2G* (Q* — 5J°M?) +
2GJ2Q* + JOC3) + 24rGJ*M (GQ* + J?) + C3J%+
201J%Cy — AG*J'M? — AG* J*Q" — AGJ'Q* + J°C3] /
1927 (2 + )|

(TENY = — [r¥(Cy — Co)* + 48 T3 (C1 — C2)? — 8r°GM + 6r* (C1 T~
201J'Cs + 2G*M? 4+ 2GQ* + J*C3) — 8r°GM (3GQ*— (3:30)
2J%) 4+ 4r* (C7J° — 2C1J°Cy + 2G* (Q* — 5J°M?) +
2GJ*Q* + JOC3) + 24rGJPM (GQ* + J*) + CT J°—
201J%C, —AGPJ'M? — AG* J*Q* — AGJ'Q* + J°C3] /
1927 (2 + )|

(TENY =(T"Y) =[G (2r°M = 3r°Q* — 6rJ* M + J*Q?) (r*—
2GM +GQ* + J%)] / 487 (r* + )]

which exhibits conformal anomaly (3.18). Applying (3.5) and taking the horizon

limit we obtain the holomorphic pieces

7 (G2M? — J?) s

i) = —— = — (Tn)? (3.51)
< ++> 12 (47TGM GQMQ _ J2 + 47TG2M2)2 12 H
and
G(Q*— GM?) + J?
(T{) = 2 i
48 (<\/G2M2—GQ2—J2+GM> +J2) (3.52)
" (Ty)?

T 12
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agreeing with Hawking’s result [2, 3]. Next, from (3.10) and applying similar bound-

ary conditions as in (3.39) we obtain

) AGM?
A2 = . (3.53)
(VGPM? — J2+ GM)" + J?
aGG
12 (V&A= P+ GM)* + J?)
cx = (3.55)
G
« (VPP =J 4+ GM) +
& = (3.56)
8G
and
4G M?>
Ny = ¢ : (3.57)
<\/G2M2 EeTo PRy P GM) + 2
2aGM — GQ?
RN To0M 1 22 M (3.58)
2
12 (<\/G2M2 —GQP =P+ GM) + J2)
CKN — G (359)
2
<\/G2M2 BeTo PRy P GM) e
P (3.60)
8G
which give the respective entropies:
A
Sk = 21 M (x/GQMQ By GM) == (3.61)
and
A
_ 2 _N2) _ 72 —_ 02 = =
Skn =7 <2M<\/G (GM?—Q2) — J +GM> Q) = (3.62)

reproducing the Bekenstein-Hawking area law [1] and continuing the trend of Sec-

tion 3.1.
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3.3 Spherically Symmetric 5SdS and Rotating

BTZ
Now, we turn our attention to black holes with non zero cosmological constant:
, ds
A=<P . , (3.63)
- AdS

where [ is the de Sitter radius. In this black hole class we consider the spherically

symmetric dS (SSdS) with line element

r2 2 -1
ds? = — (1 _eM A) dt? + ( 260 ﬂ) dr?

r 3 r 3 (3.64)
+ r2d)
and the three dimensional BT'Z black hole with line element
2 16GJ 2 2 16GJ 2
ds? = ( 8GM + = + ) de* + < 8GM + = + ) dr?
(3.65)
( 4GJ )
Their two dimensional analogues (36, 29] are as in (3.44) where
1 26M _ A SSds
f( ) = : 16GJ2 (366)
—8GM + % lg —|— BTZ

Following the steps outlined in Section 1.5 we obtam the energy momentum tensors:
(TP3%) = — [r* (3CF + 6C1Cy + 3C5 — 4A) + 24r°GMA
—24rGM + 36G*M?] / [576mr"]
(T5595Y = [r* (=3C7 + 6C1Co — 3C5 4+ 4A) — 24r°GMA
(3.67)
+24rGM — 36G*M?] / [5767r)
(TF545) = (T99%9) = — [°A% = 3r*A + 1273 GMA — 18rGM

+36G*M?] / [432ma’]
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and
(TPT7) == [rO (CF1P + 2C11PCy — 32GM + I*C3) + 384r*G* J?
—1536r°G® JI> M + 2048G* J*I?] / [1927r°1%]
(TPT2) = — [r8 (CF1? — 2C112Cy — 32GM + I*C3) + 384r* G2 J*
—1536r2G3 1M + 2048G J1] / [1927r51] 0%
(T17) =(T217) = = [(r' + 448G J*P) (r' — 8r°GIPM
+16G?J21%)] / [487r°1Y]
with conformal anomaly (3.18). Applying (3.5) we obtain the holomorphic piece

