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ABSTRACT

Despite being developed in the late 1920s, compartmental epidemic modeling
is still a rich and fruitful area of research. The original compartmental epidemic
models were SIR (Susceptible, Infectious, Removed) models, which assume permanent immunity after recovery. SIR models, along with the more recent SEIR
(Susceptible, Exposed, Infectious, Removed) models are still the gold standard in
modeling pathogens that confer permanent immunity. This dissertation expands
the SEIR structure to include a new class of spatial SEIR models.
The exponential assumption of these models states that the latent and infectious times of the pathogen are exponentially distributed. Work that relaxes this
assumption and still allows for mixing to occur at the population level is limited,
thereby making strong assumptions about these times. We relax this assumption
in a ﬂexible way, by considering a hybrid approach that contains characteristics of
both population level and individual level approaches.
Next, we expand the Conditional Autoregressive (CAR) class of spatial models. This is to account for the Mumps data set we have procured, which contains
mismatched lattice structures that cannot be handled by traditional CAR models.
The use of CAR models is desirable here, as these models are known to produce
spatial smoothing on lattices, and are a natural way to draw strength spatially in
estimating spatial eﬀects.
Finally, we develop a pair of spatial SEIR models utilizing our CAR structure.
The ﬁrst utilizes the exponential assumption, which is very robust. The second
develops a highly ﬂexible spatial SEIR model by embedding the CAR structure into
the SEIR structure. This allows for a realistic analysis of epidemic data occurring
on a lattice.
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These models are applied to the Iowa Mumps epidemic of 2006. There are
three questions of interest. First, what improvement do the methods proposed here
provide over the current models in the literature? Second, did spring break, which
occurred approximately 40 days into the epidemic, have an eﬀect on the overall
number of new infections? Thirdly, did the public’s awareness of the epidemic
change the rate at which mixing occurred over time? The spatial models in this
dissertation are adequately constructed to answer these questions, and the results
are provided.
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ABSTRACT

Despite being developed in the late 1920s, compartmental epidemic modeling
is still a rich and fruitful area of research. The original compartmental epidemic
models were SIR (Susceptible, Infectious, Removed) models, which assume permanent immunity after recovery. SIR models, along with the more recent SEIR
(Susceptible, Exposed, Infectious, Removed) models are still the gold standard in
modeling pathogens that confer permanent immunity. This dissertation expands
the SEIR structure to include a new class of spatial SEIR models.
The exponential assumption of these models states that the latent and infectious times of the pathogen are exponentially distributed. Work that relaxes this
assumption and still allows for mixing to occur at the population level is limited,
thereby making strong assumptions about these times. We relax this assumption
in a ﬂexible way, by considering a hybrid approach that contains characteristics of
both population level and individual level approaches.
Next, we expand the Conditional Autoregressive (CAR) class of spatial models. This is to account for the Mumps data set we have procured, which contains
mismatched lattice structures that cannot be handled by traditional CAR models.
The use of CAR models is desirable here, as these models are known to produce
spatial smoothing on lattices, and are a natural way to draw strength spatially in
estimating spatial eﬀects.
Finally, we develop a pair of spatial SEIR models utilizing our CAR structure.
The ﬁrst utilizes the exponential assumption, which is very robust. The second
develops a highly ﬂexible spatial SEIR model by embedding the CAR structure into
the SEIR structure. This allows for a realistic analysis of epidemic data occurring
on a lattice.
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These models are applied to the Iowa Mumps epidemic of 2006. There are
three questions of interest. First, what improvement do the methods proposed here
provide over the current models in the literature? Second, did spring break, which
occurred approximately 40 days into the epidemic, have an eﬀect on the overall
number of new infections? Thirdly, did the public’s awareness of the epidemic
change the rate at which mixing occurred over time? The spatial models in this
dissertation are adequately constructed to answer these questions, and the results
are provided.
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CHAPTER 1
INTRODUCTION
1.1

The Importance of SIR and SEIR Models
Compartmental epidemic modeling began with a seminal paper by Kermack

and McKendrick, published in 1927 [50]. This paper developed a nonlinear system of ordinary diﬀerential equations that laid the foundation for SIR (Susceptible,
Infectious, Removed) and SEIR (Susceptible, Exposed, Infectious, Removed) models. Stochastic epidemic models followed shortly after, with the development of the
Reed-Frost model. Though this model was ﬁrst published in 1952, it was developed
in the 1920’s [1]. In the time since these developments, both the deterministic and
stochastic frameworks for SIR and SEIR modeling have shown fruitful development,
and SIR and SEIR models are still the models of choice when modeling infectious
agents which yield permanent immunity upon recovery by the individual.
The general framework of the stochastic SEIR model is as follows:
1. There is a group of individuals in the Susceptible class and at least one individual
in the Infectious class in a population at the start of the epidemic.
2. The infectious individuals mix with susceptible individuals. Any susceptible
individual contacted moves to the Exposed or latent class based on a probabilistic
process.
3. Once in the Exposed class, the individual spends a number of days without
spreading the infection.
4. Based on some probabilistic process, the individual moves from the Exposed
class to the Infectious class.
5. The newly infectious individual may contact susceptible individuals and spread
the disease.
6. Based on some probabilistic process, the infectious individual recovers and moves
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to the Removed class.
7. Once in the Removed class, the individual may no longer be infected.
Since the inception of these models, research in the ﬁeld has been rich and
fruitful, with many frameworks being developed. The deterministic tradition continues to be a rich and active area of research. Much of the original theory can be found
in Anderson and May’s text [2]. New research continues to be performed as well.
Deterministic spatial models were developed as early as 1991 [4] [62].Additionally,
deterministic methods for considering non-exponential generations times have recently been considered [59].
Stochastic modeling has recently become a popular method for accounting
for the variability intrinsic in the epidemic process and will be considered heavily
throughout this dissertation. Early Bayesian work in stochastic compartmental epidemic modeling was being done in 1998 [30], and early Bayesian work in stochastic
SEIR models was underway by 1999 [65].
Contact networks and agent based modeling represent a third method of analyzing more granular data. These models have been researched intensively in the
past ﬁfteen years due to increased computing power. Early work was underway as
early as 1999 [53]. Complex networks appropriate for diseases with highly variable
transmission contact rates have been developed, as these types of pathogens are
not well modeled by standard stochastic approaches [6] [46] [45]. Recent work has
developed time-varying contact network methodology to further account for contact
heterogeneity [35]. Contact networks which emphasize physical distance have also
been developed [67]. A recent development in these models are gravity models,
which allow for contact probabilities to depend on a power relationship to distance
[57].
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The contact network approach and stochastic approaches are particularly active today, with most current development occurring in those frameworks.
1.2

Assumptions Typically Made in SIR and
SEIR Models
Many of the assumptions in the Kermack and McKendrick framework are

still present in the majority of the models in the literature today, though most of
these assumptions have been relaxed in at least one model or framework. The main
assumptions are:
1. The Exponential Assumption. Exponentially distributed latent and infectious
times (relaxed in [9] [40] [48] [82] [84]).
2. Homogeneous mixing. Any individual is equally likely to contact any other
individual in the population on a given day (relaxed in contact network and agent
based models).
3. Identical disease processes for every individual (this assumption is typically
considered valid at the population level).
4. Equal susceptibility for every individual (relaxed in [66], agent based models).
5. Linearity in the number of new infectious with respect to the number of infectious
individuals (relaxed in contact network models).
The sheer number of assumptions relaxed in agent based and contact network
models seems to argue for their usage, and is part of the reason that these models
have become so popular. However, these models require a great amount of additional
information and require granular data. Oftentimes, constructing a contact network
for a disease outbreak in the general population is impossible, and so there is still
validity in other approaches. The current popularity of the stochastic approach is
due, in part, to the strong data requirements of the contact network approach.
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1.3

Outline of the Dissertation
The goal of this thesis is to create a single, ﬂexible model which can simul-

taneously relax the ﬁrst two assumptions in the spatial lattice framework. This
model would be useful for data sets collected at some level of aggregation that does
not have an easily accessible contact network to use (such as the Mumps data we
analyze here, or the Google Inﬂuenza data). We also wish to develop a model which
can smooth the data predictions. Due to the stochastic nature of the epidemic process, variations in disease counts oftentimes result from the contraction mechanism,
rather than some spatial consideration. It is possible that, over the course of an
epidemic, this process can lead to widely varying disease counts in neighboring locations. Smoothing in the prediction process would allow more accurate prediction
of new epidemics and yield a better understanding of the epidemic process.
Most population level stochastic models utilize the exponential assumption,
because it is diﬃcult to relax at the population level. Such models typically only
allow a single other distribution to be used (e.g. [9]). Chapter Two contains the
necessary background with regards to the assumptions to be relaxed in this dissertation, as well as background on the Mumps epidemic. In Chapter Three of this thesis,
we will develop a ﬂexible framework that allows the exponential assumption to be
relaxed and any discretized distribution to be utilized for the latent and infectious
times. The key diﬀerence between this model and others is that mixing will occur
at the population level, and it will allow more than one latent and infectious time
distribution to be used. This makes it ideal for embedding into a spatial model.
We will demonstrate in this thesis that the Mumps epidemic spread through
the Iowa county lattice along two major spatial conduits: the highway system and
though the crossing or borders into adjacent counties. An intuitive way of allowing
this sort of spread and still performing spatial bleeding is the use of a conditional

5

autoregressive (CAR) model. These are known in the spatial literature to induce
spatial smoothing. However, not every county in Iowa contains a major highway,
so a model which can incorporate the use of mismatched lattices is desirable. A
literature search will reveal that a CAR model which can handle multiple correlated
outcomes on mismatched lattices does not exist. In Chapter Four we develop such
a model, for use in embedding into the SEIR structure.
In Chapter Five, we will develop a spatial SEIR model which embeds the
CAR model from Chapter Four into the SEIR model from Chapter Three. This
will allow for a single, ﬂexible model which allows epidemic modeling on lattices
to be modeled in a new and more realistic way. The model will not only relax the
exponential assumption and homogeneous mixing assumptions on a lattice, it will
allow for spatial smoothing of epidemic predictions to occur, which allows for more
realistic prediction of future epidemics. This model represents the culmination of
the thesis.
We will end with methodological conclusions and conclusions with regards to
the Mumps data in Chapter Six.

6

CHAPTER 2
BACKGROUND
2.1

Chapter Goals
This chapter is designed to give the required background regarding the mo-

tivating data for this dissertation work. The Mumps Epidemic will be described
as well as a literature review of work that has been done to relax the exponential
assumption and the homogenous mixing assumption in SEIR models.
2.2

The Mumps Data
In 2006, the state of Iowa was the center of a large Mumps epidemic. The

data set we procured contained 214 individuals in Iowa and the surrounding states
whose Mumps infection was conﬁrmed by swab culture. Of these 214 individuals,
205 were diagnosed in Iowa, and their county of residence was recorded, along with
the date of diagnosis. In Chapter Three, the 214 individuals will be considered as a
single population. In Chapters Four and Five, we will consider only the 205 individuals, and additionally consider the pattern of spatial spread using the individuals’
counties of residence.
There are considerations which must be addressed before considering a SEIR
model for this epidemic. The ﬁrst is that an exponential distribution will ﬁt the
latent time of Mumps quite poorly. Mumps is known to be latent for a typical
period of 16-18 days, and almost never less than 12 days or more than 25 days
[12][13]. The memoryless exponential distribution is not adequate to account for
this type of distribution. A Gamma or Weibull distribution may be ﬂexible enough
to ﬁt this process, however. These are typical time to event distributions in the
parametric survival literature, and so they are desirable distributions to ﬁt a latent
or infectious time distribution.
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Another issue that must be accounted for are time dependent interventions.
Two events occurred during the epidemic which may have changed the mixing process. The ﬁrst was spring break, which occurred approximately 40 days into the
epidemic. Polgreen et. al. have shown that this aﬀected the age distribution of
new infections, shifting it from being primarily college aged students to an increasing number of individuals outside of the typical college ages [69]. We do note that
their analysis considered all probable cases, whereas our analysis considered only
conﬁrmed cases. The epidemic curve gives reason to believe that this may have lead
to an increase in infections. The second is what we will term the “public health
awareness intervention”. The CDC declared an epidemic of Mumps in Iowa March
30, 2006 [11], and made suggestions to reduce contacts. Recent work has been done
suggesting that epidemic models must account for public awareness in modern epidemics, because contemporary medicine has given individuals knowledge of how to
prevent infections [26][43][56][70]. We will also model this process for the Mumps
epidemic. It is important to note that we consider this the likely cause of the change
in mixing, but that other explanations may exist for this change. Natural changes
in the Mumps transfer process due to weather, or even diﬀerences in the criteria for
swab culture may also have contributed to the time dependent nature of the mixing
in this model.
Because the state of Iowa is a large enough geographic area to consider as
having a spatial pattern, the homogeneous mixing assumption will need to be addressed. While our analyses in Chapter Three will consider the state as a single
unit, homogeneous mixing is certainly violated in these analyses. Chapter Five will
utilize homogeneous mixing at the county level in order to alleviate these violations.
This will require us to account for the spatio-temporal pattern in the infections. In
Chapter Five, we will build a ﬂexible spatial SEIR model to handle this pattern.
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As was previously mentioned, graphing the Mumps data over time shows two
main conduits for epidemic spread. The ﬁrst being county to county transmission
along borders and the second being spreading along highways. In a rural area such
as Iowa, highways may serve as an important measure of proximity in terms of
epidemic spread. Methods utilizing air travel as a proxy for country to country
spread are known in the literature (e.g., [3][19][39]). In fact, simulations based on
prior information regarding the latent and infectious periods of Mumps yields an
average of only 6 to 10 cases of Mumps that cannot be explained by one of these
two methods of spread. This argues strongly for these being the primary proximity
measures in this epidemic.
2.3

Developments with Regard to the Exponential Assumption
One of the salient features of the original models is that the latent and in-

fectious times of the infectious disease under consideration are exponentially distributed, known as the exponential assumption [2]. The exponential assumption
was one of many assumptions from the early deterministic models that carried into
the stochastic methodology.
The exponential assumption tends to be a convenient assumption in modeling, largely due to the simple form of the models and simpler imputation in the
stochastic framework. Unfortunately, this assumption is unrealistic for many infectious diseases. The memoryless property of the exponential distribution requires a
constant probability of moving to the infectious compartment on day j + 1 after j
days of a latent infection, regardless of j.
Kenah showed that the infectious time distribution has a marked eﬀect on
the probability of a major epidemic [48], and Wearing et. al. demonstrated bias
in the basic reproductive number of the microorganism when the time to infection
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is incorrectly assumed to be exponentially distributed [82]. The work has strong
implications for the accuracy of predictions of future epidemics in the stochastic
framework. The basic reproductive number is deﬁned as the average number of secondary infections caused by an infectious individual in a fully susceptible population.
If the estimate of this quantity is biased, it may result in inaccurate predictions of
the ﬁnal sizes of future epidemics and inaccuracies in the analysis of the eﬃcacy of
public health interventions. To our knowledge, no one has investigated the variance
of the parameters when the exponential distributions on the latent and infectious
times are wrongly assumed. Because the parameter variances in SEIR models are
already large [24], we feel this is worth investigating.
The idea of relaxing the exponential assumption is not new, with work done
in the stochastic framework as early as 1948 [49]. Recently, work has been done to
relax the exponential assumption in both the Bayesian and frequentist frameworks.
However, one still tends to see two types of models: (1) models that utilize the exponential framework (e.g., [56][65]), or (2) models which make very strong assumptions
in the exposure times (e.g. where it is assumed the initial exposure times are known
(e.g., [78]), or where the latent period is assumed to be ﬁxed (e.g.,[66])). A notable
exception is found in Boys’ and Giles’ paper, which provides a model which can
use gamma distributions for the latent and infectious classes and does not require
initial exposure times [9]. While their method only handles gamma distributions,
this approach may work well for many infectious diseases. It has been suggested
that a gamma distribution may ﬁt many infectious diseases [59][82]. Additionally,
Jewell et. al. propose an SIR model allowing general infectious periods, but do not
extend this model to the SEIR structure and propose a very diﬀerent method than
we propose here [40].
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At the individual level, work has been done to relax the exponential assumption (e.g,[66][84]). These models work quite well when individual level information
is available for small populations. However, they are limited in the regard that
many interventions will be applied at the population level, and the indices of the
individuals receiving the interventions may need to be imputed. Additionally, many
epidemics occur in large populations, and computation may be slow with individual
level models.
In order to embed a spatial pattern into a SEIR model for an area as large as
Iowa, a SEIR model which allows for mixing at the population level and still allows
for non-exponential latent and infectious times is desirable computationally. Such
a model will be developed in Chapter Three.

2.4

Developments with Regard to the Homogeneous Mixing Assumption and Spatial Epidemic Modeling
There are at least two reasons for relaxing the homogeneous mixing assump-

tion. One is that the contact distribution is variable, meaning that the number of
contacts made by individuals is highly dispersed. A second is that the spatial area
aﬀected by the epidemic is too large for the assumption to adequately hold. In the
case of the Mumps epidemic, the latter reason cited is the primary concern. Due
to the contact mechanism of Mumps, it is likely that the contact distribution for
individuals with Mumps is not too dispersed to be modeled by a Poisson contact
distribution, which is the typical way of handling diseases such as Mumps, Measles,
or Inﬂuenza [61]. For diseases with highly variable contact rates, such as sexually
transmitted diseases, graph methods may work better [23].
Traditionally, the vast majority of epidemic models found in the literature have
considered only a single location, though work was being done in as early as 1990
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to consider the spatial epidemics (e.g., [4]). This appears to be due in large part to
the ubiquitous nature of the homogeneous mixing assumption. As mentioned, the
homogeneous mixing assumption dates back to the original models by Kermack and
McKendrick, and states that any Susceptible individual in the population is equally
likely to contact any Infectious individual in the population within any ﬁxed time
frame. For populations large enough to consider spatially, this assumption is almost
certainly violated. Additionally, it is known that correctly considering the spatial
framework within the mixing has implications for vaccine eﬃcacy analysis [74].
Other key parameters and interventions may be similarly aﬀected.
Recent work has relaxed this assumption or removed it altogether. Typically,
one of three types of models are applied to create a spatial SEIR model. The ﬁrst are
SEIR models which used a point referenced spatial approach to model the distances
between individuals or locations (e.g., [22][38][54]). The second are person to person
contact networks. These have been well developed in the literature and work quite
well for modeling populations where individual level information is known (e.g.,
[6][16] [17] [31][52] to name a few). These can also be used to completely relax the
homogeneous mixing assumption within a single location as well. However, these
tend to work best when the contact network is known based on a priori information
or a previous study, and can be computationally limiting. To construct a person
to person contact network for the state of Iowa would require its own study, and
would potentially make as many assumptions as a population based approach.
The preferred types of spatial models for lattice data like the Mumps data are
location to location contact networks (eg, [3][39][73]). These assume homogeneous
mixing within a given location, but often develop contact probabilities which allow
nonhomogeneous mixing between diﬀerent locations. Weights are often deﬁned a
priori [39] or based on prior information [33] (the latter being a relatively recent
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development in the epidemic modeling literature). These models work well and
are intuitive, but there is little ﬂexibility in methods for weighting contacts and
additionally in drawing strength in estimation. Contact graph methods which allow
weights to be estimated based on the idea of drawing strength from related edges do
not appear in the literature. For a data set that is sparse, such as the Mumps data,
ﬂexible ways to draw strength in estimating spatial mixing are a key component
to accurately modeling the disease process. A new method beyond the standard
contact graph analysis may allow the ﬂexibility to accurately model sparse epidemic
data. Gravity models oﬀer an obvious alternative to the traditional contact method
approach. However, an approach which would allow spatial smoothing to occur is
desirable, because low counts and sparse counts are likely due to the probabilistic
nature of the infection process, rather than the properties of the units themselves.
The Conditional Autoregressive (CAR) family of models is commonly employed to induce spatial correlation on a lattice. Lawson has employed a CAR
model in the analysis of spatial epidemics [55]. The technique is designed to smooth
the diseases counts of Inﬂuenza data, however, and does not consider the spatial
bleeding mechanism of the virus. This is reasonable for Inﬂuenza data due to the
incomplete nature of the infection counts, but the Mumps data are likely to be
more complete. A CAR approach to directly model spatial bleeding may be more
appropriate for the Mumps data, and many other data sets where counts can be
assumed to be relatively accurate. This technique could be embedded into the
graph technique to create a more ﬂexible graph structure than currently exists in
the literature. This is the approach that will be developed in this thesis.
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CHAPTER 3
A PATH-SPECIFIC SEIR MODEL FOR USE WITH GENERAL
LATENT AND INFECTIOUS TIME DISTRIBUTIONS
3.1

Chapter Goal
In this chapter of the thesis, we develop a model where mixing occurs at the

population level but does not require exponentially distributed latent and infectious
times. This model is helpful in and of itself as a computationally eﬃcient model
relaxing the exponential assumption, but its mixing properties also allow it to be
utilized in a spatial framework for a location to location graph approach. This
property will allow it to be used to develop a spatial model in Chapter Four. We
call this model the Path-Speciﬁc SEIR (PS SEIR model), because it mixes properties
of population level models and individual models, and operates at what we will call
the “path level”, a term deﬁned later.
3.2

Methods
In this section, we ﬁrst propose the PS SEIR model and derive it as the analog

to a class of deterministic SEIR models.

