20

Figure 2.3: Densities of Standardized Quantile Estimators for Pareto
(0.02, 5)

can be seen as the first extension of Theorem 3.1 to importance sampling. We note that
the techniques used in Brazauskas et al. (2008) are different from those employed in this
chapter. For Theorem 2, apart from Assumption S we will need the requirements listed

as part of Assumption C below, where L¢(-) is defined as Lo (z) = xL(z), for all z € R.
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95%-level VaR 99%-level VaR
Sample
Sampler
Size Coverage Bias Coverage Bias
Length x10~2 Length x10~2
(s.e.x10°) (s.e.x10°)

40 | 2.61% (4.83) 1.56 1.43% (5.87) 4.90

Ordinary
200 | 0.80% (6.34) 0.70 2.58% (4.86) 2.19

Sampling
1000 | 0.17% (6.78) 0.31 0.76% (6.37) 0.98
8 | -0.58% (7.26) 1.56 -3.21% (8.68) 2.69

Optimal
40 | -0.12% (6.97) 0.70 -0.59% (7.26) 1.20

Pareto IS
200 | -0.01% (6.90) 0.31 -0.10% (6.96) 0.54

Table 2.1: 95% Nominal Confidence Interval for VaR Using Ordinary and Impor-
tance Sampling

Assumption C: F' and F™ have the following properties:

C1. F'has a point of increase at &, in the sense that

F(u) < F(&a) < F(v), Yu<&, <w.

C2. F'is such that

F(F-! —
wy IFF )= o5
sebiey |5 —a
C3. There exists a A € (0, 1/2] such that
/ (1= F*(z=))"**d|L¢|(z) < o0, VyeR. (2.6)
(y,00)

We note that the first requirement above is expected from our earlier examples and
the proof of Theorem 3.1 of Brazauskas et al. (2008). The second condition is a mild
condition which is satisfied if F' is continuous in a neighborhood of &,, or F' is differ-

entiable at &, with a strictly positive derivative at £,. For additional insight into this
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condition see Example 5 of Section 2.4. The final condition is a moment condition; in
Lemma 2 we show that this requirement is at most only slightly stronger than the second
moment condition (i.e., Ep+ X?L?*(X) < 00). Unlike the case of the quantile estima-
tor, our moment condition no longer yields the best condition in the case of sampling
directly from F', even though it is arbitrarily close in the sense that it is weaker than
requiring B+ X 29 L+ (X)) < oo, for some § > 0. We now state our main result for

Cy (n, F*; F):

Theorem 2

Suppose that F' and F™* together satisfy Assumptions S and C. Then

VarF* (I(gmoo) (X)L(X>(X - 504))
(1-ap |

Vi (Cy (n, F*; F) — co(F)) -5 N (0,
as n — oQ.

Example 4

We continue with the setup of Example 3, and again consider a liability distributed as
a Pareto(0.02,5). We restrict our choice for importance sampling distribution within the
subclass where the inverse scale parameter o is held constant at 0.02 and the shape pa-
rameter [ is allowed to take an arbitrary value in (0,00). It is easy to check that the
moment condition for our Theorem 2, namely Assumption C3, is satisfied if and only if
p < 8,and for A € (0,4/8 — 1/2). Similar to the case of Q,, (n, F*; F'), in this example
the asymptotic variance of C,, (n, F*; F') given in Theorem 2 is finite if and only if 5 < 8,
and hence Theorem 2 attains the ideal moment condition of requiring only the finiteness
of asymptotic variance.

While the shape parameter for the importance sampling distribution that minimizes
the asymptotic variance of the a-level T-VaR estimator cannot be calculated in a closed
form, it is an easy numerical exercise to show that the optimal 5 value approximately
equals 1.0213 (resp., 0.7755) for o equal to 0.95 (resp., 0.99). For each « in {0.95,0.99}

we simulated the empirical T-VaR (ordinary sampling) for sample sizes 200, 1000, and
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5000; we simulated the T-VaR estimator when sampling from the optimal Pareto impor-
tance sampler for sample sizes 10, 20, and 500. We simulated 100, 000 random samples
for each combination of «, sampling distribution, and sample size, and used the same
simulation environment as in Example 3.

Figure 2.4 plots the Gaussian kernel density estimator for each of the sampling
distribution, three sample sizes and the two « levels. The details of the kernel density
estimator used are given in Example 3. The plots overall show a good degree of closeness
to the standard normal density except in the case of ordinary sampling with sample size
of 200. As in Example 3, while the dependence of the plots on the sample size and the
a-level are as expected, it is remarkable that normality takes hold at significantly smaller
sample sizes when sampling from the above defined optimal Pareto distributions.

In Table 2.2 we have tabulated the bias in the coverage levels for the empirical T-
VaR under ordinary sampling, and the T-VaR estimator when sampling from the optimal
Pareto importance sampling distribution. Also tabulated are the lengths of these asymp-
totic confidence intervals. We simulated 10, 000, 000 random samples for each result in
Table 2.2. It is noteworthy that importance sampling gives a reduction in sample size by a
factor of 27.7 (resp., 93.4) for similar lengths of the asymptotic confidence intervals and
for o equal to 0.95 (resp., 0.99). But unlike the quantile case we do not get the added
benefit of reduced coverage bias. In fact, for similar levels of coverage bias the reduction

in the sample size is only by about a factor of 5 for a equal to 0.95. [

2.2.4 Some Further Results
The use of functional delta method to establish Theorems 1 and 2 permits us
to derive some related results in a straightforward manner. First, the following corol-

lary extends both Theorems 1 and 2 by establishing the joint asymptotic normality of

Qa (n, F*; F) and C, (n, F*; F).