(e

=1 (Tw)” (3.69)

(Tt)

for both spacetimes in their respective horizon limits and agreeing as before with

Hawking’s results [2, 3]. Next, their respective entropies are computed via (1.22),
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(3.10),
2/3
Agys = — {1GGM2A2 <\/A3 (OG2MPA — 1) — 3GMA2) } /
2/3
K(\/ﬁ = z) <\/A3 (9GZM2A — 1) — 3GMA2> (3.70)
2
+(~v3-i)a) }
r3A + 6GM
Tr'ssds :67“—M (371)
2/3
Cogds = — [3 ((\/5 . z) <\/A3 (9GZMZA — 1) — 3GMA2)
2
+ (—ﬁ - z) A) } / [GA2 <\/A3 (9G2M2A — 1) (3.72)
—3GMA%)"|
2/3
5545 = — [((\/ﬁ - z) (\/A3 (9G2M2A — 1) — 3GMA2)
2
+ (—\/5 - z) A) } / [32GA2 <\/A3 (0G2M2A — 1) (3.73)
—3GMA%)Y]
and
AGM?
)‘J29TZ = (3.74)
VVGEEME = ) + G2M
(—rt + 7?1 — 16G?J?1% + 8r°GI> M)
Tprz = (@22 (3.75)
12,/ VG2 (PM = %) + GIEM
CBTZ — G (376)
prr VVGPEEME = J2) + GIPM -
0 8G .
reproducing the Bekenstein-Hawking area law [1]
A
S (3.78)

T 4G
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in both cases via (1.22). Thus, we have shown that both entropy and temperature
induce an effective two dimensional quantum gravity in the near horizon regime
of four dimensional Schwarzschild, Reissner-Nordstrom, Kerr, Kerr-Newman and

Spherically Symmetric dS and three dimensional BT'Z black hole.
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CHAPTER 4

BLACK-HOLE/NEAR-HORIZON-CFT DUALITY FROM AdS,/CFT;
CORRESPONDENCE AND KERR-NEWMAN-AdS

In this chapter we address the general classical Kerr-Newman-AdS black hole
and its RW2DA analogue theory. Our goal here will be to show that the near
horizon is asymptotically AdS; and then apply the AdS/CFT correspondence to
compute its entropy. The Hawking temperature will be computed via the techniques
of the previous chapter by computing the holomorphic energy momentum tensor of
a quantum conformal field on the horizon. The work of this chapter is published in

82).

4.1 Near Horizon Geometry

The Kerr-Newman-AdS metric is a solution to the Einstein-Hilbert Action
with negative cosmological constant coupled to a Maxwell field given by the line
element [31, 94]:

ds* = 9(4)uv dz"dx”

_ Ar) asin6 . \>  p? 5 P
== (dt— = dgb) +—A(7’)dr +A_9d9 (4.1)

Ay sin? 2 2 2
N g sin e(adt—r +ad¢> |

2 =
P =

where
2

A(r) = (r* +a?) (1 + r—) —2GMr + GQ?,

a
Ag=1— —cos”0,
’ 2 (4.2)
p* = 1%+ a*cos? § and
2
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and M is the mass, a is the angular momentum per unit mass, () is the charge, G
is Newton’s constant and [ the de Sitter radius. In general there are four horizon
radii for which A(r) vanishes, but only two are physical. Of these two, only one, 7,
reduces to Kerr-Newman, Kerr, Reissner-Nordstrom and Schwarzschild black hole
horizons in the appropriate limits. Thus, given we choose this respective horizon
radius, any closed forms for entropy and temperature will hold in general for all
sub-leading black holes in their respective limits.

The RW2DA is found by examining the functional

1
SW[p, g] = -5 / dz*\/=gV .oV o (4.3)

in the regime where r is close to r,. Expanding ¢ in terms of spherical harmonics,
transforming to tortoise coordinates and integrating out the angular degrees of

freedom, we obtain the near horizon theory [31, 95]:

per r? + a? . 1 .
S, 9] == S [pin, g?] = M/dtdwlm [— (0t —iA)? = 0. f(1)0: | Pim

2% f(r) i
44
where
A
) = o), (45)
with RW2DA
¢ = —f(r) ? (4.6)
U )

and a gauge field containing the contributions of the U(1) charge and angular mo-
mentum

eQr =am
72 + a2 72 + a2 '

Ay =

(4.7)

The above dimensional reduction suggests that in the near horizon regime the
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KN AdS metric has the form:
ds? = g, dztdz" + B (¢) [d¢ — Adt]* + C (y) db” (4.8)

assuming we consider ¢ as a component of the gravitational field. Motivated by the
approaches in Section 2.15, we will consider a slight modification and elevating ¢,

to a gravitational field via the field redefinition

Pim = \/gwlmy (49)

where 1, is now unit less and the v/6 was chosen to recover the Einstein cou-
pling 5= in the quantum gravitational effective action of (4.4) within the s-wave

approximation.