3.2.1 Proposed Model
The main goal of this section is to demonstrate how the exponential assumption can be relaxed, and how discretized distributions can be implemented for the
latent and infectious periods. We utilize the more realistic assumption that there is
a maximum time that an individual may sustain a latent infection before becoming
actively infectious. We assume that all individuals in the exposed category will
eventually move to the infectious category, as is done in Lekone and Finkenstädt
[56] and Anderson and May [2], and we do not consider cases of exposure without
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latent infection at this juncture.
The population averaged SEIR model of interest is found in Lekone and
Finkenstädt, which is itself the generalization from the SIR model found in Mode
and Sleeman[61]:
Ii
Si → Ei+1 = binomial(Si , 1 − exp(−f (ψ, i)h N
));

Ei → Ii+1 = binomial(Ei , 1 − exp(−h/ρ));

(3.1)

Ii → Ri+1 = binomial(Ii , 1 − exp(−h/γ)).
Deﬁne i=1,...,T as a subscript for discrete time and Si , Ei , Ii , and Ri represent the
counts of individuals in the susceptible, exposed, infectious, and removed compartments at time i, respectively. The notation Si → Ei+1 denotes a change of category.
Let f (ψ, i) represent the mixing and possible intervention functions controlling the
number of new exposures at time i + 1 and is constrained to be nonnegative, and let
h represent the number of days between time points in the data collection partition.
The total number of individuals in the population is denoted by N .
For models utilizing the exponential assumption, the exposure data are typically arranged as a T -dimensional vector of counts, E = (E1 , ..., ET )′ . Note that,
in these models, the only necessary information for the evaluation of the likelihood
is the total count in the exposed category at each time point, Ei . We relax this
assumption by not only counting the number of exposed individuals at each time
point, but also by utilizing the length of time each individual has been in the exposed compartment. Consider collecting the exposure counts in a T xM1 matrix E,
where M1 is the maximum amount of time the infectious agent can remain latent.
Cell (i,j) then contains a count of the number of individuals who are at time point
j of the latent infection process on time point i of the epidemic. In other words, i
represents objective, calendar time since the start of the epidemic, and j denotes the
subjective, individual time in the diseases process. In practice, i and j will typically
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be measured in days, although this is certainly not required. The T xM2 infectious
matrix I is deﬁned analogously to E, with the rows representing the number of time
points elapsed since the start of the epidemic, and the columns representing the
number of time points an individual has remained in the infectious compartment.
When an individual is newly exposed and contracts a latent infection at time i,
the individual moves from the susceptible class into row i, column 1, of the exposed
matrix E. The individual then takes a diagonal path, moving one column to the
right, j+1, and one row down, i+1, for every time unit in which the individual
does not become infectious. When the individual becomes infectious at time i′ , the
individual moves to row i′ , column 1, of I, and repeats the process until removed.
This process allows the length of time each individual is in the exposed category to
be imputed, and allows for many latent time and infectious time distributions to be
discretized and utilized. Specifying a maximum length of time which an individual
may have a latent infection, or be infectious, allows the number of columns of the
matrix to be deﬁned a priori, and removes the need to adaptively choose the size of
the matrix as the analysis is running. While an adaptive scheme may be possible,
it is not necessary to do so, since the maximum amount of time an infectious agent
may remain in a latent state is often known. Additionally, an adaptive scheme may
not be computationally eﬃcient.
Because the exposure data and infectious data are being collected in matrices,
the probability of compartmental change can vary with the amount of time an individual has stayed in the compartment. This allows the exponential assumption to be
relaxed, and any distribution can be discretized and used to approximate the true,
underlying latent and infectious time distributions. As noted in the introduction,
this allows more realistic distributions to be used for infectious diseases.
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With this structure in place, the investigator is able to use strong prior knowledge of the length of time that individuals spend in the exposed and infectious categories. Typically, this information is available and multiple distributions may be
ﬁt and compared. It is unlikely that there will be strong prior information for the
mixing and intervention parameters, so relatively weak priors can be used for these
parameters.
The proposed PS SEIR model follows: Let i denote discrete calendar time
since the beginning of the epidemic, and j denote discrete time that an individual
has spent with a latent infection or in an infectious state. Then,
Si → Ei+1,1 = binomial(Si , 1 − exp(−f (ψ, i)h INi+ )) ≡ Wi ;
Eij → Ii+1,1 = binomial(Eij , P (Z1 ≤ j + h|Z1 > j)) ≡ Xij ;
Eij → Ei+1,j+1 = Eij − Xij ;

(3.2)

Iij → Ri+1 = binomial(Iij , P (Z2 ≤ j + h|Z2 > j)) ≡ Yij ;
Iij → Ii+1,j+1 = Iij − Yij .
These deﬁnitions follow from Equation 1, where Xij , Yij , Wi , and Eij are
∑
∑
all unobserved, while j Xij and j Yij are known. Z1 is a random variable deﬁned by the exposure distribution and Z2 is deﬁned by the infectious distribution.
Let f (ψ, i) represent the mixing and possible intervention functions controlling the
number of new exposures at time i + 1, and is constrained to be nonnegative, with
ψ representing the vector of parameters controlling mixing and interventions. Let
Ii+ represent the total number of infectious individuals at time i, h represent the
number of days between data collection times, and N represent the total number
of individuals in the population.
The compartments are the Susceptible, Exposed, Infectious, and Removed
classes, respectively. Deﬁne a bin as the amount of time between data collection
times. In our discretization scheme, a bin will be h time units (often measured in
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days). Bins are used within the Exposed and Infectious compartments as the basic
time unit for the discretizations. Most data sets will use h = 1, but all that is
required is 0 < h < ∞. This style of discretization allows for the analysis of large
data sets, while still providing the ﬂexibility to use a time-dependent conditional
probability of changing compartments. By deﬁning bins within the Exposed and
Infectious compartments, it is possible to vary the conditional probability of a compartment change depending on the length of time an individual has spent in the
compartment, which, in turn, allows for distributions other than the exponential
distribution to be used for the latent and infectious times.

3.2.2 Derivation of the PS SEIR Model
The PS SEIR model can be derived as a stochastic analog to the following
nonlinear system of ordinary diﬀerential equations:
dS
dt

= −f (ψ, t)S NI ;

dE
dt

= f (ψ, t)S NI − g(α, E);

dI
dt

= g(α, E) − h(γ, I);

(3.3)

dR
dt

= h(γ, I).
Several assumptions are made in this process, and we outline the core assumptions here.
1. Assume a homogeneous population with regards to susceptibility. This is commonly assumed in population averaged models.
2. Assume a Poisson contact rate for infectious individuals. This works well for diseases such as Mumps or Measles, but works poorly in models for sexually transmitted diseases, such as Gonorrhea or Chlamydia. 3. Deﬁne the Exposed compartment
as only containing those who will eventually become infectious, and do not consider
the possibility of a return to the Susceptible class.
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4. Assume constant infectivity throughout the course of the infectious process.
5. Assume independent probabilities of moving from the Exposed Compartment to
the Infectious Compartment (as well as from the Infectious Compartment to the
Removed Compartment). Individuals are treated as having identical latent and infectious time distributions.
6. Homogeneous Individuals in terms of the disease process.
Suppose g(α, E) ≥ 0 and the equation

dE
dt

= −g(α, E) has the solution E =

G(α, C, t) where C is the constant of integration. If there exists a C ∗ such that

E
E0

=

F (α, C ∗ , t) where E0 is the total number of individuals who will become exposed
throughout the epidemic, and the conditions F (α, C ∗ , 0) = 1 and F (α, C ∗ , ∞) = 0
are met, then F (α, C ∗ , t) is a survival function, and a path-speciﬁc analog can be
found to the deterministic system under consideration.
Given that an individual is in the Exposed compartment at time t, the probability of a compartmental shift to I before time t + h is

F (α,C ∗ ,t)−F (α,C ∗ ,t+h)
.
F (α,C ∗ ,t)

To

discretize the above nonlinear system, partition the time over which the epidemic
occurs into regular blocks of length h. Then F (α, C ∗ , t) can be approximated by
∏j F (α,C ∗ ,kh)−F (α,C ∗ ,(k+1)h)
for tϵ((jh, (j + 1)h). This places a point mass for the
k=0
F (α,C ∗ ,kh)
discretization on the left endpoint of the interval, which is consistent with the discretization of the binomial process leading to new exposures below.
Note that

F (α,C ∗ ,j)−F (α,C ∗ ,j+h)
F (α,C ∗ ,j)

= P (Z1 ≤ j + h|Z1 > j). Consider breaking

the Exposed compartment into M1 distinct bins. In bin j, there is a constant
probability, P (Z1 ≤ j + h|Z1 > j), of a compartment change. Using i.i.d. Bernoulli
random variables to accommodate the process of a random compartmental change
for each individual in bin i, we see that the number of individuals moving from Ei,j
into Ii+1,1 is distributed as binomial(Eij , P (Z1 ≤ j + h|Z1 > j)). Assuming that the
number of individuals experiencing compartmental change is independent of the bin
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after conditioning, we retrieve the path-speciﬁc process for the latent times found
in the PS SEIR formulation. Note that the same process will yield the path-speciﬁc
process for infectious times.
Next, we derive the binomial process leading to new exposures. The derivation
is very similar to the one found in Mode and Sleeman [61], with the diﬀerence
being that we use discretized Poisson contact rates and probabilities of contracting
infections from infectious individuals. This does not change the overall ﬂow of the
derivation found in their book, but our additions are informative to the properties
of our model, and so we include the derivation here.
Assume contacts are made at a rate P (C(t) = c) = x(c, t), where C(t) is a random variable indicating the number of contacts an individual makes at time t, and c
is a realization of this random variable. Assuming independent contacts, the proba∑
c
bility of escaping infection between time t and time t + h is Q(t) = ∞
c=0 x(c, t)q (t),
where q(t) is the discretized probability of not developing an infection based on a
contact with a single individual in this interval. Assume contacts are made according to a process that can be approximated discretely by a set of T Poisson
random variables with rates λ(t), which may vary over the T time points. This
will allow for diﬀerences in contact rates due to interventions. Additionally, denote the probability of contracting a latent infection based on contacting a random
member of the population as q(t), where q(t) has been discretized into T values.
∑
exp(−λ(t)h)(λ(t)h)c c
q (t), implying
Then, for a ﬁxed time point t, we have Q(t) = ∞
c=0
c!
Q(t) = exp(hλ(t)(q(t) − 1)) = exp(−hλ(t)p(t)).
In order to include public health style interventions into our model, assume
p(t) = p∗ (t)I(t)/N , where p∗ (t) is the time dependent probability of contracting
an infection based on contacting a single infectious individual from time t to time
t + h, and is discretized into T values. Note that we have parameterized λ(t)p∗ (t)
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as f (ψ, t) because there is only data to estimate one parameter in the case where
there are no interventions. Therefore a single mixing parameter is typically used in
these cases, rather than the product λ(t)p(t).
Finally, approximate the mixing process f (ψ, t)SI/N by discretizing it and
placing a pointmass at the left endpoint of the interval (ih, (i + 1)h). This yields
the probability distribution of the number of new latent infections at time i + 1,
given the state of the system at time i, as binomial(Si , 1 − exp(−f (ψ, i)h INi+ )). This
completes the derivation.
As an example of this process of determining the conditional probabilities for
the path-speciﬁc process through the exposure matrix, consider the standard case
of exponentially distributed latent times. Anderson and May [2] show that the form
of

dE
dt

is:

dE
= f (ψ, t) − αE.
dt
In deriving the survival function, one only needs to consider

dE
dt

= −αE. Solving this

equation yields E(t) = Cexp(−αt), where C is determined by the initial conditions
of the system. In order to determine the survival function, we consider E(t = 0) =
E0 , where E0 is the total count of individuals who will move into the Exposed
compartment over the course of the epidemic. The survival function is then

E
E0

=

exp(−αt), which can be identiﬁed as the survival function of an exponential random
variable. If we call this random variable Z1 , the discretization we consider is P (Z1 <
t + h|Z1 > t). This yields exp(−αh), which is constant in t, and is of the form
commonly seen in the SEIR model literature.
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3.2.3 Equivalency of the PS SEIR and Population Averaged SEIR Models Under the Exponential Assumption
Given the assumption that we do not place a maximum limit on the amount
of time that a patient spends in the latent category, we are able to demonstrate the
equivalency of our model, as deﬁned in Equation 2, with the population averaged
model as deﬁned in Equation 1. The following assumptions are made:
1) Once in the exposed class, a patient must wait at least one time unit before
moving to the infectious class.
2) Assume that the total number of patients entering and exiting the infectious
class is known and ﬁxed at every time point. This causes cancelation in the ratio
of likelihoods for the intervention and mixing parameters when applying MCMC
sampling. The results that hold for the exposed class also hold for the infectious
class, with the only modiﬁcation being that the number entering the class at any
given time point is known.
3) Homogeneous mixing.
4) We consider a homogeneous population in terms of susceptibility.
5) There is only one individual in the infectious compartment, no individuals in the exposed compartment, and a ﬁxed and known number in the removed
compartment at the start of the epidemic.
6) WLOG, h=1 day.
The following notation will be used: PM will represent the full probability
distribution of the population averaged model, and PI for the PS SEIR model.
In the population averaged model, Ei will represent the total number of exposed
individuals at time i, and Ei′ will represent the number of individuals who are newly
exposed on the ith day of the epidemic. In the PS SEIR model, the notation Ei,j will
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be used, where each element will represent the number of individuals who have been
exposed for j days on the ith day of the epidemic. For example, Ei,1 represents the
number of new exposures on day i. The notation Ei+ will represent the marginal
total of exposed individuals on day i. In both models, the same notation will be
used for the infectious category, using Ii , Ii′ , Ii,j , Ii+ .
The full distribution for the population averaged model can be written as:
PM (ψ, ρ|Ei ∀i, Ii ∀i) =

∏

′
i LEi ,Si ,ψ

(Ei−1 )
Ii′

′

′

(1 − g(ρ))Ii g(ρ)(Ei−1 −Ii ) p(ψ, ρ),

(3.4)

where i subscripts time, ψ represents all mixing and intervention parameters, and ρ
represents the parameter of the exponential distribution for the exposed class, with
g(ρ) = exp(−1/ρ). LEi′ ,Si ,ψ is the likelihood of the process producing new exposures.
This process is assumed to have the same parameterization for both models.
In what follows, we show that an MCMC sampler will draw from the same
posteriors for the parameters whether the speciﬁcation is the population averaged
model or the PS SEIR model.
By assumption, we know the number of new infectious individuals at day i.
We assumed there was only one infectious individual at day 1, so Si is ﬁxed for all
i. Note that with Ei+ ﬁxed and Si known, we have Ei,1 ﬁxed and known. Consider
the PS SEIR model. For a given realization of E, Ei+ = Ei , where i subscripts the
day of the epidemic, and j subscripts the bin of the exposed category.
The PS SEIR model can be written as:
PI (ψ, ρ, Ei,j ) =

∏

i (LEi,1 ,Si ,ψ

∏ (Ei−1,j )
j

Ei,j+1

(1 − g(ρ))Ii1 g(ρ)(Ei−1,+ −Ii,1 ) )p(ψ, ρ).

(3.5)

If we assume that Ei,1 = Ei′ in the population averaged speciﬁcation (and therefore
Ei+ =Ei ) we have
PM (ψ, ρ|Ei,1 ∀i, Ii,1 ∀i) ∝ PI (ψ, ρ|Ei′ ∀i, Ii′ ∀i)
. Thus, for a given realization of the E in the PS SEIR model, the full distribution of
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the parameters in the PS SEIR model can be written in a population averaged form.
Because the kernel of this full distribution of the PS SEIR model is proportional
to that of the original population averaged model, it follows that the parameter
realizations of the PS SEIR model come from the same posterior distribution as
those from the original population averaged model whenever Ei+ =Ei for all i.
To show that MCMC chains will draw from the same posterior distributions
after burn in, it suﬃces to show that, given a realization of the parameters in the
model, the distribution of Ei1 and the distribution of Ei′ are the same distribution.
This follows because the full distributions for both the population averaged model
and the PS SEIR model can be written in terms of ψ, ρ, Ei , Ei′ under the assumptions
in the population averaged model.
First, note that knowledge of the full set of infectious times {Ii′ ∀i} and initial
conditions is suﬃcient to determine Ei from the set {Ek′ , k ≤ i}. Deﬁne Υi =P (Ei′ =
Ei∗∗ |Ek′ = Ek∗∗ ∀k < i, Ik′ ∀k ≤ i), under the population averaged model. Note that,
given the starting conditions, the number of new infections, Ik′ ∀k ≤ i, and the
number of new exposures, Ek′ ∀k ≤ i, the total number exposed at time i, Ei is
known. We denote this by Ei∗ for ease of notation. Now given a realization of ψ, ρ
and assuming that the total number of patients in the infective category is known
at every time point, consider time i|i − 1:
∏
i

Υi =

∏

(

Ei∗
∗∗
′
i (LEi ,Si ,ψ Ii+1

)

∗

′

′

g(ρ)Ei −Ii+1 (1 − g(ρ))Ii+1 )p(ψ, ρ).