95%-level T-VaR

99%-level T-VaR

Sample
Sampler

Size Coverage Bias Coverage Bias

Length Length
(s.e.x10%) (s.e.x10%)

100 | 1.39% (5.90) 64.53 | 2.26% (5.16) | 200.62
Ordinary Sampling 200 | 0.98% (6.21) | 45.63 | 1.83% (5.54) | 141.86
500 | 0.52% (6.54) 28.86 | 1.39% (5.90) 89.72
1000 | 0.29% (6.70) 20.41 | 0.97% (6.22) 63.44
5000 | 0.05% (6.86) 9.13 | 0.26% (6.72) 28.37
20 | -1.81% (7.97) 27.42 | -3.39% (8.77) 46.42
Optimal Pareto IS 40 | -0.88% (7.44) 19.39 | -1.59% (7.85) 32.82
100 | -0.34% (7.11) 12.26 | -0.62% (7.28) 20.76
200 | -0.18% (7.01) 8.67 | -0.32% (7.10) 14.68
1000 | -0.03% (6.91) 3.88 | -0.05% (6.92) 6.56

Table 2.2: 95% Nominal Confidence Interval for T-VaR Using Ordinary and
Importance Sampling

24
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Ordinary Sampling : a =0.95 Ordinary Sampling : o =0.99

—— Std. Normal
--- n=200
44444 n=1000
-=-- n=5000

00 01 02 03 04 05 06

00 01 02 03 04 05 06

Pareto(0.02, ~1.02) IS (optimal) : a =0.95 Pareto(0.02, ~0.78) IS (optimal) : a =0.99

—— Std. Normal
--- n=10
44444 n:20
-=-- n=100

00 01 02 03 04 05 06

00 01 02 03 04 05 06

Figure 2.4: Densities of the Standardized T-VaR Estimator for
Pareto (0.02, 5)

Corollary 1. Suppose that F' and F™* together satisfy Assumptions S and V. Then
Vi (Qa (n, F5 F) = qo(F), Co (n, F*5 F) — ca(F))

converges in distribution to a bivariate normal with zero mean, asymptotic variances as
those given in Theorems 1 and 2, and asymptotic covariance given by

Covpe (L(X) (g, 00)(X), LX) (X = &a)I(£,.00) (X))
fl&a)(1 = a) '
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Second, we note that Theorems 1 and 2 can be extended to the case of stratified im-
portance sampling. We note that such an extension of Theorem 1 is given in Glasserman
et al. (2000), but under the more stringent requirement of Ex« (L?) < oo.

Finally, we also note that Theorems 1 and 2 can be extended to the case where
in the alternate definitions of @, (n, F*; F') and C,, (n, F*; F) as n,(F}) and x.(F}),
respectively (see (2.14) and (2.20) below), I is replaced by versions that similarly con-
verge (see the proofs in the next section for a more precise statement) to an F* Brownian
Bridge. Such results include extensions that allow replacing /7 by smoothed versions,
and to extensions that allow some dependence in the data, as done in the case of ordinary

sampling by Beutner and Zihle (2010).

2.3 Proofs of the Main Results

Let D(R) denote the space of all right continuous functions on R, the two point
compactification of R, with well defined left limits and taking values in R. We will
denote by ~ the essential supremum of the distribution ™, with x possibly taking the

value +oco. Let the norm [[-[| 5. ) and W (F™*, \) be defined as

H(x) —
Hope = . VH e D(R), 2.7
| ||(F ) me[s_uolzﬁ) (1 — Fr(z—))/2~ € D(R) 2.7)
and
W (F*, \) = {H € D(R) : |H|| () < o0, and H(z) = 0, Yz > m} . Q8

We endow W (F*; \) with the o-field generated by the coordinate projections,
which is denoted by W (F*,\). It is easy to show that W (F*, \) is also the ball o-
field corresponding to the norm ||| . ,), i.e. the o-field generated by the [-[| 5. ,, closed
balls (see Chapter 4, Problem 4 of Pollard (1984)).

For a function H € D(R) let C(H) denote the continuity points of H. Now we
define W, (F*, \) as the subset of W (F™*, \) containing functions H satisfying the fol-

lowing:
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1. C(F*) CC(H).
2. lim, , o H(z) =0.
3. If F*(k—) = 1 then lim,q, H(z)(1 — F*(z—))~ Y2 = 0.

2.3.1 Weak Convergence of the VaR Estimator

Let V be defined as

{G (1) : G(-) a distribution function, with /

(y,00)

(1 -G(z—))d|L|(x) < o0, Yy € R} :
(2.9)
where the integral is with respect to the total variation measure corresponding to L(-).

We define a real valued functional ¢g(-,-) on R x V by
baly, G) = /(yoo)u—G(x—))dL<w>+<1—G<y>>L<y>, VyER.GEV. (2.10)
Now for G € V, we have
/( LG = oy G), Yy @.11)
y,00

which can be easily shown by the following equations

/ N /[ 160 dLt)
/oo /(tdL ) dG(t (2.12)

_/( L)~ Liy+) dG(0
:/( L) dG(0) ~ LG+ (1= Glr+))

Note that [} belongs to V as it has a finite support, and hence from the above we have

wQ(y,Fﬁ)z/( )L( z)dFy (x ZL (2.13)
Y,00

X>y
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By 7, we denote the real value functional on V defined by
No(G) :=inf{z :Yg(z,G) < (1 —a)}, VGeV. (2.14)

With this definition it is easy to see that Q, (n, F*; F') = n.(F}). We note that the
definition of 7 and 7, depend on /" and F'*, even though this dependence is not reflected
in the notation.

Let BY. be an F* Brownian bridge, i.e. a mean zero Gaussian process on R with

covariance function
F*(sNt)(1—=F*(sVt), s,teR,

where for real numbers z and y, Ay (resp., zVy) denotes the minimum (resp., maximum)

of x and y.