4.2 Effective Action and Asymptotic Symme-
tries

Applying the field redefinition (4.9) to (4.4) yields:

@y, g = 3(T+Cia /d2 \/—wzm[ u (\/—_99<2>WDV>} Vim,  (410)

where D, is the gauge covariant derivative. The effective action of each partial wave

is given by the sum of two functionals [18, 96],
1—‘(lm) :Fgrcw + FU(1)7 (41]—)

where

R® and

(T+ +a? / 2./
F — ——
e 16nG=E ' R

3e*(rd + a?) 1
r = + F F.
v mG= / O,

We will discuss the s-wave contribution of (4.11) shortly and instead turn our at-

ot (4.12)

tention to computing the ASG of (4.10). The asymptotic or large r behavior of
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(4.6) and (4.7) are given by
Foremio(e)
0 L+o((m)

2 3
A, :@ Lo ((1) ) (4.14)
T T

and define an asymptotically AdS,; configuration with Ricci Scalar, R = —l% +

(0)

97 = , (4.13)

O <(%)1> We also impose the following metric and gauge field boundary or fall-off

conditions:
ow o))

8y = . ((%)0> , <(1)3> and 04 = O ((%>3> (4.15)

r

A set of diffeomorphisms preserving the asymptotic metric structure is given by

einn(t:tr*) einn(t:l:r*)
&n =& (r)———0 + &(r) ———0,, (4.16)
K K
where r* is the tortoise coordinate defined by dr* = ﬁdr,
l’A,rAeinnr*

fl = ) 62 = Ammm*’ (417>

nk (—2GPMr + GI2Q? + 122 4+ r)
A is an arbitrary normalization constant and « is the surface gravity of the KNAdS

black hole. Applying this set of diffeomorphisms to the gauge field we find

= (2o (1)) 0((2))

Thus to satisfy all the imposed fall of conditions we must consider total symmetries

of the action, which implies
55 — 5§+A7 (419)

where

3Z'€Q2Gzntn

r2K

A= (4.20)
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Evaluating the gauge field under this total symmetry we find

SesnA=0 ((%)j (4.21)

in accordance with (4.15). Finally switching to light cone coordinates x* = ¢ & 7**
the set £ is well behaved on the r — oo boundary and obey the centerless Virasoro

or Dif f(S') subalgebra

{6 &} = (m—n)&p,. (4.22)

Evaluating the wave equation

D, <\/__99(2)WDV> Yim =0 (4.23)
in this asymptotic behavior we find a product solution for t/y,,, which is complex
hypergeometrical in r, but decays exponentially fast in ¢ for higher orders in m.
Thus we only consider the s-wave contribution to (4.11), I'pg = I, leaving us with

a near horizon effective action:

F_(T++a /dz \/—R R®

167rG= G

+3e (r++a)/FD1 7

G= 9@

The above functional may be recast in the familiar form of a Liouville type CFT by

(4.24)

introducing auxiliary scalars ® and B satisfying

Hy2® = Rand U, B = ¢"0,A,. (4.25)

ILarge r behavior will be synonymous with large 21 behavior.
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In terms of these new fields our near horizon CFT takes its final form:

SnuCFT _nrd) / d’zy/—g® {—00,® + 20RP}

167G=

3 +
L 3¢ +d) / d22\/—g® {—BO,x B (4.26)

G=
nyz
+2B | —= 0, A,
)

4.3 Energy Momentum and The Virasoro alge-
bra

The energy momentum tensor and U(1) current of (4.26) are defined as:

(T,) = 2 0SNHCFT

S g(2) §g2mv

0, P — 2 , O 2 — =V, VD
== {8# 0 V.0, +g",, |2R 2V \Y .
6e*(r3 + a?) 1 N '
+ 7]G—E (%B@,,B — §gw/8a38 B and
(T = 1 0Symcerr _ 6e2(r2 ;|— a®) 1 o, B
V—g@  0A, G2 vV —g®
and the equation of motions for the auxiliary fields are:
Oy ® =R
(4.28)

Dg(2)B :e“”é?u.Al,
Thus, given the metric (4.6) and gauge field (4.7) and adopting modified Unruh
Vacuum boundary conditions (MUBC)

{<T++> (J1) =0 00, | =00

()= {(J)=0 r—r, ’ (4.20)

where the modification takes the AdS radius into account, all relevant integration
constants of (4.27) and (4.28) are determined. for large r and to O(7)?, the result-
ing energy momentum tensor is dominated by one holomorphic component, (T _).