(3.6)

Now, we turn to the PS SEIR model to show that P (Ei,1 = Ei∗∗ |Ek,1 =
∏
∗∗
Ek,1
∀k < i, Ik,1 ∀k ≤ i) = i Υi . To begin, assume that all of the patients l=1,...,n
in the PS SEIR model are distinguishable once exposed. The full posterior for the
PS SEIR model can be written as the likelihood of Ei,1 newly exposed individuals,
multiplied by a product of Bernoulli likelihoods, representing the other exposed
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bins. That is,
PI (ψ, ρ, Ei,+,1 , Ei,l,j̸=1 ) =
∏
∏ ∏
Ii,1,l ∗Ei−1,l,j
g(ρ)(Ei−1,l,j −Ii,l,1 ∗Ei−1,l,j ) )p(ψ, ρ)
i (LEi,+,1 ,Si ,ψ
l
j̸=1 (1 − g(ρ))

(3.7)

where Eilj is the indicator that person l is in exposed category j at time i, and
Ei,+,1 is the number of new exposures at time i. For clarity on the terms Ii,l,1 Ei−1,l,j ,
consider the following: if person l is not in exposed category j at time i − 1,then
both Ei−1,l,j =0 and Ii,l,1 Ei−1,l,j =0 in the Bernoulli likelihood, and these terms do
not change the value of full likelihood. If person l is in exposed category j at time
i − 1, then there are two options: 1) person l can become infectious, indicating the
contribution to the likelihood is (1 − g(ρ)) or 2) person l can remain exposed, with
a contribution of g(ρ), which are the conditional probabilities in the exponential
assumption framework of 1) a person becoming infectious given they were exposed
the previous day, or 2) staying exposed given they were exposed the previous day,
respectively.
Note that knowledge of the set {Ek,+,1 , k ≤ i} and the set {Ii ∀i}, along with
the initial conditions (one individual in the infectious compartment, none in the
exposed compartment, a ﬁxed and known number in the removed compartment),
fully determines Ei++ , where Ek,+,1 is the number of individuals who entered the
exposed class at time k, and Ei++ is the population averaged total number of
individuals in the exposed class at time i in the distinguishable framework.
Given a single path from i − 1 to i, we have the following posterior:
P (Ei,l,j̸=1 , Ei,+,1 |ψ, ρ, Ek,+,1 ∀k < i, Ei−1,l,j , Ik,+,1 ∀k ≤ i) =
∏
LEi,+,1 ,Si ,ψ j,l (g(ρ)Eilj −Ii+1,l,1 Eilj (1 − g(ρ))Ii+1,l,1 Eilj ∗ 1(Ei−1,l,j−1 ≥Eilj ) )p(ψ, ρ)
(3.8)
where we have assumed there is no maximum limit on the length of time a patient
may stay in the exposed category. The indicator variables 1(Ei−1,l,j−1 ≥Eilj ) are in place
to indicate that paths through the exposed matrix are diagonally non-increasing.
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For example, it is impossible for there to be an individual in exposed category j at
time i, given that there was not an individual in exposed category j − 1 at time
i − 1.
Next, we derive P (Ei,+,1 = Ei∗∗ |Ik′ ∀k ≤ i, Ek,+,1 = Ek∗∗ ∀k < i) in the PS
SEIR model. This will demonstrate that the distribution of the marginal sums for
the PS SEIR model is equal to the probability distribution of the missing data for
the population averaged model. To demonstrate this more clearly, we ﬁrst consider
a single path,
P (Ei,+,1 = Ei∗∗ |Ik,+,1 ∀k ≤ i, Ek,+,1 = Ek∗∗ ∀k < i) =
∏ ∏
Eilj −Ii+1,l,1 Eilj
∗∗ ,S ,ψ
(1 − g(ρ))Ii+1,l,1 Eilj 1(Ei−1,l,j−1 ≥Eilj ) )p(ψ, ρ),
LEi,+,1
i
j̸=1
l (g(ρ)
(3.9)
where we have evaluated the ﬁrst product over l and considered only one particular
path. The second product remains unevaluated because it is a ﬁxed quantity for
that given path.
To evaluate the second product, recall Ei++ = Ei∗ , which is ﬁxed where the
number of new exposures for Ek , k ≤ i and Ik , k ≤ i, and the starting conditions of
∑ ∑
the system are known. Also note that l j Ii+1,l1 Eilj = Ii+1,+,1 , which denotes all
patients who were in an exposed class at time i and moved to the infectious class
at time i + 1. Thus, for a single path we write
P (Ei,+,1 = Ei∗∗ |Ek,+,l = Ek∗∗ ∀k < i, Ik,+,1 ∀k ≤ i) =
∏
Ei∗ −Ii+1,+,1
∗∗
(1 − g(ρ))Ii+1,+,1 .
i LEi,+,1 ,Si ,ψ g(ρ)

(3.10)

Now, consider the probability over all possible paths. We see the probability becomes
P (Ei,+,1 = Ei∗∗ |Ek,+,l = Ek∗∗ ∀k < i, Ik,+,1 ∀k ≤ i) =
( E∗ )
∏
∏
Ei∗ −Ii+1,+,1
i
∗∗
(1 − g(ρ))Ii+1,+,1 = i Υi .
i LEi,1 ,Si ,ψ Ii+1,+,1 g(ρ)

(3.11)

Summing across all valid paths yields the combinatorics. Considering only valid
paths allows us to drop the indicator variables, as the cases relating to paths which
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are not valid yields a probability of zero. There are

(

)

Ei∗
Ii+1,+,1

valid possible paths

that yield the combinatoric, because, given an exposed vector at time i, we will have
Ii+1,+,1 patients leaving the exposed class. Once these Ii+1,+,1 patients move out of
the exposed class, the remaining patients will be forced to move diagonally through
the exposure matrix. This demonstrates that the distribution of the margins of the
missing data in the PS SEIR model with distinguishable patients is the same as the
distribution of the missing data in the population averaged model.
The previous result is for a given realization of patients. Now consider the
patients to be indistinguishable. Note that when there are multiple patients in bin
Ei,j but fewer patients in bin Ei+1,j+1 , this represents multiple potential paths. The
( Ei,j )
. If we ﬁx the values of the two rows of
number of paths represented is Ei+1,j+1
the exposure matrix (i.e. Ei−1,j and Ei,j are known for all j and a ﬁxed i), then we
see that the full posterior for Ei,1 given this particular arrangement of the exposure
matrix is
P (Ei,1 |Sk,+ ∀k ≤ i, Ek,1 ∀k ≤ i, Ik,+,1 ∀k ≤ i) =
(Ei−1,j−1 )
∏
∏
g(ρ)Ei,j −Ii+1,1 Ei,j ·
j̸=1 (
i LEi,1 ,Si ,ψ
Ei,j

(3.12)

(1 − g(ρ))Ii+1,1 Ei,j 1(Ei−1,j−1 ≥Ei,+,j ) )p(ψ, ρ).
This accounts for certain paths being more likely than others, but only accounts for
the current arrangement of the exposure matrix. There will be many arrangements
of the matrix that results from the same Ei+1 totals.
Due to the relationship between the Bernoulli distribution and the binomial
distribution, we know that summing across all possible arrangements with patients
∏
being indistinguishable will also yield a full probability i Υi . This can be seen
by a simple argument. If we consider all possible paths as arising from a set of
( E∗ )
i
Bernoulli distributions, and we know that there are Ii+1,+,1
possible combinations
that will yield Ii+1,1 new exposures, we can view this set as summing to a binomial
distribution. Alternatively, we can partition the Bernoulli random variables into
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groups, each as a binomial random variable with Ei−1,j−1 sample size and Ei,j as
the value taken by the random variable, as we have in the path-speciﬁc case. Now,
the sum of all the Bernoulli random variables was a binomial as in the population
( ∗)
averaged case (i.e. with IE′ i possible combinations), so we know that summing the
i+1

binomial random variables arising from grouping the Bernoulli random variables will
yield the same binomial random variable. This relies on the exponential assumption,
because, for this proof to hold, the probabilities of success must be equal for all the
bins, which is a consequence of the exponential assumption. So, for the PS SEIR
model with indistinguishable individuals, we have
P (Ei,1 = Ei∗∗ |Ek,1 = Ek∗∗ ∀k < i, newIk ∀k ≤ i) =
( E∗ )
∏
∗
i
∗∗ ,S ,ψ
LEi,1
g(ρ)Ei −newIi+1 (1 − g(ρ))newIi+1 = i Υi .
i
newIi+1

(3.13)

This shows the distribution of Ei1 in the PS SEIR model is equivalent to the distribution of Ei′ in the population averaged model.
Therefore, we have proven that, given a realization of the missing data, the
posterior distributions of the parameters are equivalent between the population averaged and path-speciﬁc models. We have also shown that, given a set of parameter
realizations, the marginal distributions of the missing data are equivalent between
the two models. Since the posterior distributions are known to be equivalent, the
MCMC chains for both models will draw from the same posterior distributions after
burn-in when the assumptions stated at the beginning of the proof hold.
This proof demonstrates that the PS SEIR model proposed in Equation 2 is a
generalization of the population averaged model found in Equation 1, and contains
it as a special case.
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3.3

Computing
In this section we propose an eﬃcient sampling scheme for the exposure ma-

trix, as we have deﬁned it in Section 2. We then provide simulation results demonstrating the improvement of the PS SEIR model over the population averaged approach.

3.3.1 The Sampling Scheme
We recommend the following update scheme for the exposure matrix: 1) Select
a time at which an individual moved to the infectious category. 2) Select, at random,
a path that corresponds to this removal time. 3) Remove this path. 4) Select a new
starting time for the exposure path, with equal probability placed on every day
between one day before the transfer to the infectious compartment, and M1 days
before the transfer. 5) Add this path to the exposure matrix, and keep this update
if

Π(E’)
Π(E)

is greater than a randomly generated uniform random variable where Π(E’)

is the likelihood corresponding to the new exposure matrix, and Π(E) corresponds
to the likelihood of previous exposure matrix. 6) Repeat this until there have
been a number of updates equivalent to 10% of the ﬁnal epidemic size. We note
that Lekone and Finkenstädt [56] ﬁrst utilized the 10% value and indicated that it
balanced mixing and speed for their update algorithm. For our algorithm, we note
that updating 10% of the exposure yields very similar chains to a system where 50%
of the exposures are updated, but runs faster.
This process varies the possible exposure times of each individual. Of course,
one must ﬁnd an appropriate place to start the MCMC chain, as it is not permissible
for any individual to stay exposed for more than the maximum time, even in the
starting condition of the chain. The prior information regarding the infectious
disease is helpful here. We propose several chains be started at diﬀerent possible
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values of the mixing and intervention parameters, and E generated via a simulation
that makes use of the best guess for the latent period distribution. In our experience,
this technique allows for the most variability in the starting conditions of the chains,
so convergence is easy to assess.

3.3.2 Properties of the Sampling Scheme
The aforementioned algorithm gives good convergence for reasonable exposure
distributions, such as gamma or Weibull distributions which are not exponentially
distributed. It is important to note that without an intervention or with a constant intervention (outlined in the simulation results), convergence was attained on
every attempt, but convergence failed with one particular data set using a small
epidemic generated from exponential distribution times and an exponential decay
intervention. This was because the algorithm would occasionally generate an exposure matrix where none of the individuals contracted a latent infection after the
intervention began. The intervention parameter realizations would increase, and it
became very diﬃcult for the algorithm to return to realistic values. We do caution
researchers when using this approach for exponentially or nearly exponentially distributed latent times to check convergence. If the exponential assumption holds,
we recommend the Lekone and Finkenstädt model. When the exponential assumption is violated, our PS SEIR model has good convergence properties, and oﬀers
advantages over other models in the literature.
Additionally, with weak prior information and large data sets, the sampling
algorithm tends to move towards an exponential scheme. This is acceptable, as
the simulation results demonstrate that the algorithm is most helpful for small epidemics. In these cases, weak prior information easily contains this process. With
large data sets, the algorithm can be still be used. The strong prior information
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typically available for the latent period can easily control this ﬂattening of the conditional probabilities. If weak prior information is used, the algorithm will typically
select a latent period where the conditional probabilities of compartmental change
from the Exposed to Infectious compartments are more uniform than the prior information. This still yields advantages over the exponential assumption case, though
these advantages are not as marked. When sampling unknown infectious paths via
this scheme, where the total number moving into and out of the Infectious compartment are known at each time point, or if these data are available for the Exposed
class, there is no ﬂattening of the conditional probabilities of transferring from the
Infectious to the Removed compartment, even with weak prior information and
large data sets.
Additionally, when sampling from exponentially distributed latent and infectious time distributions, the MCMC chains of all the model parameters for the PS
SEIR model draw from equivalent distributions to those of the population-averaged
approach we outlined above. Table 3.1 demonstrates the equivalence between the
MCMC chains generated by the population averaged and path-speciﬁc models. An
epidemic consisting of 30 cases was simulated using exponential latent and infectious times. No intervention was used, and all infectious and removal times were
assumed known. The quantiles provided were based on 7,000 iterations after burnin. The mixing parameter posterior quantiles are almost exactly equal between
the population averaged and path-speciﬁc model, but it may be noted that all the
quantiles of the mean exposure time are slightly higher for the population averaged
model than for the path-speciﬁc model. This is due to a practical consideration
when using the PS SEIR model. The maximum time for the latent period was set
to be 100 days in the path-speciﬁc approach, removing approximately the longest
1% of latent times from consideration. Thus, the diﬀerences are due to the coding
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of the models, rather than a theoretical concern.

3.3.3 Simulation Results
For each simulated data set, there were 20,000 total individuals, with one
member in the infectious category and all the other individuals susceptible at the
start of the epidemic. The mixing parameter chosen to simulate the data was
0.25, in order to give a large degree of variability to the epidemic sizes. Let ψ1
be the mixing parameter and ψ2 be the intervention parameter. The exponential
decay intervention we consider has the form f (ψ, i) = ψ1 exp(−ψ2 1(i≥i0 ) ), where
i0 is the time that the intervention began. This represents an exponential decay
in the probability of moving from the susceptible class to the exposed class. For
this form, ψ2 was selected to be 0.1, and i0 to be 100 days. Additionally, we have
considered a second intervention parameterization. The form of the intervention
was f (ψ, i) = ψ1 (1(i<i0 ) + (1 − ψ2 )1(i≥i0 ) ). This represents a constant intervention,
where the probability of moving from the susceptible to exposed class is decreased
instantaneously at the time of the intervention, then held constant over the course of
the intervention. For the simulations employing this intervention parameterization,
ψ2 was ﬁxed at 0.7.
The parameterization selected for the exponential distributions was chosen as
f (x) = λ1 exp(− λx ). For the gamma distributions, the parameterization was chosen
as f (x) =

β α α−1
x exp(−βx).
Γ(α)

was selected as f (x) =

For the Weibull distributions, the parameterization

α x α−1
( ) exp(−( βx )α ).
β β

The true values for α and β. The

parameter values were chosen to approximate a disease such as Mumps. Mumps
has a very well known latent period of 16-18 days, although this period can last as
few as 12 or as many as 25 days [13]. The infectious period is less well known, but
shedding typically lasts ﬁve days or less, though there is the possibility of shedding
for much longer, and therefore having a longer infectious time [68]. A throat swab
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can isolate the viruses from 40% of individuals infected with Mumps 2-3 days prior
to the onset of parotitis, and individuals are typically infectious prior to displaying
symptoms [12, 13].
For the simulations, the true value for λ in the exponential distribution was
chosen to be 18.71 for the exposed mean time, and 8.62 for the infectious mean
time. The true α and β related to the gamma distributions, were chosen to be
30 and 1.603 for the exposure distribution, and 100 and 11.6 were chosen for the
infectious time. In the Weibull distributions α and β were chosen to be 7 and 20
for the exposed time, and 12 and 9 for the infectious time.
Four data sets were simulated with the ﬁnal epidemic sizes being within two
individuals of 35, 65, 125, and 225. These ﬁnal sizes were chosen to loosely correspond to a small, medium, large and very large epidemic sizes, based on a simulation
study in which 3,000 epidemics were simulated.
Tables 3.2 and 3.3 present the simulation results obtained for the exponential
decay intervention with Weibull and gamma distributed latent and infectious times,
and all the removal times known. The PS SEIR model typically performs as well
as, and often better than, the population averaged model in terms of the size of the
credible interval and median parameter values, with the exception being the very
large Weibull data set. This is not surprising, as large epidemic sizes will lead to
biased results in the mixing and intervention parameters. The PS SEIR model is
more sensitive to epidemic size than the population averaged approach, because the
hidden assumption in SEIR modeling is that the epidemic being modeled is a “typical” major epidemic. While the improvement oﬀered by the PS SEIR model often
appears to be small, it is important to note that small changes in parameter values
can have a large eﬀect on the distribution of ﬁnal epidemic size in stochastic models. The priors used for the mixing and intervention parameters were Gamma(0.25
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,1) and Gamma(0.1,1) for all models. For the exponential analysis of each data
set, λ was assigned a Gamma(187.09,10) prior. For the Weibull analyses, α was
assigned a prior of Gamma(70,10) and β was assigned a Gamma(200,10) prior. For
the Gamma analyses, α was assigned a prior of Gamma(300,10) and β was assigned
a Gamma(100,100/18.709).
Table 3.4 presents the simulation results obtained for the constant intervention
with Weibully distributed latent and infectious times, and all the removal times
known. The PS SEIR model typically performs as well as, and often better than,
the population averaged model for these simulation as well. The priors used for
the mixing and intervention parameters were Gamma(0.25,1) and Gamma(0.7,1)
for both models. For the exponential analysis of each data set, λ was assigned
a Gamma(187.09,10) prior. For the Weibull analyses, α was assigned a prior of
Gamma(70,10) and β was assigned a Gamma(200,10) prior.
P-values greater than 0.05 for the Geweke diagnostic were used to indicate
convergence for all model parameters [29]. Note that the PS SEIR model typically
oﬀers some improvement, with the most improvement coming when the epidemic
sizes are small to moderately sized, due to the greater eﬀect each individual path
has on the mixing and intervention parameters in these cases. There is less of
an eﬀect in the larger epidemics, and we see that the population averaged model
begins to ﬁt the data in the very large epidemics. Beyond just the decrease in
variance that one would expect from ﬁtting the true model, we hypothesize that
the main reason for this phenomenon is that the gamma distribution model supplies
more information about the latent process, which allows for much more accurate
parameter realizations in situations with small epidemic sizes.
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3.4

Data Analysis
The motivating data set consisted of the onset times for the 214 cases of

Mumps conﬁrmed via swab culture during the 2006 Iowa Mumps epidemic, which
lasted from January 29, 2006 to June 25, 2006. We note that cases were less
likely to be conﬁrmed via swab culture early in the epidemic, which may lead to
longer estimates of the infectious time distribution and lower estimates of the mixing
parameter. In fact, all of the models we ﬁt tended to underestimate the ﬁnal size
of the epidemic, and the low values of the mixing parameters are likely part of the
reason. However, it is quite common in epidemic research that not every infectious
individual is diagnosed, and our main goal is to demonstrate the improvement of
the PS SEIR structure over similar population averaged approaches.
There are two goals for the following analysis. The ﬁrst is to obtain a more
realistic analysis of the Iowa Mumps epidemic than can be obtained by utilizing the
exponential distribution alone, and to demonstrate the improvement of the PS SEIR
formulation over the population averaged formulation. The second is to decide on
a reasonable parametric form for the public’s awareness of the epidemic, which acts
as an intervention in the data. This will demonstrate the importance of recognizing
changes in behavior resulting from public awareness in modern epidemics, as well
as the importance of quantifying these changes.
Polgreen et. al. analyzed the Iowa Mumps epidemic using a Generalized
Linear Mixed Model (GLMM) approach to map the data, and employed a test of
proportions to analyze the eﬀect of spring break. They found there to be a spring
break eﬀect in the age composition of Mumps cases after spring break [69]. We
again note that their analysis considered all probable cases, whereas our analysis
considered only conﬁrmed cases. Considering a more granular treatment of time in
a SEIR structure may allow us to expand upon the results yielded by their research
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and identify more temporal structures in the data set.
Simply modeling the data set with no intervention accounting for public awareness was not successful. Epidemics rarely occurred based on the estimated parameter posterior values obtained from models not accounting for public awareness,
and epidemics that did occur severely underestimated the ﬁnal epidemic size, with
almost no simulated epidemics reaching half the true epidemic size. Previous literature has used public awareness as an intervention successfully [26][43][56]. Note
that Lekone and Finkenstädt use an exponential decay intervention to model public
awareness due to a government awareness campaign with promising results [56].
In modeling public awareness, we will use two parameterizations. The ﬁrst
will be the same style of exponential decay intervention found, which will begin on
March 30, the day that the CDC posted a dispatch to the MMWR website [11].
The second will be a logistic intervention, which will have the form
where ϕ1 > 0,

exp(ϕ0 )
1+exp(ϕ0 )

exp(ϕ0 −ϕ1 ∗day)
,
1+exp(ϕ0 −ϕ1 ∗day)

> 0.99, and day is the number of days since the initial case.