Proof of Theorem 1. The proof using the representation of @, (n, F™*; F) as 1n(F)), is
an application of the modified functional delta method as given in Theorem 4.1 of Beut-
ner and Zihle (2010) to the functional 7,(-) and the sequence of random distribution
functions {Fr},,>1. Hence, the proof reduces to checking that the requirements of this
theorem on 7, (-) and the sequence and { )\ },,>1 are satisfied.

First, we note that F* belongs to the subset V of D(R) on which 7,(-) is defined.
Now we can easily show that F* — F* takes values in the subspace W (F*, \) of D(R).
Also, F¥ — F*is (F, W (F*, \)) measurable as W (F*, \) is the projection o-field, and
for each t € R, F*(t) — F*(t) is clearly (F, B(R)) measurable. Since F*(t) — F*(t) is
(F, B(R)) measurable, we have ((F*(t) — F*(t)) (8))" € F, where 3 € B(R). Using
the fact that W (F*, \) is o-field, and that (F*)~* [7;1(8)] = [F*(t)] " (8) € F, we
can easily conclude that (F*)"*(A) € F, where A € W (F*, \). Moreover, Lemma 6

implies that

V(Er = F 5B, in (W(FA), WES ), |- ey s
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with BY. € W, (F* \) with probability 1. For the modified functional delta method,
we need that for any measurable mapping, W, from (Q, F) to (W(EF*, X), W(F*, \))
satisfying W (&, ) + F*(-) € V for all & € Q, we have that 1,(W (@, ) + F*(-)) is a

random variable. Since
{@:naW(@,)+ F*(-)) > a} ={@ : ¢Ygla, W(@,-) + F*(-)) > 1 —a}, VaeR,

all we need to show is that ¢ (z, W (w, -) + F*(+)), is a random variable for all z € R.
This can be established using the fact that W (&, -) + F*(-) € V for all @ € Q, and
using the integral representation in (2.10) to write ¢q(z, W (@, ) + F*(-)) as a limit of
approximating sums, with the approximating sums being random variables as W (w, t) is a
random variable for all ¢ € R. Finally, Lemma 3 establishes that the mapping 7, : V —+ R
is quasi-Hadamard differentiable at F™* tangentially to W,_(F™*, \) with quasi-Hadamard
derivative, 7, r+(+) , given in (2.29). The above observations together with Theorem 4.1

of Beutner and Zihle (2010) then give us the following weak convergence:

BY. (z—)dL(z) + B (4) L(a
VI (Ma(FY) = na(F*)) -5 Jio o0 B+ )f(é ;+ () L€ ). (2.15)

The proof is now completed by using Lemma 7. [

2.3.2  Weak Convergence of the T-VaR Estimator
Let V¢ be defined analogous to V as

{G () : G(-) a distribution function with /

(y,00)

(1 - Gle—))d|Lol(x) < o0, Vy € R} ,

(2.16)
where the integral is with respect to the total variation measure corresponding to Lo (+).
Given Assumption S, it is easy to see that Vo C V. We define a real valued functional

Ye(-, ) on R x V¢, analogous to (-, -) on R x V, by

bely, G) = /( (1= G dle(@) + (L= G Lely), Wy €R.G Ve,
2.17)
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with Fubini’s Theorem implying

| Le@d6ln) = vo(u.6), Wy RG e Ve 2.18)
(y,00)

Note that as F} has a finite support it belongs to V¢, and hence from the above we have
* * 1

voly, Fy) = Le(x)dF(z) = = Y XiL(X). (2.19)
(y,OO) n X’i>y

By x. we denote the real value functional on V¢ defined by

Xa(G) = — Yo (1(G), G) +na(G) (1 — a) =g (0.(G), G))], VG € Ve.

l-«
(2.20)
With this definition it is easy to see that C,, (n, F™; F') = x,(F}7). While the definition of
¢ and Y, depend on F' and F™, this dependence is not reflected in the notation.
In the proof of Theorem 2 while we borrow parts of the proof of Theorem 1, we
cannot use the Theorem 1 in full as Assumption C unlike Assumption V does not assume

that F' is both differentiable and has a strictly positive density at g, (F).

Proof of Theorem 2. The proof, analogous to the proof of Theorem 1, uses the modified
functional delta method of Theorem 4.1 by exploiting the representation of C,, (n, F*; F')
as xa(F¥). As part of the proof of Theorem 1 we have already shown that the require-
ments of Theorem 4.1 of Beutner and Zihle (2010) on the sequence { F* },,>; are satisfied.
Hence, we focus only on the requirements of the modified delta method on the functional
Xa(")-

The modified functional delta method requires that for any measurable mapping W
from (Q, F) to (W(F*, \), W(F*, \)) satisfying W (@,-) + F*(-) € V¢ for all & € Q
we have x,(W(w,-) + F*(-)) is a random variable. Note that the measurability of
Yo(z, W(@,-) + F*(-)) for each real number x follows from the argument establish-
ing the measurability of ¢g(x, W (@,-) + F*(-)) (see proof of Theorem 1) by replac-
ing L by Lo. Hence, we have the joint measurability of the map from R x  which

takes (z,@) to Yg(x, W(®,-) + F*(-)). Combining these with the measurability of
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Na(W(@,-) + F*(+)) (see proof of Theorem 1), and using (2.20) we have the measurabil-
ity of xo(W (@, )+ F*(+)). Finally, Lemma 8 establishes that the mapping x,, : Vo — R
is quasi-Hadamard differentiable at F™* tangentially to W,_(F™*, \) with quasi-Hadamard
derivative, X, p+(-) , given in (2.45). The above observations together with Theorem 4.1

of Beutner and Zihle (2010) then give us the following weak convergence:

Jieoo0) B (2=)dLc(2) = &a Jie, o) B (2—)dL(2)
l—-«a :

Vi (a(E)) = ca(F*)) -
(2.21)

The proof is now completed by using Lemma 7. [
Below we provide a sketch of the proof for Corollary 1.