Expanding this component and the U(1) current in terms of the boundary fields
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(4.13) and (4.14), we compute their responses to the total symmetry d,-, ,, yielding:
_ _ r24a? . _ 3
O (T) = & (To2) + 2(T ) (&) + Sge (67)" + O <(%) >
3
ey ia (1) =0 (1))

This shows that (T _) transforms asymptotically as the energy momentum tensor

(4.30)

of a one dimensional CFT with center:

2 2
c i +a 3A
= = —— 4.31
241 A7rG= = oG’ (4.31)
where A = M is the horizon area of the KNAdS black hole. It is well known

that a two dimensional CFT exhibits a conformal/trace anomaly of the form [91]

wy = __C R@
(T,") = Syt (4.32)

and evaluating the trace of (4.27) agrees with the above equation yielding the same
center as in (4.31).

The entropy of our near horizon CFT will be determined by counting the
microstates of the total quantum asymptotic symmetry generators on the r — oo
boundary via the Cardy formula (1.22). The quantum generators are defined via

the charge:

Q, = lim [ de= (T__)&,, (4.33)

r—00
Computing its response to a total symmetry and compactifying the = coordinate

to a circle from 0 — 27/k yields the charge algebra:

5£T7L+AQTL = [Qm7 Qn] = (m — n) Qn + 1_62m (m2 — 1) 5m+n,07 (434)

which takes the familiar form of a centrally extended Virasoro algebra.
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4.4 Entropy

Summarizing our results from (4.31) through (4.34) we have:

34
C = ——
2nG (4.35)
o A
7 167G

Substituting this into the Cardy Formula (1.22) we obtain:

B cQ A
S =2my| =" = 15 (4.36)

which is in agreement with the Bekenstein-Hawking entropy of the four dimensional

KNAdS black hole. Taking the limit of (4.31) to Kerr and to extremality yields

lim c=12J, (4.37)

l—o0, Q—0, M—a
which is the same value of the left central charge obtained in the Kerr/CFT corre-

spondence [55], further strengthening the proposal of GHSS.

4.5 Temperature
To compute the black hole temperature, we will couple the metric (4.6) to a

single quantum conformal field ® with Liouville functional

1
Stiowitle = 5o v/ —g@ {—00,® + 20R? } (4.38)
™

and following the steps (4.27) through (4.29), we obtain an energy momentum tensor

which is dominated by one holomorphic component in the limit » = 7+ given by:

oy =-L00 (439)

This is the value of the Hawking Flux of the KNAdS black hole, from which we

obtain the known Hawking temperature[31, 94]:

f ")
A

HF = —% (Ty)? = Ty = (4.40)
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CHAPTER 5
CONCLUSION

To conclude, we have analyzed quantum black hole properties in the near
horizon regime via CF'T techniques of quantum effective actions and extended the
analysis of Chapter 3 to the more general KNAdS spacetime in Chapter 4. The
main premiss is that the near horizon of four dimensional black holes is dual to a two
dimensional Liouville type quantum CFT whose conformal symmetry is generated
by the centrally extended Virasoro algebra. The central charge and lowest Virasoro
eigen-mode (4.35) together reproduce the correct form of the Bekenstein-Hawking
entropy and analysis of the RW2DA (4.6) coupled to a single quantum conformal
field reproduce the known form of the Hawking temperature.

It is interesting to note that the lowest Virasoro eigen-mode satisfies

Qy = GM;,

wrr

(5.1)

where M2 is the irreducible black hole mass, i.e. the final mass state after radiating
away its angular momentum via a Penrose type process. This suggests that the eigen
value of a CFT’s Hamiltonian is proportional to the irreducible mass of its black
hole dual.

In (4.9) we elevated the scalar field to a gravitational one. This was first
suggested and outlined by Solodukhin in [87] and extended to compute Hawking
radiation by RW in their seminal work [23]. Yet, in this approach the scalar field is
still treated mathematically as a matter field. It is also unclear the exact details of

the four dimensional gravitational theory, perhaps an ultraviolet complete extension

of general relativity that dimensionally reduces to (4.26) except that it has the same
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coupling as standard Einstein gravity.

It still remains an open question to generalize the methods of this note to
more exotic, higher dimensional black holes. In [33, 34, 37] the authors showed
that the RW method for computing Hawking radiation via gauge and gravitational
anomalies holds for their respective exotic black holes in arbitrary topologies and
thus we believe our construction for a near horizon CFT dual should extend to these

cases as well.
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