This function will be able to reduce the mixing parameter from its initial value over
the course the epidemic. In an attempt to accommodate the eﬀect of spring break
on mixing, we use a three week constant eﬀect intervention, beginning on March 6,
2006.
One of the aspects that must be accounted for in working with Mumps is
the presence of the MMR vaccine. The CDC states that the 2004-2005 MMR
vaccination rate for kindergartners in Iowa was 97% [12]. We therefore use that as
our best estimate of the vaccination rate in the state of Iowa. A study performed
in 1985 suggests that the eﬃcacy of the MMR vaccine in preventing Mumps is
85% [25]. One simplifying assumption in the model is that the vaccine is an all
or nothing vaccine yielding permanent immunity. According to our vaccination
estimates, this yields 523,000 individuals susceptible to Mumps in Iowa. 2,570,000
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individuals will start in the Removed category, accounting for their immune status.
This is an important consideration, as the high rate of immunity plays a role in
determining the magnitude of the mixing and intervention parameters. We do note
a potential caveat to our vaccination assumption. Individuals who were naturally
infected with Mumps have much better immunity to the virus than those who are
vaccinated. Because there are individual in the state of Iowa who were still alive
before vaccination was common, older individuals may have a much higher rate of
immunity than younger individuals in our model. We have not accounted for this
phenomenon.
Because the prior information available for the infectious time of Mumps is
not as strong as the prior information available for the latent time, we will use
two lengths for the infectious period for each distribution. The ﬁrst set will be
short infectious times. These correspond to Exponential(8.6), Gamma(100,11.6),
and Weibull(12,9). The second set will be long infectious times. These correspond
to Exponential(11), Gamma(25,2.27), and Weibull(6,12).
Models were constructed, and their ﬁt assessed using the posterior predictive
p-value approach [28]. At each iteration of the MCMC chain, a single epidemic was
generated. The model ﬁt statistic used was an indicator that the ﬁnal epidemic size
was between 107 and 428 (half to twice as large as the epidemic) and the day the
simulated epidemic ended was between 117 and 197 (within 40 days of the length
of the actual epidemic). These values were chosen based on the variability seen in
simulated epidemics.
Table 3.5 shows the posterior predictive p-values for all the models we ran. The
path-speciﬁc approach yields the highest posterior p-values for model ﬁt. The best
path-speciﬁc model (Weibully distributed with an exponential form of the intervention and long infectious times) generated over six times as many accepted epidemics
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as the best ﬁtting population averaged model (Exponentially distributed with the
logisitic form of the intervention and long infectious times). The path-speciﬁc approach also yields some of the lowest p-values, indicating that it is sensitive to the
form of the public-health intervention chosen. Table 3.6 gives descriptive statistics
for the best ﬁtting PS SEIR model, as well as its corresponding exponential model.
We see that, unlike the results from the simulated data sets, the estimated parameter posteriors are centered at diﬀerent values. This is likely due to the fact that
the exact parametric forms of the interventions are not known, and were modeled
using an approximation. The Weibull model has a higher estimate of the mixing
parameter, a quantity we expected to be underestimated in our analysis. Additionally, it is known that Mumps is typically latent 16 to 18 days. The credible interval
for the mean latent time in the Weibull model ﬁts this a priori known information
better than the exponential model. Together, these are leading to more accurate
predicted epidemic sizes.
The autocorrelations for the posterior draws are also of interest. Geweke’s
criterion was used to assess burn in, as was done in the simulations. After burn
in, we see lower autocorrelation in PS SEIR mixing parameters found in Table 3.6
as compared to their corresponding population averaged parameters. The mixing
parameter ϕ1 has a lag 10 autocorrelation of 0.10 for the PS approach, but is 0.65
in the population averaged approach. The spring break intervention has a lag 10
autocorrelation of 0.12 for the PS approach versus 0.55 for the population approach.
The public health intervention has a lag 10 autocorrelation of 0.07 versus 0.81 for
the PS approach versus the population averaged approach. However, the mean of
the latent distribution has an autocorrelation of 0.91 in the PS SEIR model versus
0.66 in the population averaged model. The cross correlations between the chains
are similar for both models.
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Figure 3.1 graphs the epidemic curves that fell in the reasonable range for
the best ﬁtting PS SEIR model as well as those for the corresponding population
averaged model. One can see that the PS SEIR model provides far more predicted
epidemics in the reasonable range (21.84% versus 2.84%). Additionally, the shape
of the epidemic is ﬁt more accurately with the PS SEIR approach. Those epidemics
that fall into the reasonable range in the population approach tend to overestimate
the epidemic size early on, whereas the PS SEIR approach provides a more accurate
envelope of the epidemic up until day 50. Around day 50, there is a sharp increase
in the number of epidemics, a feature neither model captures well. However, the
PS SEIR model captures the shape of the remainder of the epidemic as well, with
many more curves above the epidemic. Recall that it was expected that the ﬁnal
epidemic size would be underestimated because only the conﬁrmed cases were used.
For this data set, the PS SEIR model captured the true form of the epidemic better
than the population averaged approach.
3.5

Discussion
The path-speciﬁc formulation typically oﬀers improvement over the population

averaged approach to modeling epidemics. In simulation studies, where all the
parametric forms of the mixing and intervention processes were known, the pathspeciﬁc approach typically performed as well as the population averaged approach
in terms of the median values for these parameters and almost always gave narrower
credible intervals for them. Very small diﬀerences in parameter realizations can be
important in SEIR modeling, especially in the mixing parameter.
We also note that, in the real data analysis performed on the Iowa Mumps
epidemic, the PS SEIR model yielded substantially more reasonably sized predicted
epidemics than the population-averaged approach. In fact, the best PS SEIR model
yielded over six times as many reasonable epidemic size predictions as the best
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population averaged model, as based on the model ﬁt statistic we deﬁned in the
data analysis section. For this reason, we recommend the path-speciﬁc approach
be used when analyzing epidemics related to infectious diseases with latent and
infectious periods that are not exponentially distributed.
Additionally, there were two unrelated initial cases. The population averaged
approach does not handle such a structure well, while the PS SEIR model can handle
it quite easily. For the second initial case, which occurred in Dubuque County, we
set the individual as having a latent infection for fourteen days previous to the
start of the epidemic, which yields a total latent period of seventeen days for that
individual. This minimizes the eﬀect on the latent distribution posterior, and is
supported by prior knowledge regarding the length of the latent period of Mumps.
The population averaged model will analyze this as a three day latent period, which
may have some eﬀect on the posteriors of the parameters.
There are limitations for our Iowa Mumps epidemic analysis. First, the infectiousness of individuals is constant throughout their infectious periods. This is
unrealistic, but required by the current form of the PS SEIR model. Secondly, homogeneous mixing is violated in this analysis. Thirdly, vaccinations were handled
in a rather naive way, which may aﬀect the accuracy of the mixing and intervention
parameters.
Despite these limitations, we have demonstrated that the path-speciﬁc approach can yield much more accurate SEIR models for epidemics than the population averaged approach, and avoids many of the weaknesses of the current SEIR
and SIR models allowing for general latent and infectious time distributions.
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Table 3.1: Equivalency of the Population Averaged Model and the PathSpeciﬁc Model.
Model

Parameter

2.5%

25%

50%

75%

97.5%

Population Averaged

Mixing

0.088

0.113

0.132

0.151

0.185

Path-Specific

Mixing

0.088

0.114

0.131

0.149

0.185

Population Averaged

Mean Exposure Time

15.14

17.14

18.48

19.94

22.99

Path-Specific

Mean Exposure Time

14.98

17.01

18.36

19.81

22.73

Table 3.2: Parameter medians and 95% central credible intervals for the analysis
of the Gamma data sets featuring an exponential decay intervention. Based on
10,000 realizations after burn-in each.
Analysis

Data Set

Mixing (0.25)

Intervention (0.1)

Alpha (30)

Beta (1.604)

Exponential

Small

0.23

0.62

Not

Not

Analysis

Gamma

(0.14, 0.32)

(0.07, 2.96)

Applicable

Applicable

Gamma

Small

0.20

0.12

29.78

1.54

Analysis

Gamma

(0.13, 0.28)

(0.05, 0.22)

(26.45, 33.17)

(1.21, 1.91)

Exponential

Medium

0.23

0.12

Not

Not

Analysis

Gamma

(0.16, 0.31)

(0.04, 0.35)

Applicable

Applicable

Gamma

Medium

0.21

0.07

29.73

1.64

Analysis

Gamma

(0.15, 0.28)

(0.03, 0.11)

(26.54, 33.23)

(1.30, 1.97)

Exponential

Large

0.26

0.12

Not

Not

Analysis

Gamma

(0.20, 0.34)

(0.07, 0.22)

Applicable

Applicable

Gamma

Large

0.26

0.10

29.13

1.66

Analysis

Gamma

(0.20, 0.32)

(0.07,0.14)

(25.93, 32.50)

(1.39, 1.97)

Exponential

Very Large

0.27

0.10

Not

Not

Analysis

Gamma

(0.22, 0.32)

(0.07,0.15)

Applicable

Applicable

Gamma

Very Large

0.27

0.10

28.81

1.57

Analysis

Gamma

(0.22, 0.31)

(0.08, 0.13)

(25.56, 32.16)

(1.34, 1.82)
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Table 3.3: Parameter medians and 95% central credible intervals for the analysis
of the Gamma data sets featuring an exponential decay intervention. Based on
10,000 realizations after burn-in each.
Analysis

Data Set

Mixing (0.25)

Intervention (0.1)

Alpha (7)

Beta (20)

Exponential

Small

0.22

0.20

Not

Not

Analysis

Weibull

(0.13, 0.27)

(0.03, 0.89)

Applicable

Applicable

Weibull

Small

0.20

0.08

6.87

20.82

Analysis

Weibull

(0.13, 0.27)

(0.03, 0.14)

(5.30, 8.60)

(18.84, 22.90)

Exponential

Medium

0.24

0.22

Not

Not

Analysis

Weibull

(0.17, 0.33)

(0.07, 0.72)

Applicable

Applicable

Weibull

Medium

0.22

0.11

6.33

20.01

Analysis

Weibull

(0.16, 0.28)

(0.06, 0.16)

(4.87, 7.95)

(18.23, 22.08)

Exponential

Large

0.24

0.11

Not

Not

Analysis

Weibull

(0.19, 0.30)

(0.06, 0.19)

Applicable

Applicable

Weibull

Large

0.24

0.11

5.76

20.83

Analysis

Weibull

(0.19, 0.29)

(0.07,0.15)

(4.19, 7.55)

(18.72, 23.60)

Exponential

Very Large

0.26

0.12

Not

Not

Analysis

Weibull

(0.22, 0.31)

(0.08,0.17)

Applicable

Applicable

Weibull

Very Large

0.28

0.15

5.30

21.41

Analysis

Weibull

(0.24, 0.33)

(0.12, 0.20)

(4.21, 6.59)

(20.14, 22.80)
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Table 3.4: Parameter medians and 95% central credible intervals for the analysis of the Weibull data sets featuring a constant intervention. Based on 7,000
realizations after burn-in each.
Analysis

Data Set

Mixing (0.25)

Intervention (0.7)

Alpha (7)

Beta (20)

Exponential

Small

0.23

0.61

Not

Not

Analysis

Weibull

(0.11, 0.38)

(0.14, 0.89)

Applicable

Applicable

Weibull

Small

0.25

0.68

6.86

20.56

Analysis

Weibull

(0.13, 0.39)

(0.25, 0.89)

(5.37, 8.51)

(18.08, 22.78)

Exponential

Medium

0.25

0.70

Not

Not

Analysis

Weibull

(0.16, 0.34)

(0.46, 0.86)

Applicable

Applicable

Weibull

Medium

0.26

0.73

6.39

20.81

Analysis

Weibull

(0.19, 0.34)

(0.59, 0.84)

(4.94, 8.04)

(18.23, 23.19)

Exponential

Large

0.26

0.73

Not

Not

Analysis

Weibull

(0.20, 0.33)

(0.59, 0.84)

Applicable

Applicable

Weibull

Large

0.24

0.69

6.41

19.06

Analysis

Weibull

(0.19, 0.30)

(0.56,0.79)

(5.03, 7.97)

(17.64, 20.61)

Exponential

Very Large

0.28

0.79

Not

Not

Analysis

Weibull

(0.22, 0.34)

(0.68,0.87)

Applicable

Applicable

Weibull

Very Large

0.26

0.75

6.33

20.39

Analysis

Weibull

(0.22, 0.31)

(0.67, 0.81)

(5.16, 7.83)

(19.27, 21.37)
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Table 3.5: Posterior predictive p-values for the models run
for the real data analysis. Each posterior predictive p-value
is based on 7,000 realizations.
Distribution Intervention Infectious Period

P-value

Exponential

Exponential

Short

0.0203

Exponential

Exponential

Long

0.0284

Exponential

Logistic

Short

0.0245

Exponential

Logistic

Long

0.0305

Gamma

Exponential

Short

0.0881

Gamma

Exponential

Long

0.1061

Gamma

Logistic

Short

0.0028

Gamma

Logistic

Long

0.0033

Weibull

Exponential

Short

0.1668

Weibull

Exponential

Long

0.2184

Weibull

Logistic

Short

0.0004

Weibull

Logistic

Long

0.0335
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Table 3.6: Descriptive statistics for the posteriors of key parameters or
parametric forms for Model 1, which has exponentially distributed exposure times, an exponential decay intervention, and long infectious times,
as well as for Model 2, which has Weibully distributed exposure times,
an exponential decay intervention, and long infectious times. Based on
7,000 realization each.
Model

Parameter

Median 95% Central Credible Interval

Model 1

Mixing

0.91

(0.43, 1.72)

Model 2

Mixing

1.23

(0.89, 1.66)

Model 1

Spring Break

-0.59

(-2.21, 0.22)

Model 2

Spring Break

-0.21

(-0.82, 0.21)

Model 1

Public Awareness

0.08

(0.03, 0.13)

Model 2

Public Awareness

0.04

(0.03, 0.06)

Model 1

Mean Exposure

18.88

(11.60, 25.23)

Model 2

Mean Exposure

17.25

(16.93, 18.07)
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Figure 3.1: Accepted epidemic curves for the PS SEIR model with Weibull latent
and infectious times, exponential public health intervention and long infectious distributions versus Accepted epidemic curves for the same population averaged model.
Gray curves are model predictions while the black curve is the actual epidemic.

46

CHAPTER 4
A CAR MODEL FOR MULTIPLE OUTCOMES ON MISMATCHED
LATTICES
4.1

Chapter Goal
The goal of this chapter is to develop a spatial model which can be embedded

into the SEIR structure in order to create a ﬂexible Spatial SEIR model. The model
will be able to draw strength in estimating spatial mixing within spatial structures
and between spatial structures. This will be done in enough generality that more
than two spatial bleeding conduits can be considered.
4.2

Introduction
Conditional Autoregressive (CAR) models are common in the literature, as

these models represent an intuitive way of incorporating spatial autocorrelation
on lattices. The univariate CAR structure has been well developed, with major
contributions in the ﬁeld coming as early as 1974 [7]. Excellent references on the
topic include Cressie’s 1993 text for the frequentist formulation of CAR models [21],
and the 2004 text by Banerjee, Carlin and Gelfand for the Bayesian formulation [5].
These models are extremely ﬂexible and have been used in a variety of ﬁelds, including noninfectious disease mapping [18][51][79], ecology [58], and image processing
[15], to name just a few.
Since multivariate outcomes are often of interest, multivariate CAR models
have also been developed. Early multivariate work was done by Mardia [60], who
proposed a very general multivariate CAR structure. Kim et. al. proposed a twofold model for mapping two correlated mortality rates [51]. Additional work has
been done utilizing the same neighborhood structure for each of the multivariate
outcomes [27][41][71]. Recent work by Sain and Cressie has extended the univariate
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CAR structure to include diﬀerent neighborhood structures for each variable, but
does so assuming the same lattice for every neighborhood structure [72]. Additionally, there is the restrictive requirement that the variance for each outcome diﬀer
by a known constant within each lattice point.
While noninfectious disease mapping with CAR models is common,there is far
less literature using CAR models for infectious disease mapping. One of the reasons
is likely that many infectious diseases are spread via human to human transmission,
and the geographical proximity of two locations may not be an accurate assessment
of the overall proximity of the locations in terms of disease spread. This makes
a reasonable neighborhood structure diﬃcult to construct. In the modern world,
proximity is often deﬁned by travel, rather than geographical measures. Hufnagel
et. al. showed that airline travel served as an accurate measure of proximity in
the severe acute respiratory syndrome (SARS) pandemic of 2003 [39]. In general,
it is likely that modern epidemics are spread via more than one conduit. For many
epidemics, a realistic model may have to account for multiple modes of travel.
In this chapter, we develop a type of multivariate CAR model in keeping
with Sain and Cressie’s concept of diﬀering neighborhood structures. We utilize a
similar mean structure, but construct our model in such a way that diﬀerent lattice
structures may be used for each outcome of interest. While a change of basis is
often possible for mismatched lattices, this technique is not always desirable, and is
occasionally impossible.
Allowing mismatched lattices means that the requirement that the variances
diﬀer by a known proportionality constant for each outcome at a given lattice point
must be relaxed. The model we propose allows correlated, multivariate outcomes
that occur on diﬀerent lattices to be analyzed, which is helpful when lattice structures are developed in such a way that a change of basis is not desirable. Possible
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applications include infectious disease mapping and environmental data.
Speciﬁc examples of applications that would beneﬁt from mismatched lattices
are easy to construct. When mapping soil pollutants, one might consider adjacency
of soil plots to be one reasonable neighborhood structure, but also want to consider
that two soil samples of the same land-use type may be related, even if the two sites
are not geographically close. This lattice structure may not be readily accounted for
in a change of basis. Our motivating example considers infectious disease modeling.
In 2006, there was a large Mumps epidemic in Iowa (described in detail in Section 5).
As Iowa is predominantly rural, a standard CAR model which utilizes geographic
borders to determine adjacency could be used to relate neighboring counties in the
infectious disease process. However, it is clear from the data that cases of Mumps
tended to spread along the highway system. This is an example of how multiple
modes of travel and contact can spread an infectious agent. In a relatively rural
state like Iowa, highway systems may serve as an important measure of adjacency
for infectious disease spread, just as airline travel may be an important measure
of adjacency in pandemic modeling. More examples can be readily constructed
involving travel as a measure of proximity between human populations.
We have already mentioned that the Mumps epidemic spread across borders
and along highways. Separating the spatial dependence in the disease process using
two distinct structures certainly allows both measures of proximity to be modeled,
but does not consider that the two latent eﬀects are potentially correlated. A given
county not only has correlation with other elements of its neighborhood structure,
but across neighborhood structures as well. A priori, one would expect positive correlation between the modes of travel, as counties that have large numbers of people
traveling along highways almost certainly have large numbers of people crossing
county borders unassociated with highway travel. A model allowing for multiple
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outcomes that have diﬀerent spatial correlation parameters between multiple outcomes is desirable.
In this chapter, we propose a multivariate CAR model that allows mismatched
lattices to be utilized, and give conditions for consistency and propriety. We also discuss model properties, as well as giving a recommended parameterization guaranteeing consistency. We proceed to show model adequacy when analyzing model-based
data through simulation results. Next, we perform a disease mapping example considering the Mumps epidemic ﬁnal counts in order to demonstrate model properties.
We close with a discussion.
4.3