Proof of Corollary 1. The proof is based on Wald’s device which reduces the problem
to showing convergence to normality of all linear combinations of @, (n, F™*; F') and
Cy (n, F*; F). Now the proof is completed in a manner similar to those of Theorems 1
and 2, but also using the fact that linear combinations of modified Hadamard differen-
tiable functions are also similarly differentiable with the derivative being the appropriate
linear combination of the derivatives, and using arguments similar to those in Lemma 7

to derive the asymptotic variance of these linear combinations. [

2.4 Auxiliary Results
Lemma 1. Let T-VaR,, be the 50% level T-VaR from a random sample of size n from Fy

as defined in Example 1. Then

d. 4 I(Z3<0) (ZZ)
n(T-VaR, — 5/2) — — + 3\ — 1,

where 71, Zy are i.i.d. N(0, 1) random variables.

Proof. 1t is easy to show that it suffices to consider even sample sizes, say 2n for some
n > 1. We note that drawing a 2n random sample from F3 can be done by first drawing
N from the Binomial distribution with parameters 2n and 1/2, and then drawing N i.i.d.

observations from U(2, 3) and the other 2n — N from U(1, 2). We will only consider the
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case when N > n as the argument in the case when N < n is similar. In the case when
N > n, the 50%-level empirical T-VaR is the mean of the highest n observations from

the N sample from U(2, 3). Hence we have
5 1 5
V2n <T—VaR2n — —> =V2n (- > Uy—in — —> . if N>n,
2 n <= 2

where Uy _;.y is the (N — 4)-th highest observation in the N sample from U(2, 3). Using

basic properties of order statistic from U(0, 1)

n—1 n—1
Z UN—i:N|UN—n:N 4 [UN-nN + B —=UNn—n:N)U]|Un—n:nN,
=0 i=0

it can be easily seen that
— 5 — 1 5
2n (T_VaRQn - 5) i 2n <UN—n:N + [3 - UN—TL:N] - § :Uz* - 5) ) it N Z n,
n
=0

where U’s withi = 1,. .., n are ni.i.d observations from U(0, 1), which are independent

of Uny_n.n, and N. The above can be rearranged to yield
n—1
9\ 4a 1 1 1 n N —n
V2n | T-VaRy, — = | =vV2n | — Ur— = -
n( a2 2) n(nzo 2>+2{N+1} (n/2)

+[2 = Un_nn]V2n (%ZU;_E

2
=0
n N —n
N Uynpy — 2 — . if N >n.
—+ 2<UN ‘N N+1> 1 n

Note that conditioned on N > n the first term is independent of the second and by the
ordinary central limit theorem converges to N(0, 1/6). The second term conditioned on
N > n is seen to converge in distribution to the absolute value of a N(0,1/4) variate
by using the ordinary central limit theorem, strong law of large numbers and Slutsky’s
theorem . The third and the last term, conditioned on N > n are easily seen to be
O(n=1/2) and O(n~1/*), respectively, using moments of order statistics from U(0, 1) (for

example, see Reiss (1989)). Using Markov’s inequality and Chevychev’s inequality, we



can easily show

E [TL(Q — UN—n:N)2]
M?2
E [nUj_,7]
M?2

(N—n)(N—n+1)
E [n (N+1)(N+2) }
M2
E [(N(Oé)+0(1))(N(07%)+0(1))}
(1+0(1))?

M? ’

P(\/ﬁ|(2_ Uan:N)’ > M) <

and

3 (N—n)(2n—N+1)
N—n)) < L [n2 (Nt1)2(N+2) }

N+1 M?
_ E[N(0,5 +0(1))]
M2

]

(UN—n:n —2 —

P(n

Hence for any € > 0, there exists M € N such that

P (Vn|(2 = Un_pn)| > M) <e.
Combining the above observations, we see that conditioned on N > n

)
vV 2n <T-V3R2n — 5) s

is converging in distribution to

2,12l
/6 2

where 71, Z, are i.i.d. N(0, 1) random variables. This completes the proof.

Lemma 2. The following hold true for F' and F* satisfying Assumption S:
1. If Ep«L? < oo then

/ (1= F*(z=))"*"dL(z) < o0, Vy € R, Ve > 0.
(y,00)
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(2.22)

2. If Epn L™ < oo for some 6 > 0, then we have (2.3) for any choice of \ in

(0,5/(4 + 26)).
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3. If Assumption V2 also holds, then Ep. L*(X )1 »)(X) < o0, forall y € R.

4. The above statements hold by replacing L(-) with Lc(-) and Assumption V with

Assumption C, respectively.
Proof. Observe that
(1= Fa=)"' < (1= Fa—) = (F(x) = F*(z=))u) ", uel01].
Also, if X ~ F*,and U ~ U(0, 1) are two independent random variables, then
(1—F*(X-)—(F(X)—-F(X-))U)~U(0,1).

We will prove the above relation when X > 0 case only. Note that general case comes
easily from the following proof. Since there are at most countably many discontinuous
points of F*(-), name it z1,x3, x5, - -+, With 7 < 23 < x5 < ---. And name the interval
between x; and x;, 5 as [;1.(You may call 0 as x_; to define I, if necessarily). Define

P(X =), If 7 is odd,

pi =
Pz, < X <x;), Ifiiseven.

Similarly, when ¢ is odd number, we define

0, z<umz,
FXL(x) =
17 X 2 Xi,
if 7 1s even number, we define
(
07 X S Ly,
Fy,(r) = pliF*(ﬂf), Tio1 S x < xy,
1, T > x;.

\

If we have random variable X with distribution function, F*(z) = > p;F,,(z), we can
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conclude that with probability p;

(1= F"(X=) = (F"(X) - F*(X=))U) ~U(1 sz, sz

%

Using the above two observations and Cauchy-Schwartz inequality it is easy to show that

Ep«L? < oo implies

L
/<y o (1 F*((ﬁ))lm—edF *(x) <o0,Vy €R, (2.23)

for all e > 0. We note that (2.23) is implied by

]
(1= P
1
(1= Fr(a-) - (F(a) - F*(x—))U)l/“]

dF*(z) = Ep.

/ 1
(y,00) (1 — F*(:E_))l/%e

< Ep-

and

L) dF*(z
[/(y,oo) (1 — F*(x_))l/%e ( )

2/ *( 1 *(x
S o PN [ G

Moreover, since for € > 0 (see pg. 42 of Protter (2005)), we have

(1/2+€) (1= Fa=) 7", Fi() = F(a-),
—d (1= F*(x))"" JdF*(z) =

—F*(gp— 1/24€_ _F*(z 1/2+4€ "
(1 ( %)*(x)iFil(xi)( ) : F (ac) > F*(x—).
(2.24)

If we assume (2.23), we have

| r@a[-a- )] = a2+ 0me - P ar e

(y,00) A
(1= Fra—)"*" = (1= Pr(@)"*

v () = F(o-) ()

< 00,
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which can be proved using (2.24) and the following inequality

(N2 (] = Fr(p)) /2T
[ s B (o E

F*(x) — F*(z—)
— F*(r— 1/2+€ . — F*(r 1/24€ _ (g 1/2—€
_/BL(“’) (1= Fr(a=)"*" = (1= F*(x) ](1 F*(x))
1 *
S/JBL(x)(l—F*(x))l/Q_edF (r) < o0,

F(z) = F(a=)
where A = {z|z,s.t.F*(x) = F*(z—)}, B = {z|z, s.t.F*(z) # F*(x—)}.

We have shown that (2.23) implies

/ L(z)d [— (1- F*(a;))l/z“] < 00,y € R, (2.26)
(y,00)

for all ¢ > 0. Now by our assumptions on L(-), and using Fubini’s theorem, we know

that (2.26) implies (2.22), which can be shown using below equations

/ (1= F*(z—))"*"dL(z) _C/yoo / . (1= F*(z—))"*™ dF*(t)dL(z)

—c . * 1/2+6 T %

/(yoo (1— F() /y’HdL( VAR (1)

—c / (1 — F*(t))" 2T L(t)dF*(t) + cL(y) / (1 — F*(t))" 2T dF*(t)
(y,00)

(y,00)

— /(yoo)L(t)d< (1—F*t))” 1/2+6)+CL(y)/ (1= F*)) *dF*(t).

(y,00)

Hence we complete the proof for the first statement.
For the proof of second part, we claim that Ex. [>T < oo, with Assumptions S

and V together imply that

lim (1 — F*(z—))Y*) L(z) = 0.

T—r00

For the proof of our claim, first, consider the case when L(-) is monotonely increasing

function. Then we can say

1 — F*(a—) = P(L(X) > L(x)).
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Using this and E}L2+5 < 00, we can show

lim (1 — F*(z—)) L(2)**° = lim P (L(X) > L(z)) L(z)*"°

xToo oo

< lim L(x)*"dF*(z) = 0.

atoo Jx>g
For general L(-), we have L(-) = Li(-) — Lo(+), where L;(-) and Lo(-) are monotonely
increasing functions. Since L(-) has finite negative variation by assumption, this complete
the proof of the claim.

Condition Ep« L>™ < oo with Assumptions S and V together imply that

lim (1 — F*(2—))Y*L(x) =0,

T—00

which in turn implies that

L(z) *
/<y o (= Fr(ayarra=f (@) < oo ¥y € k. 2.27)

Now, in a manner similar to the proof of the first statement, we can show that
/ (1= F*(z=))"® qL(z) < 00, Vy € R, Ve > 0, (2.28)
(y,00)

completing the proof of the second statement. The third statement follows easily from

the observation that together Assumptions S and V imply that

lim (1 — F*(z—))Y2 N L(z) = 0.

T—r00

The last statement follows from the previous three statements, and this completes the

proof. [

Lemma 3. (Quasi-Hadamard Differentiability of 1, ) Suppose that F'(-) and F*(-) satisfy
Assumptions S and V. Then the mapping 1, : V — R is quasi-Hadamard differentiable

at F** tangentially to W, (F*, \) with quasi-Hadamard derivative, denoted by 1, (-),
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given by

Je. V{z—)dL(x) + V(&) L(&a)
/(&)

Proof. Clearly, by definition, 7, z«(-) is linear. Now to show that 1), g+ (-) is continuous

Na,r+ (V) 1= , VEW (F*X ). (2.29)

on W(F™*, \) we only need to establish that it is bounded; this follows under Assumptions

S and V since

i (V)] _ [P0 + figpng) (1 = F*@=)) " dI LI @)
VI ~ f(&)

<oo, VeWg (F* ).
(2.30)
Let {h,},, be a sequence decreasing to 0. Also, let {V},}, ., be a sequence in

W(F*,\) converging to V' in W¢_(F™*, X) under || - [|(p«,») such that
F*+h,V, eV forall n>1.