Mismatched
Model

Conditional

Autoregressive

4.3.1 Model Deﬁnitions
Consider m outcomes, denoted by X = (X ′1 , ...X ′m )′ , where
X ′k = (Xk1 , ..., Xknk )′ , k = 1, ..., m and every Xki coming from a univariate normal
distribution. Each X k is collected on potentially diﬀerent lattices and neighborhood
structures, C1 , ..., Cm . Within each neighborhood structure, we require positive
correlation. Between neighborhood structures, we allow either positive or negative correlation. Consider potential spatial relationships between two neighborhood
structures Ck and Cl , l ̸= k. The MMCAR model can be derived as follows:
Suppose

Xki |{Xkj , j ̸= i, Xlj , l ̸= k} ∼ N µk +

∑
kj∼ki

βkij (xkj − µk ) +

∑ ∑
l


2 
δklij (xlj − µl ), σki
,

lj≃ki

(4.1)

where βkij is the weight of the mean for Xki associated with Xkj , δklij is the weight
of the mean for Xki associated with Xlj , µk and µl are the overall means of X k
2
and X l , respectively, and σki
is the conditional variance of Xki . For convenience,

βkii ≡ 0 for every i and k. We use ki ∼ kj to denote that elements i and j are
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both units within neighborhood structure Ck and are neighbors. We use ki ≃ lj to
denote that element i of Ck is a neighbor of element j of Cl .
In this model, we have β ki = (βki1 , ..., βk,1,nk )′ representing a vector of weights
that deﬁne the contribution of members of Ck to the conditional mean of Xki , and
δ kli = (δkli1 , ..., δk,l,i,nl )′ representing a vector of weights that deﬁne the contribution
of members of Cl to the mean of Xki .
We now derive necessary and suﬃcient conditions for which β and δ create a
consistent Markov Random Field. In order to derive the conditions under which the
conditionals are self-consistent, we begin by using Brook’s Lemma. WLOG, assume
µk = 0 for all k. Henceforth, we denote by f (z) the value of the probability density
function of z given the model parameters. To begin note that:
2 ∗ log(f (xki |xkj , j ̸= i, xlj , l ̸= k)) ∝
x2ki
2
σki

−2

∑

kj∼ki

Brook’s Lemma states

βkij xkj xki
2
σki

−2

∑ ∑
l

(4.2)

lj≃ki δklij xlj xki
2
σki

f (x) ∏ f (xi |x1 , ..., xi−1 , yi+1 , ..., yN )
=
.
f (y)
f
(y
|x
,
...,
x
,
y
,
...,
y
)
i
1
i−1
i+1
N
i=1
Plugging (1) into (2), with yi = 0 for all i yields
N

∑ ∑nk x2ki
∑m ∑n k
−2 ∗ log(f (x)/f (0)) ∝ m
2 − 2
k=1
i=1 σki
k=2
i=2
∑
l
∑m ∑nk ∑l<k ∑nj=2
δ
x
x
h<j klih lh ki
−2 k=2 i=2
.
σ2

∑
j<i

(4.3)

βkij xkj xki
2
σki

(4.4)

ki

Now, for the conditionals to be self-consistent, any permutation in the variable
order when applying Brook’s Lemma must equal (3). A particularly informative
permutation is the “forward” version of Brook’s Lemma:
N
f (x) ∏ f (xi |y1 , ..., yi−1 , xi+1 , ..., xN )
=
.
f (y)
f (yi |y1 , ..., yi−1 , xi+1 , ..., xN )
i=1
Plugging (1) into (4), and once again using yi = 0 for all i yields

(4.5)
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−2 ∗

∑m ∑n k

∑m−1 ∑nk −1
x2
log(f (x)/f (0)) ∝ k=1 i=1 σki
2 − 2
k=1
i=1
ki
∑
l −1
∑m−1 ∑nk −1 ∑l>k ∑nj=1
δ
x
xki
klih
lh
h>j
−2 k=1
.
2
i=1
σki

∑
j>i

βkij xkj xki
2
σki

In general, one sees that the likelihood will contain all of the terms

(4.6)
xki
2 ,
σki

and

all of the cross products between xki and xkj , j ∼ i, as well as all the cross products between xki and xlj , regardless of the permutation of variables selected when
applying Brook’s Lemma.
Because expressions (3) and (5) must be equal for the conditionals to be selfβ

β

δ

δ

consistent, we must have σkij
= σkji
and σklij
= σlkji
2
2
2
2 . Additionally, it is desirable
ki
kj
ki
lj
∑
∑ ∑
for kj∼ki βkij + l̸=k lj≃ki δklij = 1, as this indicates the weights in determining
that the mean of Xki sum to one. Given these weights, one can write the pdf of X:
1
1
f (x) ∝ |Σ−1 (I − Ω)|− 2 exp(− (x − µ)′ Σ−1 (I − Ω)(x − µ)),
(4.7)
2
2
where µ is the vector of overall means, Σ is a diagonal matrix with elements σki
,

and




 β1 δ12 δ13 · · · 


 δ21 β2 δ23 · · · 


Ω=
.
 δ

 31 δ32 β3 · · · 


..
..
.. . .
.
.
.
.
Note that βk is deﬁned as the weight matrix for neighborhood structure k, and that
δkl is an nk by nl matrix with entries of δklij as element (i, j), and zeroes elsewhere.
Algebra will conﬁrm that the pdf in (6) will yield the same expression as equations (3) and (5). We also see that post-multiplying (I − Ω) by the one vector yields
the zero vector, indicating that the covariance matrix in (6) is singular. Because δ
is used to construct the contingency matrix, the model can only be used as an improper prior if these values are known a priori. In practice, these values are almost
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certainly not known by investigators, so we must derive a condition for which this
distribution can be made proper.
In order to create a proper distribution, one can multiply Ω by a propriety
(
)
1
1
parameter α. If αϵ λ(1)
, where λ(1) and λ(n) are the minimum and maximum
, λ(n)
eigenvalues of Ω, then Σ−1 (I − Ω) will be positive deﬁnite, and X ∼ N (µ, (I −
αΩ)−1 Σ).
This result follows because Σ−1 is a positive deﬁnite diagonal matrix, implying
its determinant is positive. Letting P ΛP ′ be the spectral decomposition of Ω, we
have (I − αΩ) = P (I − αΛ)P ′ . If αϵ(1/λ(1) , 1/λ(n) ), then (I − αΛ) is a diagonal
matrix with every diagonal entry greater than zero. Therefore, Σ−1 (I − αΩ) is
positive deﬁnite, and can be inverted to yield a valid covariance matrix.
Of course, with α ̸= 1, the mean structure now serves as a reaction function,
where the deviation from the mean at location i is updated by some proportion of
the deviation from the mean of its neighbors. As α approaches zero, this removes
spatial correlation. When the δ parameters are all assumed positive, one should set
α as high as possible if one wants to induce spatial correlation.

4.3.2 Model Properties
A set of natural parametric forms satisfying the conditions on δ, β and σ 2
2
would be σki
=

σk2
wki+
)
( 1−δ
k+i+

, βkij =

wkij
w
( 1−δki+ )
k+i+

and δklij =

2
σki
2 δlkji ,
σlj

where wkij is an

indicator that elements i and j are neighbors in neighborhood structure k, and the
“+” indicates summing over the subscript. Additionally, this induces the constraint
∑ ∑
l
lj≃ki δklij < 1 for all i and k, in order to ensure that the conditional variances
are all positive.
Of course, these are not the only constraints that work for this model, but
they do provide a natural interpretation and make sampling more eﬃcient. It is
also important to note that δ allows for information to be drawn asymmetrically
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across the diﬀerent neighborhood structures. The constraints yield the desirable
result that outcomes with higher variances will draw less from their neighboring
outcomes and more from neighborhood structures with lower variances. Using βkij =
wkij

w

( 1−δki+

k+i+

)

keeps the form of the univariate structure for the CAR model presented

in [5]. In the case where δk+i+ is positive, the division by 1 − δk+i+ implies that a
fraction of the outcome’s own neighborhood structure will be used in determining
the outcome’s mean. Therefore, the smoothing performed within the neighborhood
structure is reduced, and information is drawn across neighborhood structures to
perform additional smoothing. This is anticipated to be the typical case, but the
positivity of δk+i+ is not required by the model. If δk+i+ is negative, the division
by 1 − δk+i+ increases the smoothing performed within the neighborhood structure.
2
The form σki
=

σk2
wki+
( 1−δ
)
k+i+

is a natural way to reduce the number of parameters in

the model while still satisfying model constraints. From this point forward, we use
this particular parametrization scheme.
Additionally, if this particular parameterization scheme is used, and one assumes min(δ) ≥ 0, the Ω matrix is row stochastic. Because the maximum and
minimum eigenvalues of row stochastic matrices are greater than -1 and less than
1, respectively, any αϵ(−1, 1) is suﬃcient to guarantee the existence of the inverse
of Σ−1 (I − αΩ). One can then ﬁx α a priori rather than estimating this parameter.
If min(δ) < 0, this result does not necessarily hold, and α must be estimated.
The MMCAR structure is very ﬂexible in modeling the spatial patterns across
multiple outcomes. Consider the simple case of two outcomes and a single δ parameter. There are seven cases of interest.
1. With α positive and δ near one, we have little spatial correlation within outcomes
and strong positive correlation within each areal unit.
2. With α positive and δ zero, we have independent CAR models.
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3. With α positive and δ negative, we have negative correlation within areal units
and spatial over-smoothing.
4. With α zero, we have purely independent latent spatial eﬀects.
5. With α negative and δ near one, we have little spatial correlation within outcomes and strong negative correlation within each areal unit.
6. With α negative and δ zero, we have independent CAR models that induce negative spatial correlation.
7. With α negative and δ negative, we have positive correlation within areal units
and negative spatial over-smoothing.
We note that one of the assumptions of Brook’s Lemma is that β and δ are
known and ﬁxed. In the frequentist framework, these weights will have to be ﬁxed a
priori, and this model reduces to the same assumptions as Sain et. al.’s model with
the ability to handle mismatched lattices. However, the Bayesian framework oﬀers
an additional option. If the spatial eﬀects can be thought of as a latent process,
a Bayesian update scheme can be utilized. Of course, µ, σ 2 , and α can be drawn
regardless of whether the weighting scheme is assumed known. The overall MCMC
chain will not draw from a CAR model directly, but rather reduces to a variance
estimation problem for a normal prior distribution. However, the conditional CAR
structure still allows the asymmetric drawing of weights in determining the latent
eﬀects.
4.4

Computation of the Weights
When considering a latent spatial process, Brook’s Lemma can be used con-

ditionally. At each MCMC iteration, β and δ can be drawn. Then, considering
these as known and ﬁxed weights, the latent spatial eﬀects can be drawn. Now,
using these data points as a new data set, the posteriors of β and δ can be sampled. The assumed underlying spatial process can then be sampled without making
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assumptions on the relationship between the multiple outcomes. The series of simulations below will demonstrate evidence that this process will approximate the true
underlying spatial process.
Consideration must be given to the computation of δ and β, due to the re∑
∑ ∑
striction that kj∼ki βkij + l̸=k lj≃ki δklij = 1. In the case of only two outcomes,
the following scheme is recommended:
1. Propose a set of values for δ12 .
2. Compute δ21 as δ21ji =
3. Compute β

1−δ12ij
2 w
σ1
2i+ 1−δ12ij
2 w1i+ ( δ12ij
σ2

−1)+1

.

4. Accept or Reject δ and β given other model parameters.
5. Slice sample all variance components.
6. If utilizing a latent spatial eﬀect, use Metropolis Hastings Sampling to sample
the latent spatial eﬀect.

In the case of three or more outcomes, we amend the scheme:
1. Propose a set of values for δkl k=1,...,M,l=1,...,M −1 .
∑

2. Compute δlk as δlkji =

1− k δklij
∑
σ 2 wli+ 1− k δklij
k
( ∑ δ
σ 2 wki+
k klij
l

−1)+1

. This constitutes M equations with

M unknowns per location. If a solution exists, it is unique. If a solution does not
exist, return to step 1.
3. Compute β
4. Accept or Reject δ and β given other model parameters.
5. Slice sample all variance components.
6. If utilizing a latent spatial eﬀect, use Metropolis Hastings Sampling to sample
the latent spatial eﬀect.

This process constitutes an eﬃcient way of sampling all model parameters.
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4.5

Simulation Results
The motivating example lends itself to the Bayesian framework, where latent

variables are used to model the multiplicative eﬀect on the disease counts in each
county. The MMCAR model can then be used as a prior for these eﬀects. Therefore,
we perform the simulation studies in the Bayesian framework. We use the MMCAR
model as the data model, rather than as a prior, to more directly observe the
estimation properties of this novel model. In order to verify the model works under
ideal conditions, two simulation studies were performed. In the ﬁrst simulation
study, four data sets were generated and analyzed with centered prior information.
In the second, those same data sets were analyzed with ﬂat priors being used for all
the model parameters.
The lattice used for the simulation studies was a six by six regular lattice. A
reference image can be found in Table 4.1. Neighborhood structure C1 was created
considering any two units sharing a border as neighbors. Neighborhood structure
C2 was created by considering units 1, 2, 3, 7, 8, 9, 13, 14 and 15 as one set of
neighbors. The second, disjoint set consisted of units 4, 5, 6, 10, 11, 12, 16, 17
and 18. A third, smaller set was comprised of units 25, 26, 31 and 32. A ﬁnal set
contained units 29, 30, 35 and 36. These were chosen to consider the accuracy of
posteriors realizations on diﬀerent sized and disjoint neighbors.
When performing simulations, we considered four cases. In the ﬁrst, a single
δ parameter was set at 0.25, and a single spatial realization was simulated. The
propriety parameter α was ﬁxed at 0.999 (to create a strong reaction function) and
assumed known. The true variance of C1 was set at 0.5 and the true variance of C2
was set at 2. The second simulation was identical in structure, but contained ﬁve
independent spatial realizations. The third simulation utilized two δ parameters.
δ1 was set at 0.25 for units 1, 2, 3, 7, 8, 9, 13, 14 and 15 as well as 25, 26, 31 and
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32. For the remaining units in neighborhood C2 , δ2 was set at -0.25. These values
were chosen to better understand how the model behaves with positive and negative
between lattice correlations, and to yield a model in which the propriety parameter
α must be estimated. For this simulation, α was set at 0.5, but not assumed known.
The true variance of C1 was set at 2, as was the true variance of C2 . One spatial
realization was simulated. The fourth simulation was identical to the third, but
with ﬁve independent spatial realizations being simulated. For all four of these
simulations, every estimated parameter was given a normal prior with a mean equal
to its true value and a standard deviation of one third the magnitude of its true
value. Simulations ﬁve through eight follow the same structure as simulations one
through four, except that ﬂat priors are used for every parameter. This will allow
us to gauge the eﬀect of the priors on the parameters in the model.
The results for all eight simulations can be found in Table 4.2. All but one
of the true parameter values are located within their 95% credible intervals, with
the exception being δ1 in simulation four. Recall that simulation four utilized ﬁve
independent spatial realizations and ﬂat prior information. Because only one in
thirty-two parameters is not contained in its 95% credible interval, we conclude that
the model can accurately estimate parameters in the ideal case. Estimation of δ is
much more accurate when there is only one δ parameter present in the model, rather
than two. This is evidence that reasonable constraints should be imposed on δ when
the conditional application of Brook’s Lemma is used in practice. Additionally, we
note that the median values of the variance parameters tend to be greater than the
true values, but that this eﬀect is less marked with multiple observations or in the
presence of prior information. The true variance parameter is contained in the 95%
credible interval for every simulation, however.