All that remains now to be shown is that

F*4+h — F*
lim 7704( + nVn) 7704( )

n—00 hn

— Mo (V)| = 0. (2.31)

Assuming the contrary, we have for some ¢ > 0, a subsequence {7, },>1 such that
Na(F" + 1, Vo) S &a+ hy Yoo (V) F b6, Vmo> 1

We will assume in the following, without loss of generality, that for this subsequence
Na(F* 4 i Vi) < &a + by Naps (V) — b6, Ymo > 1,

with the observation that argument for the alternate case is similar. Also, for m > 1, let

ym = T]OC(F* + hn'm Vn"L)’ and Zm = hnrn,r']aHF*(V) - hnnLE'
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Now using Lemma 4 and Lemma 5 we have

wQ<ym> F* + hnmvnm) 2 wQ<£a + Zm F~ + hnmvnm)

— GigEa + 2 F*) i, [ /(5 (Vi (2) — Vi{a—))dL(x)

a+ZmaOO)

LG+ ) (Vi (60 2) = V(Ea zm>>]
. [ /@WM) V@a—)dL(x) + L&, + 5m)V (€0 + zm)]

(1= a) + by F(Ea)e + o) —h[ /(5 (Va(a—) — V(e—))dL(z)

atzm 700)

+ L + 2m) (Va(8a + 2m) — V(&a + Zm))}
— hp,, [/ V(x—)dL(z) + V(& + 2m) L(Ea + 2m)
(bat2zm,00)

_ (/@mm) V(z—)dL(z) + V(SQ)L(SQ)) }

= (1 - O./) + hnmf(foz)e + O(hnm)‘
(2.32)

Since f(&,) > 0, we have Vg (Y, F* + hn,,Vy,,) > 1 — a, for large m, contradicting the

definition of y,,,. Hence we conclude that (2.31) is true, completing the proof. [

Lemma 4. Let {V,,(-)},-, be a sequence in W (I'*, \) converging to V (-) € We, (F*, \)

inthe || - ||(p+») norm. Then under Assumptions S and V, we have

/(E o) )(Vn(l‘—) —V(x=))dL(z) + [Vy(€a + 0(1)) — V(&4 + 0(1))]L(&4 + 0(1))

= o(1).
(2.33)

Also, under Assumptions S and C, we have
/ (V(a—) = V(z—)) dLo(z) = o(1). (2.34)

(§ato(1),00)
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Proof. Let’s consider the first term in (2.33), which have

‘ /(a+o(1),oo)(‘/”(x_) = V({z=))dL(x)

~ W) Ve e e
<oy TP~ P )

o0

— Vo=Vl [ (1= P @) L) = of1),
fa"‘O(l)

Now in the second term of (2.33), we have

|[Va(€a +0(1)) = V(&a + 0o(1))] L(&a + o(1))] < [[Va = Voo limsup |L(&a + o(1))]

n—o0

< Vo = Ve max{|L(§a—)I, [ L(&a)]}
=o(1).
Now the triangle inequality along with above inequalities completes the proof of (2.33).

The proof of (2.34) follows along similar lines. [

Lemma 5. For any V() € W, (F*, \), under Assumptions S and V

V(y)L(y) + / V(z—)dL(x), (2.35)

(y,00)

as a function in y on R is right continuous. Moreover, under Assumptions S and V we
have continuity at .. These conclusions hold true also for

/ V(z—)dLe(z) — y / V(2—)dL(z), (2.36)
(y,00)

(y,00)

under Assumptions S and C.

Proof. Let the function in (2.35) be denoted by ~(+). Clearly, by the right continuity of
V() and L(-), we have the right continuity of ~(-). Now, using continuity of V'(-) at &,

under Assumption S we have
lim () = VEILE) + [ Vie-)dL(
Yo [€a,00)

= V(&) L(6a—) + V(&a) (L(€a) — L(&a—)) + /(5 : V(z—)dL(z) = 7(£a)-
" (2.37)

This completes the proof of the continuity part. The conclusions for the function in (2.36)



41

follow easily from the above. 0

Lemma 6. Forall e > 0
[Vn(Fr — F*) — B || (v — 0.
In particular
ValEy = F7) L B, in (WO X), W(F" ), |- e ) -

and BY.. belongs to W, (F*, \) with probability 1.

Proof. The above result follows in a straightforward manner from Theorem 6.2.1 of

Shorack and Wellner (1986) by observing that the weight function

L eR
, ,
(1-— F*(x—))l/2 ‘

is square integrable with respect to /™ (see proof of Lemma 2), and is clearly bounded by
a u-shaped function (see pg. 273 of Shorack and Wellner (1986) for definition). The law
of iterated logarithms for the standard Brownian motion (see Durrett (2005)) implies that
BY.. belongs to W¢_ (F*, \) with probability 1. As show in Shorack and Wellner (1986),

we have LIL for Brownian Motion and Brownian Bridge

S()
(2t log log t)1/?
‘ U(t)
(2 loglog §)1/2

S(t)

=1 =
(2% loglog 1)1/2

, limsup
N0

lim sup
t oo

and limsup
N0

I

where S(t) is Brownian Motion and U (t) is Brownian Bridge. If we define
Up(t)=S(t) —tS(1) and Us(t)=S(1—t)—(1—1¢)S(1), 0<t<1,

we can easily show that these are Brownian Bridge. Now we claim that

B
sup (z) < 00,

2€(0,1) \/2(1 — x)loglog rlm)
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where B(t), 0 <t < 1, is Brownian Bridge. Since we know

; B(x)
im < 00,
TNO \/2 (1 —z)loglog == i w)
it is enough to show that
B
lim ) < o0. (2.38)

2/ \/2(1 — z)loglog 155

Furthermore (2.38) can be shown from

lim B(z) = lim
z/1 \/2(1 —x)loglog (1;) e/ \/2 (1—=x loglog )

= lim

t
N0 \/2tlog log%

]BO * . . . .
Now we can easily show sup % < 00, which in turn implies that
Frefo | (1= F*) /2=
BY..
sup < 00. This completes the proof. 0
ze(0,1) | (1 — Fx(z—))H/2A

Lemma 7. Let F' and F* satisfy Assumptions S. Then the following hold:

1. If F and F* further satisfy Assumption V, then

Jiguo0) B (2=)dL () + B (€a) L(Sa)
f(&a)

~ N(O, Ep (L2(X) (g, 00(X)) — (1 — a)?

f*(&a)
(2.39)

2. If F and F* further satisfy Assumption C, then

- /( B el -6 B )

N (07 Vare. (f@a,oo() COLGO - &)

(2.40)

Proof. Let W denote limit in (2.39). The limit W can be shown to be normally distributed
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by using (2.3), writing the integral as a limit of approximating sums, and appealing to the
fact that if a sequence of normal random variables converges in distribution then the limit
is normally distributed. Now, using Fubini’s theorem, and moments of a Brownian bridge,
it is easy to see that 11/ has mean zero and variance given by
rre | [ a0 - Py )aseze
(£0r,00) X (£,00)

+ 2L () F* (&) /(5 )(1 — F*(z—))dL(x) + L*(&a) F* (&) (1 — F*(Ea))] :
" (2.41)

Now using the fact that

Fr([z Ayl=) A = F¥([z vy]-)) =1 = F*([z Vy]-)) — (1 = F*(z—))(1 = F*(y—)),
the first integral in (2.41) can be written as

/ (L(x) + L(z—))(1 - F*(z—))dL(z)

(€as00)

_2L() / (1 - P*(a—))dL(x) - / (1 - F*(z—))dL(z)

(€a,00) (€a,00)
(2.42)
Now using the above, (2.41), the identity
[ 0Pt =0 - 0= FEiE), e

(§as00)

and

/ (1 - F*a—)) [L(z—) + L(z)] dL(x) = / L2 (2)dF* (1) — (1— F* (£)) X (60).

(§as00) (§as00)
(2.44)

it can be shown that the variance of IV is given by

F72(6) (Bpe (LA(X) (g, 00 (X)) — (1 —@)?).

This completes the proof of the first part. The proof of the second part follows easily by
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using (2.42), (2.43), and (2.44) with Lo(-) — &, L(+) instead of L(-), and observing that
Leo(&n) — £aL(&,) = 0. This completes the proof. O]

Lemma 8. (Quasi-Hadamard Differentiability of x.) Suppose that F(-) and F*(-) satisfy
Assumptions S and C. Then the mapping x., : Vo — R is quasi-Hadamard differentiable
at F™* tangentially to W (F*, \) with quasi-Hadamard derivative, denoted by X r(-),

given by

Nops (V) = — / V(z—)dLo(z) — & / Vie—)dL(z) |, (249

l—a
(ga 700) (Ea 700)

with V € We, (F*, \).

Proof. Since x, p+(+) is clearly linear, to show that x,, p+(-) is continuous on W(F™,\)
we only need to establish that it is bounded. This follows, under Assumptions S and C,

from

’XO&,F*(V)‘ < 1
HVH(F*,)\) i [0

U@w) (1— F*(z=))"**d|Lc|(x)

+ ga/ (1— F*(z=)"*d|L|(z)| <00, V€W, (F*\).
o (2.46)
Let {h,},, be a sequence decreasing to 0. Also, let {V;,},., be a sequence in
W(F*, \) converging to V in W¢_ (F™*, X) under || - || (¢~ ) such that F* + h,,V,, € V for

all n > 1. All that remains now to be shown is that

lim Xa(F +hnvn)_Xa(F)

n—o00 h,

- Xa,p*(V)' =0. (2.47)

Let 74, denote 1, (F* + h,V,,), and let A, be defined as ({4, A Naens Ea V Nazn] When
o 7 Na:n and as the empty set otherwise. Now, some algebraic manipulations lead to
(1= ) (aE*+ Vi) = XalF)) = 580060~ ) [ (@ = nan)AF )

An
(2.48)

— hy, / Vo(z—)dLo () — Nam / Vo(x—)dL(z)

(Nasn,00) (Ma;n,00)
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The absolute value of the first term in (2.48) is bounded above by

(€a — na;n) (F'(&a) — F(Nam))

and Lemma 9 implies that this is o(h,,). The second term in (2.48), using Lemmas 4, 5

and 9, can be written as h,(1 — @)Xa p+ (V) + o(hy). Hence the proof. O

Lemma9. Let {V,}, -, be asequence in W(F™*, \) converging to V in W, (F*, \) under
||z~ ») such that F*+h,,V,, € V for alln > 1. Then for {h,}, ., a sequence converging

to 0, under Assumption C, we have
lim 9o (F* 4+ h, V) =&, and F(ne(F*+ h,V,)) = a+ O(h,). (2.49)
n—oo

Proof. The first part can be shown easily using the fact that F' has a point of increase at
&o (part of Assumption C). For the second part, using the first part it is easy to see that

No(F* + h, V) = F~'(a — O(h,)). Hence by Assumption C
[F(na(F* + haVa)) — al = [F(F~ (o = O(hy))) — af = O(hn).
This completes the proof. ]

Example 5
Let F5(-) denote the distribution function of equal mixture of U(0,1) and the distribution

of random variable X defined by

1
Pr <X=1+—> =Dn = Pnt1, Yn 21,
n

where p,, = 1/2(n!), for n > 1. It is easily seen that

1

1 1«
5 <1+E> =§+;(pi—pi+1)=§+pn, Vn > 1.

In particular, we observe that F;(+) is continuous at 1 (its median), but not continuous on

any neighborhood of 1. Let us define ¢,, > 0, for n > 1, to be such that

AL, a/Pa =0
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Fors:%—i-pn—i-en,anda:%,wehave

|F5[F5_1<S)] - 3‘ . ’% + Dn-1— (% + Dn + En)| _n [1 B % — 0(1)} (2.50)
|S—Oz| a |pn+€n| B 1+0(1> ‘ .