58

We conclude that the conditional approach to utilizing Brook’s Lemma approximates the true underlying spatial process. There may be some positive bias
in the variances in this process, but we leave a rigorous justiﬁcation to future research. Justiﬁcation of the coverage probabilities for the generated latent eﬀects in
the conditional Brook’s Lemma scheme is left to the next chapter.
4.6

Data Analysis
Recall that 205 cases of Mumps were conﬁrmed by swab culture in Iowa coun-

ties during the 2006 Mumps outbreak. A map of these data can be found in Figure
4.1. A previous Generalized Linear Mixed Model was constructed for these data,
in order to map the data using county centroids to deﬁne spatial correlation, along
with a concept developed therein deﬁned as “zones of risk” [69]. Again, their analysis considered all probable cases, whereas our analysis considered only conﬁrmed
cases. The centroid argument may work well for determining the eﬀect of border
contacts, but we can additionally consider the highway structure if we utilize the
MMCAR approach. This addition may reﬁne the disease map produced in their
paper. We wish to assess the spatial spread of the Mumps epidemic by determining
how the spread occurred along neighboring counties, how it spread along highways,
and also how the two types of spread are related. Our analysis consists of the total
number of cases per county at the end of the epidemic.
Two Poisson regression models were constructed. Model One considers two
counties to be neighbors if and only if a border was shared. Because counties with
initial cases (Dubuque County and Johnson County) and counties with major universities (Black Hawk County, Johnson County, and Story County) tend to have
larger infection counts, these counties are modeled using a diﬀerent log-mean parameter. The data model we consider is:
Yi = exp(µ1 + ωi )

59

if county i does not contain an initial infection or a major university, and
Yi = exp(µ2 + ωi )
if county i contains an initial infection or a major university.
Here, Yi is the total number of conﬁrmed cases, µ1 and µ2 are the log-means
of the counts for each county type, and ωi is a latent eﬀect to account for the border
structure. In our model, ω is given a CAR(σ 2 ) prior, with σ 2 given a ﬂat prior.
The parameter µ1 is given a N(0,1/3) prior and µ2 is given a N(3,1) prior. These
aided in model convergence, and are justiﬁed based on looking at the relative sizes
of large and small counts of the disease outbreak.
Model Two is the MMCAR model. Two neighborhood structures are deﬁned.
The ﬁrst is the same used in Model One, deﬁned by shared borders. The second
considered the highway structure in the state of Iowa. We use ten of the most
traveled highways in Iowa as the generating structure (Interstates 80, 380, 29 and
35, as well as State Routes and US Highways 20, 30, 151, 60, 27, 61, and 34). These
highways are only considered as part of the structure when they are multilane
divided highways, as those stretches contain the most traﬃc. This structure then
consists of every multilane highway in Iowa that passes through more than two
counties, yielding a highway lattice consisting of 58 counties. Two counties are
considered neighbors in this structure if they both contained the same highway.
The data model we consider is:
Yi = exp(µ1 + ω1,i + ω2,i )
if county i does not contain an initial infection or a major university, but contains
a major highway,
Yi = exp(µ1 + ω1,i )
if county i does not contain an initial infection or a major university and does not
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contain a major highway, and
Yi = exp(µ2 + ω1,i + ω2,i )
if county i contains an initial infection or a major university (all of which contain
major highways). Again, Yi is the total number of conﬁrmed cases, and µ1 and µ2
are the log-means of the counts for each county type. In the MMCAR model, ω1,i
corresponds to a latent spatial eﬀect generated by the border structure, and ω2,i
corresponds to a latent spatial eﬀect generated by the highway structure.
In this model (ω ′1 , ω ′2 )′ is given an M M CAR(σ12 , σ22 , δ) prior, with σ12 corresponding to the border structure and given a ﬂat prior, σ22 corresponding to the
highway structure and given a ﬂat prior, and a single δ parameter. This δ parameter is chosen in such a way that the association from the highway structure to the
border structure was constant. The fact that the number of neighbors per county in
the border structure is more homogeneous than the number of neighbors per county
in the highway structure serves as justiﬁcation for this parameterization. The prior
on δ is Uniform(0,.9), where the 0.9 prevents the highway structure from dominating the border structure. This concern is due to the low counts of mumps present
in most counties (83 of the 99 Iowa Counties had zero cases or a single case). The
mean parameters µ1 and µ2 are given a N(0,1/3) and N(3,1) priors respectively.
The propriety parameter α is ﬁxed to 0.999.
Three chains were run for each model and 45,000 iterations were selected from
each of the three chains after a burn in period of 45,000 iterations. Convergence was
assessed via the Gelman and Rubin Diagnostic [28]. At every iteration, a sample
epidemic was generated from the model. From this epidemic, the MSE of the
predicted epidemic, the Spearman correlation of the predicted data and the true
data, and an overall epidemic size were generated. These three measures, along
with DIC, were used to assess model ﬁt. We found very little diﬀerence in the
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ﬁt of the model with the MMCAR prior versus the model with the CAR prior in
any of the measures of model ﬁt. In fact, the DIC model selection criteria were
within ﬁve of one another, indicating no noticeable diﬀerence in terms of model ﬁt
[77]. This demonstrates the ﬂexibility of the CAR model for this particular data
set. However, the δ parameter, though highly left skewed, shows strong evidence of
correlation between the two latent spatial eﬀects in the MMCAR, with a median
of 0.71. While the 2.5th percentile is only 0.03, we do note that the 10th percentile
is 0.20, indicating correlation. We also note that the variances associated with
the two neighborhood structures are quite diﬀerent, indicating that the diﬀerent
neighborhood structures do play diﬀerent roles in the model. This conﬁrms the
hypothesis that the spread of Mumps took place through multiple channels and
that the rates of spread through such channels are diﬀerent but correlated. A plot
of the posteriors for δ, σ12 , and σ22 can be found in Figure 4.2. The low disease counts
are a likely rationale for there being very little diﬀerence in model ﬁt.
We have additionally shown that the highway structure does play a role in this
process. The high variances in this neighborhood structure indicate that some of
the latent random eﬀects are far from zero. In fact, the 2.5th and 97.5th percentiles
of the multiplicative eﬀect from the highway system are 0.216 and 3.181, providing
support that the highway structure does play a role in the analysis.
4.7

Discussion
In this Chapter, we have developed a Gaussian Conditional Autoregressive

model allowing for multiple correlated outcomes on mismatched lattices. Additionally, the MMCAR model proposed relaxes the restrictive assumption that the
outcomes at each lattice point have variances that diﬀer by a known proportion
when using Brook’s Lemma conditionally. The model allows for asymmetric correlation information to be used between lattices, and in such a way that lower variance
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outcomes yield more information for the estimation of higher variance outcomes.
In simulation studies, the MMCAR model works quite well. We do note that
the δ parameters generating the correlation between outcomes on diﬀerent lattices
should be reasonably constrained. Our model performs best when the number of δ
parameters is small, but we feel that very few δ parameters would be required to
allow a reasonable correlation structure in many applications.
Finally, in Iowa, disease spread from county to county is a natural way to consider disease propagation. However, we have demonstrated that the highway system
is another important structure when considering the proximity of two counties in
terms of disease spread. This result may apply to other epidemics in rural areas.
This model will prove useful in modeling infectious disease counts, especially
in cases where there are multiple modes of travel or contact. A natural extension
warranting further research is the application of the MMCAR model to a spatiotemporal setting for modeling epidemics. This would allow a more accurate representation of the modes of contact to be modeled than the purely spatial model
considered here.
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Table 4.1: The six by six lattice for the simulation study. Neighborhood
structure C1 was created considering any two units sharing a border as
neighbors. Neighborhood structure C2 was created by considering units 1,
2, 3, 7, 8, 9, 13, 14 and 15 as one set of neighbors. A second, disjoint set
consisted of units 4, 5, 6, 10, 11, 12, 16, 17 and 18. A third, smaller set was
comprised of units 25, 26, 31 and 32. A ﬁnal set contained units 29, 30, 35
and 36.

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

26

27

28

29

30

32

33

34

25
31

35

36
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Table 4.2: Simulation Results. Simulations 5,6,7 and 8 used centered prior
information. Simulations 1,3,5 and 7 used a single observation, whereas simulations 2,4,6 and 8 used ﬁve independent observations.
Sim

α

σ12

σ22

δ1

δ2

1

0.999

0.600 (0.5)

3.778 (2)

0.347 (0.25)

N/A

(0.365, 1.130)

(1.353, 17.181)

(0.211, 0.407)

0.533 (.5)

2.150 (2)

0.263 (0.25)

(0.364, 0.753)

(1.294, 3.283)

(0.140, 0.388)

0.556 (0.5)

2.453 (2)

0.306 (0.25)

(0.440, 0.715)

(1.644, 4.247)

(0.211, 0.407)

0.541 (0.5)

2.232 (2)

0.285 (0.25)

(0.443, 0.669)

(1.610, 3.103)

(0.207, 0.369)

0.271 (0.5)

1.361 (2)

1.049 (2)

0.350 (0.25)

-1.104 (-0.25)

(0.051, 0.673)

(0.788, 2.649)

(0.606, 2.161)

(-1.756, 0.739)

(-3.341, -0.0532)

0.528 (0.5)

1.601 (2)

1.444 (2)

0.290 (0.25)

-0.268 (-0.25)

(0.269, 0.708)

(1.072, 2.421)

(0.881, 2.356))

(0.124, 0.446)

(-1.756, 0.739))

0.497 (0.5)

2.500 (2)

2.221 (2)

0.489 (0.25)

-0.278 (-0.25)

(0.303, 0.697)

(1.949, 3.368)

(1.704, 3.061)

(0.261,0.652)

(-0.708, -0.006)

0.520 (0.5)

2.248 (2)

2.092 (2)

0.338 (0.25)

-0.273 (-0.25)

(0.369, 0.673)

(1.853, 2.757)

(1.704, 3.061)

(0.196,0.473)

(-0.424, -0.137)

5

2

6

3

7

4

8

0.999

0.999

0.999

N/A

N/A

N/A
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Table 4.3: Parameter medians and 95% credible intervals for
Model 1 (CAR model only accounting for a border structure)
and Model 2 (MMCAR model accounting for both border and
highway structures), as well as model ﬁt statistics.

Parameter

Model 1

Model 2

µ1

0.04 (-0.63, 0.70)

-0.12 (-0.72, 0.45)

µ2

3.06 (1.75, 4.40)

3.15 (1.80, 4.70)

σ12

10.11 (5.42, 18.83) 4.965 (1.60, 14.08)

σ22

N/A

30.73 (5.46, 98.98)

δ

N/A

0.71 (0.03, 0.89)

MSE

8.13 (3.44, 19.90)

7.70 (3.33, 18.81)

Correlation

0.58 (0.43, 0.71)

0.56 (0.41, 0.70)

Overall Size

204 (165, 248)

206 (167, 248)

DIC

221.88

223.67
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Figure 4.1: A disease map of the total number of conﬁrmed cases of mumps in the
2006 Iowa Mumps epidemic
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Figure 4.2: Posterior distributions for δ, σ12 and σ22 .
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CHAPTER 5
A PAIR OF SPATIAL SEIR MODELS UTILIZING THE CAR
SPATIAL STRUCTURE
5.1

Chapter Goal
In this chapter, we embed the MMCAR model into the Population Averaged

SEIR model from Lekone and Finkenstädt [56] and into the Path-Speciﬁc SEIR
model from Chapter Three. We derive a spatial mixing function for these models,
and discuss how this model relaxes the homogeneous mixing assumption. Simulations are performed to determine model properties. Finally, we utilize both models
on the Mumps data set, and compare the spatial performance of both models. We
close with a discussion regarding the situations in which each model is preferred.
5.2

Introduction

5.2.1 The Mumps Data and Spatial Spread
As mentioned in the previous chapter, the Mumps data were collected at the
county level. This would lend itself to a lattice approach for a spatial analysis.
Indeed, it seems that many spatial epidemic data sets will consist of counts of new
infections collected on a lattice, with an obvious example being the Google Inﬂuenza
data. Therefore, a general method for analyzing this type of data would be useful
in analyzing transmission and intervention eﬃcacy for many data sets other than
just the Mumps data set presented.
It is known that multiple modes of spread need to be accounted for in the
human to human transmission model [19]. We have argued that the highway systems
were an important conduit for the transfer of Mumps in Iowa. In this chapter,
we consider the spatio-temporal ramiﬁcations of modeling the Mumps epidemic
as transferring along two main pathways: border contacts and highway contacts.
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Plotting the data over time reveals a strong highway component. Recall that using
prior knowledge of the Mumps latent and infectious time distributions yields an
average of only six to ten cases that cannot be explained by one of these two modes
of travel. This indicates these two measures as being the primary proxy measures
for relative distance in the epidemic process. A graph of this process can be found
in Figure 5.1.

5.2.2 The Need for a New Model
The current models in the literature are not ideal for modeling the spatiotemporal spread of the Mumps data. A point referenced approach using county
centroids would accurately handle the border contact structure, but may not adequately model the contribution of the highways to the epidemic spread. Mass transportation is known to be an important component in these models (e.g, [22][36]).
A person to person contact structure would be diﬃcult to accurately construct for
an area as large as the state of Iowa. At the very least, many assumptions would
need to be made with regards to such a structure, and just constructing a person
to person contact graph for the state of Iowa would likely require its own study.
The most appropriate model in existence would be the location to location
contact graph approach (e.g., [3][19][39]). This approach is also not without problems, however. Models are diﬃcult to properly parameterize. Each edge requires a
contact probability. Allowing each edge its own contact probability yields a large
number of parameters, many of which are nonestimable with the current data. The
standard approach is to utilize a small number of probability parameters and weight
them according to some proxy measure, as was done in Hufnagel et al [39]. This
would be suﬃcient for the highway structure, where the traﬃc per day can be utilized as a weighting scheme, but is potentially diﬃcult when considering border
contacts. It is diﬃcult to estimate how many individuals are traveling from county
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to county each day outside of highway travel. Priors can be used (e.g. [33]), but
methods of drawing strength in estimation are not well developed in epidemic modeling. Gravity models may provide a natural solution, and they have been shown to
work well with the spatio-temporal analysis of Measles [83], a disease which behaves
like Mumps in terms of transmission. Gravity models provide a natural weighting
scheme based on distance, but do not smooth in the traditional sense. Smoothing the bleeding parameters based on the values of nearby bleeding parameters in
the CAR spatial framework provides an alternative, natural method for smoothing.
Additionally, this may have advantages in the border structure, where bleeding may
deﬁned not just by the distance between county centroids, but by population factors
as well.
Epidemics tend to spread along multiple routes of contact. A general method
which allows the data and model to inform the rates of spatial bleeding and additionally draw strength spatially and within locations would be applicable to many
data sets beyond the Iowa Mumps data set. This would also allow ﬂexibility in
the case where a weighting scheme is not obvious. The data will update any prior
information used in the weighting scheme, removing the need to try many weighting
schemes in order to determine which ﬁts the model best.
Additionally, spatial bleeding will likely be similar from year to year, though
not ﬁxed. Spatial bleeding is also independent of the type of pathogen being transmitted. Therefore, spatial bleeding in a location can be utilized as a prior for the
next epidemic of any pathogen in a given location. Then, the model will update the
spatial bleeding to the current state.
The ﬂexibility of the MMCAR model in determining spatial dependence seems
to be desirable here. Embedding the MMCAR model into the Population Averaged
SEIR model proposed by Lekone and Finkenstädt [56] seems to be a reasonable
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approach. This is a natural and easily understood model that contains a timedependent mixing parameter. The ﬂexibility of this parameter could be used to
incorporate spatial bleeding on a lattice. A spatial SEIR model constructed in
this way would yield an intuitive model that contains interpretable parameters.
Therefore, we use the Population Averaged SEIR model as our starting point.
Because the spatial bleeding can be considered a latent underlying process, we
propose using the conditional Brook’s Lemma approach with the MMCAR model.
This will remove the need to set the spatial weights a priori. We will demonstrate
that using the conditional Brook’s Lemma approach in estimating the MMCAR
weights will yield reasonable coverage of the underlying latent eﬀects through simulations similar to the Mumps data set. Due to the sparsity of the Mumps data set,
it is anticipated that this technique will generalize to other, less sparse, data sets.
5.3

Methods
The goal of this section is to develop a pair of chain binomial SEIR models

for use on spatial lattices. The ﬁrst of these models is a member of the population
averaged set of SEIR models. This model utilizes the exponential assumption,
which states that the latent and infectious times of individuals are exponentially
distributed. While this assumption is often violated by infectious diseases, it tends
to be very robust, due in part to the fact that the exponential distribution only
requires a single parameter to be estimated.
The population averaged SEIR model of interest is the model due to Lekone
and Finkenstädt, which is repeated here for easy reference:
Ii
Si → Ei+1 = binomial(Si , 1 − exp(−f (ψ, i)h N
));

Ei → Ii+1 = binomial(Ei , 1 − exp(−h/ρ));

(5.1)

Ii → Ri+1 = binomial(Ii , 1 − exp(−h/γ)).
Deﬁne i=1,...,T as a subscript for discrete time and Si , Ei , Ii , and Ri represent
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the counts of individuals in the Susceptible, Exposed, Infectious, and Removed
compartments at time i, respectively. The notation Si → Ei+1 denotes a change
of category. Let f (ψ, i) represent the mixing and possible intervention functions
controlling the number of new exposures at time i + 1 and is constrained to be
nonnegative, and let h represent the number of days between time points in the
data collection partition. The total number of individuals in the population is
denoted by N .

5.3.1 A Spatial Population Averaged SEIR Model
When considering the spread of infectious diseases on a lattice, it is often
important to consider multiple modes of contact. The MMCAR model from the
previous section can be employed to model this process. Consider the following
spatial SEIR model:

I

Sik → Ei+1,k = binomial(Si,k , 1 − exp(−f (ψ, i, k)h( Ni,kk +

∑m

∑

l=1 θk,l (

Ii,k′
k∼l k′ Nk′ ))));

Eik → Ii+1,k = binomial(Ei,k , 1 − exp(−h/ρ));
Iik → Ri+1,k = binomial(Ii,k , 1 − exp(−h/γ)).
(5.2)
Deﬁne i=1,...,T as a subscript for discrete time and k=1,...,K as a subscript for
location. Sik , Eik , Iik , and Rik represent the counts of individuals in the Susceptible, Exposed, Infectious, and Removed compartments at time i and location k,
respectively. The notation Sik → Ei+1,k denotes a change of category in county k.
Let f (ψ, i, k) represent the mixing and possible intervention functions controlling
the number of new exposures at time i + 1 at location k, which is constrained to
be nonnegative. Let h represent the number of days between time points in the
data collection partition. The total number of individuals in the population of location k is denoted by Nk . The parameter θk,l is a bleeding parameter for location
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k under neighborhood structure l, and is constrained to be nonnegative. Finally,
the notation k ∼l k ′ indicates locations k and k ′ are neighbors under neighborhood
structure l.
The model is intended as a Bayesian model. Flat priors will typically be
employed for the parameters relevant to f (ψ, i, k), and informative priors can be
used for ρ and γ, as there is often good information available for the mean times of
the latent and infectious processes of many infectious disease. For θ=(θ1,1 , ..., θK,M ),
log(θ

)

2
a reasonable prior is ( 1−log(θk,lk,l ) )k,l ∼ M M CAR(σl=1,...,M
, δ), where the MMCAR

model is deﬁned as in the previous chapter. Of course, the logit link is not required
for this prior. Any link which projects the real line into [0, ∞) is mathematically
acceptable. Links that project the real line into [0,1] are intuitively preferred.

5.3.2 A Spatial Path-Speciﬁc SEIR Model
By combining the PS SEIR model developed in Chapter Three with the MMCAR structure from Chapter Four, we develop a model which can handle population
level spatial lattice data and still relax the exponential assumption. The Spatial PS
SEIR model is:
Sik → Ei+1,1,k =
binomial(Sik , 1 − exp(−f (ψ, i, k)h(

Ii,+,k
Nk

+

∑m

l=1 θk,l (

∑
k∼l k′

Ii,+,k′
))))
Nk′

≡ Wik

Eijk → Ii+1,1,k = binomial(Eij , P (Z1 ≤ j + h|Z1 > j)) ≡ Xijk ;
Eijk → Ei+1,j+1,k = Eijk − Xijk ;
Iijk → Ri+1,k = binomial(Iijk , P (Z2 ≤ j + h|Z2 > j)) ≡ Yijk ;
Iijk → Ii+1,j+1,k = Iijk − Yijk .
(5.3)
The notation in Equation 5.3 is identical to the notation in Equation 5.2, with
∑
a few additions. Xijk , Yijk , Wik , and Eijk are all unobserved, while j Xijk and
∑
j Yijk are known. The subscript i denotes calender time since the beginning of the
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epidemic, j subscripts subjective time within the latent and infectious classes, and
k subscripts location. The random variable Z1 deﬁnes the latent time distribution,
and Z2 deﬁnes the infectious time distribution.
This Spatial PS SEIR model is identical in terms of mixing to the Spatial
Population Averaged SEIR model, but incorporates the path-speciﬁc structure to
allow the same ﬂexibility in the latent and infectious time distributions as the traditional PS SEIR model. This allows for very realistic epidemic models to be ﬁt to
epidemic data.
5.4

Notes on the Spatial Pattern
The probability of infection in Equations 5.2 and 5.3 is a derivable form under

given assumptions. Recall the derivation of the transmission probability in Chapter
Three. The model was derived based on a Poisson contact distribution.
For the model at hand, consider the probability of escaping infection at time
i by an individual in location k. Assuming independence between conduits and
locations given spatial bleeding parameters, we have
Qk (i) =

∞
∑

∞
∏ ∏ ∑
x(ck′ ,l , i)pck′ ,l (i)),
x(ck , i)pck (i)(

ck =0

k′ ∼l k ck′ l =0

l

(5.4)

where x(ck , i) is the probability mass function of the contact distribution when ck
contacts are made within the “base” unit at time i and x(ck′ ,l , i) is the probability
mass function when ck′ ,l contacts made with neighboring location k ′ under conduit
l. The term pck (i) represents the probability of not contracting an infection upon
meeting a random individual within the “base” unit at time i, and pck′ ,l (i) represents
the probability of not contracting an infection upon meeting a random individual
location k ′ via conduit l at time i. For our model, we assume Poisson contact
random variables with rate θk,l λk . This last parameterization is convenient for
parameter reduction in this sparse data set. The ﬁrst term of the expression for
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Qk (i)) then represents the contacts made within the “base” county, and the second
term represents the contacts made with neighboring counties.
The derivation begins by considering a ﬁxed time point i. For every interval
[i, i + h), we have discretized the contact rate at location k to the left endpoint, and
labeled it as λk h. The probability of contracting an infection given an infectious
individual is contacted at location k is also discretized with a pointmass on the left
endpoint of the interval [i, i + h), and is labeled as p∗k .

Consider ﬁrst the neighboring counties. Then we have
λk h
∏ ∏ ∑∞ cθkk,l
∏ ∏
exp(−θk,l λk h)
′ ,l
c
c
p
=
′
′
k
l
l
k
ck′ ,l
l
k′ exp(−θk,l λk h(1 − pk′ ,l )).
c ′ !
k l

I

′

Assuming pk′ ,l = p∗k Nk ,t′ , for all l, we have
k
∏ ∏
∑
Ii,k′
c
∗
exp(−θ
λ
h(1
−
p
))
=
exp(−λ
hp
(
′
′
k,l
k
k
k
k
,l
l
k
k′ ,l θk,l N ′ )).
k

The probability of escaping infection from contacts made within the “base ”
location follows the derivation in Chapter Three, with the expression being:
∑∞
c
∗ Ii,k
ck =0 x(ck , i)pk (i) = exp(−λk hpk Nk ).
Multiplying the expressions for escaping infection within the “base” location
and neighboring locations yields:
∑
I
I
Qk (i) = exp(−λk p∗k h(( Ni,kk ) + k′ ,l θk,l Nik′′ )).
k

Now, if we turn our expression to λk p∗ and connect each discretized value over
time as a single mixing function, we have
∑
∑
I
Qk (i) = exp(−f (ψ, i, k)h( i,+,k
+ m
l=1 θk,l (
k∼l k′
Nk

Ii,+,k′
)))).
Nk′

Taking the complements yields the mixing expression found in the Spatial
SEIR model.
When considering the derivation performed in this way, it is clear that these
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models are stochastic analogs of the deterministic system
∑
∑
I
dSk
= −f (ψ, k, t, )Sk (Ik /Nk + l θk,l ( k′ ∼l k Nk′′ ))
dt
k
∑
∑
Ik′
dEk
= f (ψ, k, t, )Sk (Ik /Nk + l θk,l ( k′ ∼l k N ′ )) − g(α, Ek )
dt
k

dIk
dt

(5.5)

= g(α, Ek ) − h(γ, Ik )
dRk
dt

= h(γ, Ik ).

This is a reasonable deterministic model to use for such a process. Considering
the mixing proposed by such a model, there is an increased rate at which the Susceptible individuals move to the Exposed category as the proportion of Infectious
individuals increases in every neighboring location. This is intuitively appealing.
We also note that the diseases process is identical across all locations and individuals, which is also intuitive, as the diseases process is more likely inﬂuenced by the
pathogen itself than the location at which it was contracted. We note the similarity
of this model to the deterministic spatial model proposed by Sattenspiel and Dietz
[73].
Because the spatial models in Equations 5.2 and 5.3 are stochastic analogs of
deterministic systems, we obtain the following set of additional assumptions from
Chapter Three:
1. Assume a homogeneous population with regards to susceptibility.
2. Deﬁne the Exposed compartment as only containing those who will eventually
become infectious, and do not consider the possibility of a return to the Susceptible
class.
3. Assume constant infectivity throughout the course of the infectious process.
4. Assume independent probabilities of moving from the Exposed Compartment to
the Infectious Compartment (as well as from the Infectious Compartment to the
Removed Compartment). Individuals are treated as having identical latent and
infectious time distributions.
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5. Homogeneous Individuals in terms of the disease process.
This model still utilizes the homogeneous mixing assumption, albeit in a much
weaker form. Individuals mix homogeneously within their “base” areal unit. These
individuals also mix homogeneously with members of neighboring areal units, but
at a lower contact rate. They do not mix at all with areal units which are not
considered neighbors in any neighborhood structure. Because we have reasonably
constrained θk,l to [0,1], we conclude that the Poisson contact rate with neighboring
units due to the bleeding structure associated with neighborhood structure Ck is a
fraction of the contact rate within the “base” areal unit.
This formulation preserves the structure of the mixing parameter, and yields
a physical interpretation of θ. The elements of θ represent the reduced portion
of contacts made on average with each neighboring county in the neighborhood
structure. This allows informative hyperpriors to be utilized when assigning the
MMCAR prior on θ. It is also consistent with the implicit requirement that Sik +
Eik + Iik + Rik = Nk , which indicates that members of an areal unit are considered
as being located in that unit for the duration of the epidemic.
5.5

Computation
This section is broken into two main subsections. The ﬁrst subsection contains

sampling considerations and simulation results for the Spatial Population Averaged
SEIR model. The second contains sampling considerations and simulation results
for the Spatial PS SEIR model.
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5.5.1 The Spatial SEIR Model
5.5.1.1 Sampling Schemes and Considerations
Much of the sampling in this model has been considered in previous chapters. Metropolis Hastings sampling is appropriate for any mixing and intervention
parameters in f (ψ, k, i), as well as for the mean latent time parameter.
A Metropolis Hastings algorithm can be employed when sampling θ. We propose the bleeding parameters be sampled jointly, using the untransformed bleeding
parameters (before the logit link is applied) and independent normal proposal distributions for each untransformed bleeding parameter. The prior density based on
the MMCAR can be computed, then these parameters can be re-transformed for
use in computing the likelihood portion of the model. This technique gives the best
mixing of any of the sampling schemes we attempted.
Sampling the Exposure matrix is done similarly to sampling the Exposure
vector in the Population Averaged SEIR model. First, we consider a single location.
Each location corresponds to a column of the Exposure matrix. The sampling
scheme found in Lekone and Finkenstädt’s paper is used to update 10% of the
exposure times in each column of the matrix. This is repeated for every location,
guaranteeing that at least 10% of the latent times of the epidemic are updated.
Certain considerations must be employed when determining priors for the
MMCAR model parameters. In sparse data sets (the Mumps epidemic only aﬀected
38 counties) with few total infections, using ﬂat hyperpriors on the MMCAR model
was not successful in simulation. Posteriors draws of the parameters sometimes
yielded spatial bleeding parameters which were unreasonable a priori. The physical
interpretation of θ is helpful in this regard. Because θ represents the percent decrease
in the mean contact rate based on a mode of travel, µ and σ 2 may be selected to
tune this to a reasonable distribution. No information must be assumed about δ.
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We suspect that ﬂat priors can be used if the majority of counties have multiple
cases.
In the event that an epidemic has already been modeled on a given lattice,
the spatial bleeding information may be utilized from that data to inform a prior.
Oftentimes this information will not be available, especially in developed countries,
but it represents an alternative to the tuning of the parameters required by the
researcher.
Typical iterations for the spatial SEIR approach take between 0.75 and 1.5
seconds to complete, with an additional 0.5 to 1 seconds required to generate a
sample epidemic when coded in R 2.14.1 and run on a Dell Precision T3500 running
Linux Ubuntu.

5.5.1.2 Simulations
We performed two sets of simulations for the Spatial SEIR model. Two data
sets were simulated, one slightly smaller and one slightly larger than the actual
epidemic in terms of ﬁnal size. The smaller epidemic had 16 counties eﬀected with
161 total cases and the larger epidemic had 26 counties aﬀected with 258 total cases.
For these simulations, Black Hawk County, Johnson County, Story County
and Dubuque county were given a diﬀerent mixing parameter than the other counties, as these counties contained the initial cases (Dubuque and Johnson Counties)
or universities (Black Hawk, Johnson, and Story Counties). This mixing parameter
(β2 ) was set to 0.86, while the remaining counties were given a single mixing parameter (β1 ) which was set to 0.79. These were tuned along with the public health
awareness intervention (ψ2 , given a value of 0.09) and the spring break intervention
(ψ1 , given a value of -0.59) to give reasonably sized epidemics and still be near the
values found in the analysis in Chapter Three. The interventions are utilized in
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every county. For the spring break intervention we again used a three week constant eﬀect intervention, beginning on March 6. For the public health awareness
intervention, we used the exponential decay intervention, which begins on March
30. Finally, we handle vaccination status equivalently to Chapter Three, but make
the additional assumption that the vaccination coverage is 97% in every county.
These are designed to be as similar to the true parametric forms and vaccination
coverage of the actual epidemic as possible, so that the simulations closely mirror
our data analyses.
The mean latent time (ρ) was set to 17.5 days, and the mean infectious time
was set to 11 days. These values were based on the model selection from Chapter 2.
Bleeding parameters were generated from an MMCAR distribution, with the mean
of the border structure (µ1 ) set to -2, the mean of the highway structure (µ2 ) set
to -2.5, variances of each spatial bleeding structure (σ12 and σ22 ) were set to 4, and
a δ parameter of 0.5. These yielded median percent contacts with other locations
of approximately 0.18, but give a 2.5th percentile of 0.005, and a 97.5th percentile
of 1.28. The medians appear to be a reasonable guess at mixing in Iowa, and the
variability within these contact rates is very large and ﬂexible.
For each data set, two analyses were performed. One with relatively strong
prior information utilized for the MMCAR parameters, and one with relatively
weaker prior information used for these parameters. The strong priors were µ1 ∼
N (−2, 0.52 ), µ2 ∼ N (−2.5, 0.52 ), σ12 ∼ N (4, 12 )1(σ12 >0) , σ22 ∼ N (4, 12 )1(σ22 >0) , and
δ ∼ U nif (0, 0.9). Flat priors were utilized for all mixing and intervention parameters. The prior for ρ was N(17.5, 1), which represents the strong knowledge one
would have about the mean latent time in practice. The relatively weaker priors were
were µ1 ∼ N (−2, 12 ), µ2 ∼ N (−2.5, 12 ), σ12 ∼ N (4, 22 )1(σ12 >0) , σ22 ∼ N (4, 22 )1(σ22 >0) ,
and δ ∼ U nif (0, 0.9). We have not yet considered the issue of non-centered priors.
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However, the data analysis will indicate that these priors can be adjusted by the
data if they are non-centered.
The resulting simulations can be found in Table 5.1. These show accurate
estimation of all parameters, with the exception of ψ1 in the large data set. This may
be an artifact of the data set itself. We see that, among all simulations, 95% of the
95% credible intervals contain the true parameter values, with 100% of the credible
intervals for the small data set containing the true parameters and 90% of the
credible intervals for the large data set containing the true parameter values. The
strong prior information yields much narrower credible intervals for the MMCAR
parameters, most notably σ12 , σ22 , and δ. When weak prior information is used δ
takes values that are only slightly inﬂuenced by the data themselves, evidenced by
the fact that it has a 95% credible interval that is only slightly narrower than the
one produced by its Unif(0,0.9) prior. However, this a hyperparameter, so this may
not be too detrimental, so long as the spatial bleeding parameters it inﬂuences are
burned in.
Table 5.3 shows the coverage percentages for the 95% credible intervals for the
latent eﬀects. We see that the coverage probabilities tend to fall a little short of the
nominal 95% probabilities. However, the coverages are all above 80%, and the model
performs better in counties with at least one case. This yields evidence that the
conditional Brook’s lemma approach is an acceptable way to model latent spatial
eﬀects, as well as yielding evidence that the spatial eﬀects are accurately modeled
even when the parameters of the MMCAR prior come from diﬀuse posteriors.
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5.5.2 The Spatial PS SEIR model
5.5.2.1 Sampling Schemes and Considerations
In simulation studies with data sets similar to the Mumps data, the Spatial PS
SEIR was not very robust. With ﬁxed and known infectious data, the model parameters were modeled relatively well, but there was a distinct ﬂattening of the latent
period distribution. The mean of this distribution was typically in a reasonable
range, but the variance was always much larger than expected. When the removal
times were imputed, this eﬀect was intensiﬁed, and even strong prior information
did not remove the eﬀect.
Therefore, we propose an alternate scheme for utilizing the Spatial PS SEIR
model. Assume the parameters of the latent and infectious time distributions can be
given distributions a priori. Realizations from these prior distributions can then be
used to construct a latent and infectious time distribution at each time point. The
exposure array and infectious array can then be updated at each iteration. Updating
the arrays properly is an important step, as these arrays do act as random quantities
in this model. The update scheme is the same as in Chapter Three, where a given
path was removed and then a new path generated in the exposure matrix (and
infectious matrix). Now we consider each location individually when computing the
exposure array, and update each location’s matrix by 10% of the possible paths at
each time point. We repeat this process for every location at every iteration. The
infectious array is done similarly.
All other parameters in this model can be imputed according to the scheme
proposed for the Spatial SEIR model.
Typical iterations take between 5 and 11 seconds, with an additional 4 to 5
seconds required to generate a sample epidemic when coded in R 2.14.1 and run on
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a Dell Precision T3500 running Linux Ubuntu.

5.5.2.2 Simulations
A single data set was generated for the simulations. For the simulated data
set, Black Hawk County, Johnson County, Story County and Dubuque County
were given a diﬀerent mixing parameter than the other counties, as we again note
that these counties contained the initial cases (Dubuque and Johnson Counties) or
universities (Black Hawk, Johnson, and Story Counties). This mixing parameter
(β2 ) was set to 1.25, while the remaining counties mixing parameter (β1 ) was set
to 1.00, which were tuned along with the public health awareness intervention (ψ2 ,
given a value of 0.04) and the spring break intervention (ψ1 , given a value of -0.21)
to give reasonably sized epidemics and still be near the values found in the analysis
in Chapter Three. Interventions and vaccinations are identically chosen to those in
the Spatial SEIR simulations.
Again, bleeding parameters were generated from an MMCAR distribution,
with the mean of the border structure (µ1 ) set to -2, the mean of the highway structure (µ2 ) set to -2.5, variances of each spatial bleeding structure (σ12 and σ22 ) were
set to 4, and a δ parameter of 0.5. The latent period was given a Gamma(80, 4.6)
distribution, and the infectious time was given a Gamma(100, 11.4) distribution.
Two aspects of the model are of note here. First, a gamma distribution was used,
rather than a Weibull distribution, in order to reduce autocorrelation in the chains.
Second, the infectious times here correspond to the short infectious times of Chapter
Three. These short infectious times are a priori preferred, though they were not
selected by the model selection in Chapter Three. However, as this is considered
our most realistic model, we have once again considered the short infectious times.
The simulated epidemic consisted of 217 cases spread over 35 counties. This
data set is similar to the actual Mumps epidemic data set. Four analyses were

84

performed. For the ﬁrst analysis, the latent time parameters were drawn based
on centered and precise distributions (N (350, 102 ) for the shape parameter and
N (20, 12 ) for the scale parameter). For the second analysis, oﬀ centered, precise
distributions were used (N (200, 102 ) for the shape parameter and N (20, 12 ). These
generate latent times which tend to be shorter than the true latent times. For the
third analysis, latent parameters were drawn from centered, imprecise distributions
(N (350, 1002 ) for the shape parameter and N (20, 72 ). For the fourth and ﬁnal
analysis, oﬀ centered, imprecise distributions were used (N (200, 1002 ) for the shape
parameter and N (20, 72 ).
These four simulations will allow the eﬀect of centering versus systematic oﬀ
centering to be assessed. They will also allow the eﬀect of higher variance or lower
variance priors to be assessed when the data are centered or oﬀ centered. They do
not systematically allow the assessment the degree of oﬀ centering to be assessed
(i.e. how much oﬀ centering is too much oﬀ centering?).
In the analyses, ﬂat priors were used for β1 , β2 , ψ1 , and ψ2 . The weaker
versions of the priors were used from the Spatial SEIR model. Recall these were
µ1 ∼ N (−2, 12 ), µ2 ∼ N (−2.5, 12 ), σ12 ∼ N (4, 22 )1(σ12 >0) , σ22 ∼ N (4, 22 )1(σ22 >0) , and
δ ∼ U nif (0, 0.9).
We see from the simulations that centered, precise priors of the latent eﬀects
allow for accurate estimation of the model parameters, while centered, imprecise
(higher variance) priors do not do much detriment to parameter estimation. However, oﬀ centering causes poor estimation of mixing and intervention parameters.
We also note that the degree of precision in the oﬀ centered prior speciﬁcation yields
very diﬀerent estimates of the MMCAR variance components, but has little eﬀect
on mixing and intervention parameter estimation.
Table 5.4 shows the coverage percentages for the 95% credible intervals for the
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latent spatial eﬀects in the Spatial PS SEIR model. These coverages are all around
95%, indicating that the conditional Brook’s Lemma approach is valid here. We
also note that latent distribution has little eﬀect on these coverage probabilities.
5.6

Data Analysis
For the comparison of the Spatial SEIR and Spatial PS SEIR models, we

perform a ﬁnal set of analyses on the 205 conﬁrmed cases of Mumps in Iowa. These
analyses will give a realistic analysis of the spatial pattern of the Mumps epidemic,
as well as a comparison between the two models. For this analysis, interventions
and vaccinations are chosen identically to the simulations, which were designed to
attempt to capture the true parametric forms of the Mumps epidemic.
The mixing portion of the model has been modiﬁed somewhat. As mentioned,
an average of six to ten cases of Mumps in the actual epidemic cannot be explained
by border contacts or highway contacts. To account for these infections, we modify
the Spatial SEIR model infection probability to the following form:
1 − exp(−f (ψ, i, k)h(

m
∑ Ii,+,k′
Ii,+,k ∑
θk,l (
+
)) + ϵk )
Nk
N
k′
′
l=1
k∼ k

(5.6)

l

where ϵk ∼ Gamma(0.5, 107 ). This term is tuned to give an average of one to ten
infections that will just “appear” via other contact structures per epidemic in the
entire state over the course of 175 days. This allows for both contacts that do not
occur along borders or highways to be accounted for, and accounts for edge eﬀects.
The Spatial PS SEIR infection probability is handled similarly.
For the Spatial SEIR model, three chains were run, and 15,000 iterations
discarded as burn in for each chain, with 85,000 iterations being collected from
each chain after burn in. Convergence was assessed via the Gelman and Rubin
Diagnostic [28]. For the Spatial PS SEIR model, three chains were run, and 30,000
iterations were discarded as burn in for each chain, with 35,000 iterations being
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collected from each chain after burn in. Convergence was again assessed via the
Gelman and Rubin Diagnostic.
Parameter posterior medians and 95% credible intervals can be found in Table
5.5. We see that many parameter posteriors look quite similar between the two
models. We hypothesize that this is due to the large overall size of the epidemic.
Even thought the data are sparse, it is possible that this was a large enough epidemic
that the advantages of the PS SEIR structure in terms of more accurate parameter
estimation are small as compared to the standard population averaged approach.
A few diﬀerences are of note in the parameter posteriors. First, the estimate
of ψ2 appears to be somewhat diﬀerent in the two analyses. This is not surprising,
as this parameter is directly related to the infectious time distribution. Because
the public health awareness intervention is time varying, the number of infectious
individuals in the model at each time point will likely be important. This makes
the variance of the infectious time distribution a consideration for the analysis of
time dependent interventions.
We also draw the reader’s attention to the posterior predictive p-value and
Mean Squared Error of the models. Prediction of new epidemics will be greatly
aﬀected by diﬀerences in the latent and the infectious time distributions. This
is particularly true in a spatial model where contacts between spatial locations
are somewhat less common. The Mean Squared Error is based on the ﬁnal size
of the epidemic at each spatial location. The Spatial PS SEIR model performs
considerably better by this measure. The posterior predictive p-value considers the
state of Iowa as a whole, and uses the same criteria as Chapter Three (the predicted
epidemic must be between half as large and twice as large as the actual epidemic,
and end within 40 days of the actual epidemic). We see that Spatial PS SEIR model
predicts epidemics for the state of Iowa in this range almost three times as often as
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the Spatial SEIR model, indicating improved model ﬁt.
Also of interest was spatial smoothing of the epidemic. Small scale variations
in epidemic modeling are likely the result of the probabilistic infectious process,
rather than any true spatial diﬀerences. Figure 5.2 shows the spatio-temporal pattern of 3,000 realizations from the Spatial PS SEIR model. Additionally, ﬁgures
5.3 and 5.4 show the means and 97.5th percentiles of 3,000 randomly selected epidemics from both the Spatial SEIR model and the Spatial PS SEIR model. We see
that both models smooth the data spatially, which was one of the desirable characteristics of embedding a CAR model into the SEIR structure. We also note that
the spatial smoothing in the Spatial PS SEIR model yields means that resemble
the “zones of risk” formulation in the original analysis by Polgreen et. al. [69].
This lends credence to both models, due to the corroborating evidence the models
provide one another.
Finally, we note that the bleeding parameters were able to adjust to the data,
despite the use of priors. The priors we provided gave a median percent contacts
with other locations of approximately 0.18, but yields a 2.5th percentile of 0.005, and
a 97.5th percentile of 1.28. However, the joint posterior distribution of the bleeding
parameters yields a median of 0.13, with a a 2.5th percentile of 0.03, and a 97.5th
percentile of 0.32, indicating substantial adjustment from the prior information.
This is a positive result, because, while informative prior information should be
used, it does not fully determine the ﬁnal results of the model.
5.7

Discussion
In this chapter, we have developed a pair of spatial SEIR models, one which

uses the robust exponential assumption, and one which allows for very realistic
spatial PS SEIR models to be ﬁt in the event that strong information is known
about the latent and infectious time distributions of the disease process. These
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models perform spatial smoothing, which is a desirable characteristic in analyzing
epidemic data in the spatial framework. This is particularly desirable for sparse
spatial epidemic data, but important for all epidemic modeling.
We note that informative prior information must be used for the speciﬁcation of the MMCAR prior parameters. However, the interpretation of the spatial
bleeding parameters is helpful in this regard. Appropriate prior information can
be determined for these parameters. We also note the ability of the models to
adjust the parameter posteriors to adjust from these priors, and the ability of the
latent bleeding parameters to converge to diﬀerent values than the priors would
have generated. This is a favorable result, indicating that the data can adjust even
moderately strong prior information for a data set as sparse as the Mumps data set.
To compare the two Spatial SEIR models we proposed here, we computed
two posterior p-values. The ﬁrst posterior p-value is related to model ﬁt, and the
statistic is deﬁned as 1 when a predicted epidemic ends naturally within 40 days
of the true epidemic with a ﬁnal size within half as large and twice as large as the
actual epidemic, and 0 otherwise. The Spatial PS SEIR yields a p-value of 0.31
and the Spatial SEIR model yields a p-value of 0.11. Both indicate model ﬁt, but
a higher proportion of accurate epidemics were produced by the Spatial PS SEIR
model. An additional quantity of interest is the peak of the epidemic. To estimate
the peak of the epidemic, we utilize the median of the ten day window containing
the highest number of new infections. For model generated sample epidemics, we
deﬁne the peak statistic as 1 if the peak of the sample epidemic is within ten days
of the actual peak. Both posterior predictive p-values indicate model ﬁt. However,
the Spatial SEIR model yields a higher p-value than the Spatial PS SEIR model.
This indicates high accuracy for this model to predict epidemic peak. The summary
of the posterior p-value approaches can be found in Table 5.5.
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Finally, we computed the model selection criterion DIC [28] for both models,
based on 10,000 iterations after burn in. These values can be found in Table 5.5.
Because DIC assumes normally distributed parameters, a normal approximation to
the binomial distributions in both models was used. Note that these values may be
inaccurate due to the extremely low counts of the exposure and infectious arrays.
Additionally, n*p for the Spatial SEIR model component that involved transfer
from the Susceptible to the Exposed matrix had a maximum of 1.6, which a 97.5th
percentile of the order of 0.01, which is far lower than the desired value of at least ﬁve
required for the normal approximation to hold. We note that penalization term for
DIC was actually higher for the Spatial SEIR model, which has fewer parameters.
This is likely due to the poor approximation that the normal distribution gives to
the binomial distribution under these conditions. This may lead to the selection of
the Spatial PS SEIR model even when the Spatial SEIR model may be preferred. In
fact, the Spatial SEIR model actually gives larger log-likelihoods than the Spatial
PS SEIR model for our data set. This may indicate that the Spatial SEIR model
ﬁts the data better, but predicts new epidemics more poorly than the Spatial PS
SEIR. The poorer predictions would be due to the high variance of the latent and
infectious time distributions, and not due to the actual mixing and intervention
parameter estimates themselves.
It is important to note that DIC does have the advantage of being rigorously
deﬁned, as opposed to the posterior p-value approaches, which require the modeler
to deﬁne the ﬁt statistics. This advantage of DIC yields support for future research
into possible variants of DIC as a model ﬁt statistic when comparing epidemic
models.
Finally, the analysis of the Mumps data has been performed in a new and
appropriate way. We once again note that the spatial smoothing yielded by the
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realistic Spatial PS SEIR model mirrors the “zones of risk” analysis performed
previously [69]. Additionally, the PS SEIR model yields strong evidence of model
ﬁt, with our posterior predictive p-value for model ﬁt being 0.31. We have evidence
that spring break was not a factor in increasing the overall number of cases of
Mumps in this outbreak, even though it is known to have changed the composition
of the ages aﬀected during the outbreak [69]. Finally, we note that every analysis
has yielded strong evidence of a public health awareness eﬀect in this data. This
is arguably an important feature to capture in any modern outbreak, and we have
demonstrated this in the Mumps data.
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Table 5.1: Medians and 95 % credible intervals for parameter posteriors for the Spatial SEIR simulations. Analysis 1 pertains to the
small data set with strong priors, and Analysis 2 to the small data
set with weak priors. Analysis 3 pertains to the large data set with
strong priors, and Analysis 4 to the large data set with strong priors.
Parameter

Analysis 1

Analysis 2

Analysis 3

Analysis 4

β1 (0.79)

0.69

0.61

0.87

0.80

(0.42, 1.02)

(0.37, 0.94)

(0.53, 1.26)

(0.53, 1.16)

0.81

0.78

1.03

0.98

(0.47, 1.22)

(0.42, 1.21)

(0.71, 1.42)

(0.69, 1.34)

-0.59

-0.59

-0.01

0.07

(-1.48, -0.09)

(-1.33, -0.06)

(-0.58, 0.39)

(-0.54, 0.42)

0.10

0.10

0.09

0.09

(0.08, 0.13)

( 0.08, 0.14)

(0.07, 0.11)

(0.07, 0.11)

17.39

17.43

17.68

17.73

(15.60, 19.21)

(15.61, 19.25)

(15.94, 19.44)

(15.96, 19.48)

-1.47

-1.42

-1.90

-1.93

(-2.32, -0.64)

(-2.79, -0.18)

(-2.68, -1.09)

(-3.21, -0.59)

-3.17

-3.50

-2.83

-3.20

(-4.00, -2.31)

(-4.91, -1.97)

(-3.58, -2.06)

(-4.44, -1.87)

3.88

4.15

3.99

4.24

(1.79, 5.77)

(0.78, 7.74)

(2.25, 5.76)

(1.52, 8.91)

3.94

3.47

4.45

5.38

(2.15, 5.87)

(0.81, 7.31)

(2.36, 6.29)

(2.30, 8.91)

0.48

0.56

0.47

0.38

(0.18,0.79)

(0.07, 0.95)

(0.18, 0.75)

(0.02, 0.91)

β2 (0.86)

ψ1 (-0.59)

ψ2 (0.09)

ρ (17.5)

µ1 (-2)

µ2 (-2.5)

σ12 (4)

σ22 (4)

δ (0.5)
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Table 5.2: Medians and 95 % credible intervals for parameter
posteriors for the Spatial SEIR simulations. Analysis 1 utilizes
precise, centered information, and Analysis 2 utilizes oﬀ centered precise information. Analysis 3 utilizes imprecise centered
priors, and Analysis 4 utilizes imprecise oﬀ centered priors.
Parameter

Analysis 1

Analysis 2

Analysis 3

Analysis 4

β1 (1.00)

1.04

0.58

1.05

0.76

(0.69, 1.56)

(0.48, 0.95)

(0.68, 1.53)

(0.46, 1.12)

1.05

0.65

1.02

0.79

(0.67, 1.75)

(0.55, 1.01)

(0.63, 1.52)

(0.48, 1.21)

0.24

-0.18

0.13

0.07

(-0.22, 0.54)

(-0.40,0.31)

(-0.44, 0.48)

(-0.54, 0.42)

0.04

0.02

0.04

0.03

(0.03, 0.05)

( 0.02, 0.03)

(0.03, 0.04)

(0.02, 0.03)

-1.88

-1.97

-1.93

-2.08

(-3.12, -0.59)

(-2.37, -0.77)

(-3.28, -0.59)

(-3.36, -0.85)

-2.27

-2.17

-2.25

-2.19

(-3.54, -0.98)

(-2.61, -1.02)

(-3.52, -1.03)

(-3.43, -0.99)

4.54

4.19

4.50

3.95

(1.18, 7.90)

(3.14, 8.28)

(1.68, 8.37)

(1.00, 7.79)

4.37

5.21

4.89

3.95

(1.33, 7.90)

(4.22, 8.05)

(1.68, 8.37)

(1.00, 7.79)

0.43

0.55

0.51

0.51

(0.05,0.85)

(0.37, 0.88)

(0.03, 0.88)

(0.07, 0.87)

β2 (1.25)

ψ1 (-0.21)

ψ2 (0.04)

µ1 (-2)

µ2 (-2.5)

σ12 (4)

σ22 (4)

δ (0.5)

Table 5.3: Coverage probabilities for the latent spatial bleeding
parameters in the Spatial SEIR simulations.
Data Set

Priors

Latent Coverage Latent Coverage with Data

Small

Strong

91.1 %

95.8 %

Small

Weak

83.5 %

91.7 %

Large

Strong

86.7 %

91.5 %

Large

Weak

88.0 %

89.4 %
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Table 5.4: Coverage probabilities for the latent spatial bleeding
parameters in the Spatial SEIR simulations.
Priors

Latent Coverage Latent Coverage with Data

Cen. Prec.

94.3 %

96.4 %

Oﬀ Cen. Prec.

93.6 %

94.7 %

Cen. Imp.

97.1 %

100 %

Oﬀ Cen. Imp.

96.2 %

100 %

Table 5.5: Medians and 95% credible intervals for the parameter
posteriors of the Spatial SEIR and Spatial PS SEIR analysis of the
Mumps data.
Parameter

Spatial SEIR

Spatial PS SEIR

β1

0.56 (0.46, 0.89)

0.57 (0.37,0.82)

β2

1.14 (0.82, 1.58)

1.17 (0.84, 1.56)

ψ1

-0.16 (-0.76, 0.31)

0.12 (-0.24, 0.38)

ψ2

0.07 (0.05, 0.09)

0.05 (0.04, 0.06)

ρ

17.57 (15.78, 19.38)

N/A

µ1

-2.28 (-3.47, -0.97)

-2.29 (-3.53, -1.02)

µ2

-3.31 (-4.19, -1.74)

-2.33 (-3.62, -1.12)

σ12

3.63 (0.81, 7.52)

3.42 (1.24, 6.75)

σ22

3.60 ( 0.80, 7.05)

3.24, (0.86, 7.27)

δ

0.54 (0.11, 0.87)

0.60 (0.04, 0.89)

Spatial MSE

190.67 (131.57, 5471.00)

100.10 (51.73, 1793.01)

Size p-value

0.11

0.31

Peak p-value

0.65

0.12

DIC

130120.4

78402.1
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County Cumulative Counts

0
1
2−5
6−15
>16

Figure 5.1: The Mumps data graphed over time. Each graph represents 30 additional days since the beginning of the epidemic.
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>15

Figure 5.2: The averages counts predicted by the Spatial PS SEIR model graphed
over time. Each graph represents 30 additional days since the beginning of the
epidemic.
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Figure 5.3: The county means of the predicted epidemics generated in the Mumps
data analysis.
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Figure 5.4: The county 97.5th percentiles of the predicted epidemics generated in
the Mumps data analysis.
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CHAPTER 6
CONCLUSION
6.1

Conclusions with regards to the Methodology of the Dissertation
The Path-Speciﬁc SEIR structure we have developed in Chapter Three is

a useful SEIR model in and of itself, even without the spatial consideration. It
is computationally more eﬃcient than individual level models, and still has the
ability to incorporate any discretizable distribution as a latent or infectious time
distribution. It allows mixing and interventions to be considered at the population.
Considering interventions at the population level is natural for computations and
intuitively reasonable.
The model can reasonably detect the mean of the latent time distribution,
but tends to overestimate the variance. This has little eﬀect on mixing for large
epidemics, but is important to consider for small epidemics. Prior information is
typically available for this process, and readily informs the latent time distribution
parameter estimates when the epidemic is small. This is a reasonable use of prior
information.
The MMCAR model derived in Chapter Four extends the CAR class of models
to include multiple outcomes on mismatched lattices. If the weights are ﬁxed and
known, which is the typical requirement for CAR models, an MCMC chain will
draw from the CAR class of models. This induces the requirement that variances
of each outcome at each lattice point diﬀer by a known proportionality constant.
It does not require that this proportionality constant be equal at each location or
that every location have the same outcomes, however. In fact, the model does not
even require that one lattice be a proper subset of the other.
In order to circumvent this structure on the variances, we have proposed using
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the Brook’s Lemma formulation of the MMCAR model conditionally. Then, the
chains do not draw from a single CAR model, but rather conditionally draw from
the CAR structure and still perform spatial smoothing. In the event that the spatial
pattern being modeled can be considered a latent process, this may be a reasonable
approach. Chapter Five demonstrated reasonable coverage for this approach.
The pair of spatial SEIR models developed in Chapter Five represent an alternative to the standard contact network approach. A graph is still utilized, but
rather than a weighting scheme, it indicates where contacts may occur. The actual
contact weighting is done by considering each individual as having a Poisson contact
distribution with each neighboring location. This is more ﬂexible, because weights
do not have to be deﬁned a priori, and it allows a CAR structure to be utilized.
The CAR structure approach is important here. These models are known to
induce spatial smoothing, a desirable trait for an epidemic model. Heterogeneities
in the spatial realizations of the model are often due to the contact and contraction
mechanisms, rather than actual spatial heterogeneities. Therefore, it is desirable to
smooth estimates of the data.
The spatial SEIR models do require prior information for the variance components when used to model epidemics of the size and sparsity of the Mumps epidemic.
Two points are of note here. First, the interpretation of the bleeding parameters will
allow informative priors to be reasonably utilized. Second, the real data analysis
demonstrated that the bleeding parameters may burn in to reasonable values even
when the variance components have diﬀuse posteriors. We suspect that ﬂat priors
can be used for large epidemics.
Finally, the Spatial PS SEIR represents a realistic and reasonable model for
modeling epidemic spread. Prior information must be used to adequately incorporate the Path-Speciﬁc approach here. If such information is not available, the
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Spatial SEIR model should be used. However, centered prior information yields
very good results for modeling the Mumps data, and can be expected to perform
well with other data sets as well.
6.2

Conclusions with regards to the Mumps
Data
We have performed several new analyses of the Mumps data in this disser-

tation. The most reasonable analyses for drawing conclusions about this data are
those from the Spatial PS SEIR model in Chapter Five.
The ﬁrst question of interest was whether spring break increased or decreased
the overall mixing that occurred in the state of Iowa during the Mumps epidemic.
Polgreen et. al. have already shown that the age composition was changed [69],
but the epidemic curves appeared to indicate an increase in infections over this
time frame. It appears that, while spring break did change the age distribution of
infectious, it did not cause an overall increase or decrease in the number of infections
in the state of Iowa. Once we account for the spatial pattern in the data, the credible
intervals for the spring break parameterization do not show any diﬀerence in mixing,
as all of these intervals contain zero.
The second question was whether the public’s awareness of this intervention
changed the course of the epidemic. It appears that it did. Without accounting for
the public becoming aware of the epidemic and changing its behavior, neither the
models considered here nor the traditional models in the literature are able to give
reasonable predictions of epidemic size. The fact that medicine has equipped the
general population with the ability to protect themselves against infectious diseases
is an important consideration when modeling contemporary outbreaks.
The ﬁnal questions involved how to account for the spatial spread in the
Mumps epidemic. The answer seemed to be that the primary measure of proximity
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between counties is the sharing of borders and the sharing of a highway. With
these two measures in place, only six to ten cases of Mumps cannot be explained in
the epidemic from 2006. The use of public transportation proxies is an important
consideration when modeling infectious disease spread on a lattice, and the use of
highways in a SEIR structure is unique. These models add support to the use of
multiple conduits of spread in epidemic modeling.
6.3

Directions for Future Research
There are several future directions for this research. First, the PS SEIR struc-

ture determines the means of the latent time distributions quite easily, but overestimates the variances. We would like to test the use of distributions which can
be parameterized by only the mean, with a parameter ﬁxed (such as a log-normal
distribution with a known variance) or parameterizations of distributions using only
a single parameter (such as Gamma(α2 , α)). This may allow ﬂat priors to be adequately used for these models.
The requirement of a parameterization of interventions being decided upon a
priori may be unnecessarily restrictive. Typically, functions are chosen a priori,
but a semi-parametric method utilizing splines may be more ﬂexible in this regard.
We would like to pursue this research further.
The MMCAR structure is a very ﬂexible spatial model. There may be natural
extensions allowing for a spatio-temporal MMCAR model to be utilized. These may
be similar to the STAR variety of spatio-temporal models. This structure would
be particularly helpful when analyzing the data where the resolution of collection
is changing over time.
We would like to apply the Spatial SEIR model to the Google Inﬂuenza data.
It seems likely that this model could be used for such a data set. It would be helpful
to investigate whether ﬂat priors can be used for the variance components for such
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a large data set. This also would allow some level of model validation to occur, and
would allow for our hypothesis that the spatial bleeding does not change rapidly
over time to be investigated.
Finally, the issues of model selection and model validation are almost unmentioned in the SEIR literature containing population level mixing. Model selection
criteria should be developed, and model validation methods should be developed.
This represents a large open problem in the literature.
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[37] Höhle, M. 2008. “Spatio-temporal Epidemic Modelling Using
Additive-Multiplicative Intensity Models.” Department of Statistics: Technical
Reports, No.41.
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