This implies that F(-) does not satisfy Assumption C2. On the other hand, if we define
Fs(-) analogous to Fx(-) but with p,, = 27", for n > 1, we get an example of a distribu-
tion function continuous at its median (equal to 1), not continuous on any neighborhood
around its median, but nevertheless satisfying Assumption C2. The plots of distributions

F5(-) and Fg(+) are given in Figure 2.5. O

00
00

(a) Distribution Function F3 (b) Distribution Function F§g

Figure 2.5: Distributions with Jumps : Understanding
Assumption C2
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CHAPTER 3

BOUNDS OF ORLICZ QUANTILES AND THEIR APPLICATION TO THE
COMPUTING ALGORITHM OF HAEZENDONCK-GOOVAERTS RISK
MEASURES

3.1 Introduction

In this and the following chapter our focus will be on the class of Haezendonck-
Goovaerts risk measures for reasons mentioned in Chapter 1. As noted in Bellini and
Rosazza Gianin (2008b), computational algorithms for the Haezendonck-Goovaerts risk
measure that are reasonably fast and that provide precise error bounds are of interest.
The design and analysis of such an algorithm is the main goal of this chapter. We begin
below by laying out the notation for our study of the class of Haezendonck-Goovaerts
risk measures.

For expositional ease we extend the normalized Young functions to the whole of R
by defining them to be zero on the negative half of the real line. We define an extension

of the Orlicz space, denoted by Xy, by

Xy = {X

X
Pr(X <0) =1or3se > 0 such that E [\I' <>} <oofors> 04 s> 54
s
3.1

We refer to these extensions simply as Young functions and the Orlicz space, respectively.

In Bellini and Rosazza Gianin (2008a), for convenience, the random variables are
restricted to L™ (the space of essentially bounded random variables) a subset of Xy. We
allow s to be greater than 0 in (3.1), unlike in Goovaerts et al. (2004), to accommodate,
for example, situations involving an exponential Young function and an exponential ran-
dom variable (as in Example 17 below). A useful property of Xy is that for X € Xy,

¢ € Rand s > 0 we have

< 00. (3.2)
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We will find it convenient to define s..(+) as

Soo(X) := inf{s > 0’]E [\I! (g) < oo}.

Note that (3.2) is equivalent to the statement that for X € Xy, s (X) = 55(X — ¢), for

allc € R.
For X € Xy, we define the Orlicz premium for X — z corresponding to W(-) and

atlevel a € [0, 1), denoted by Hx (), as the unique positive solution of the equation

E{w (;X_(;)} —1-a for Pr(X—z>0)>0,

with Hy (x) := 0 for z satisfying Pr (X — z < 0) = 1 (see Haezendonck and Goovaerts
(1982), Goovaerts et al. (2004), and Bellini and Rosazza Gianin (2008a)). For X € Xy,
we define the Haezendonck-Goovaerts risk measure corresponding to W(-) and at level

a € [0,1) by

Tx = inf (Hx(ﬂf) + ZL’) y (33)

z€R

and for convenience we define 7y (+) as
wx () := Hx(z)+z, z€R. (3.4)

For X € L*°, Proposition 16 of Bellini and Rosazza Gianin (2008a) shows that the
above infimum is attained for a € (0, 1); their argument easily extends to Xy. Moreover,
examples exist where this infimum is not attained when o = 0. Along the lines of
Example 15 of Bellini and Rosazza Gianin (2008a), for example, this occurs with the

following choice of W(-) and F'(-):

0 —0 0, z<-1,
U(z) =4 1 T ' where k> 1, and F(z) = ¢ 1, —-1<z <1,
2%k otherwise, L otherwi
, otherwise.

For this reason, and also since « values close to one are those of interest in risk manage-

ment, in the following we will restrict our attention to « values in (0, 1).
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For X € Xy, we define the Orlicz quantile as

Ix :=argmin{z+ Hx ()}.
T€R

In Bellini and Rosazza Gianin (2008a) it is shown that 7y (-) is a convex function for
X € L, and this result also easily extends to X € Xy. This, in particular, implies that
Tx is a closed interval. We find it convenient to interchangeably use 7 and Zp for mx
and Zx, respectively; note that the definition of the Haezendonck-Goovaerts risk measure
permits such a use.

We denote by U1(-), U'*(-), and '~ (-) the inverse, right side derivative, and left
side derivative of W(-), respectively. For X € Xy, by HY (-) and H (-) we denote the
right and left side derivatives of Hx (-), respectively. Similarly, for X € Xy, by 7y (*)
and 7' (-) we denote the right and left side derivatives of 7x (-), respectively.

We denote by E,, (¢(Y")) the expectation of g(Y') with Y ~ F,. Asforsucha we
have Y € L™ (C Xy), both Hy (-) and 7y (-) are well defined, and moreover are easily
seen to be random variables. Note that Hg, (-) and 7p, are natural (plug-in type) non-
parametric estimators for Hg(-) and 7p, respectively; we refer to them as the empirical
Orlicz premium and the empirical Haezendonck-Goovaerts risk, respectively. Also, in
the following for z,y € R and € > 0 by saying z ~ y we mean |z — y| < €.

As noted earlier, the lack of a closed form expression for the Haezendonck-Goovaerts
risk measures creates the need for a computational algorithm. We begin by presenting an

example to demonstrate this inherent nature of these risk measures.

Example 6
A simple example of a Young function for which the Haezendonck-Goovaerts risk mea-

sure of the empirical distribution function is only implicitly defined is given by

0, x <0,
\I](.CE) — {exp{ﬁx}—l Otherwise fOI‘ 5 > O (3.5)
exp{f}-1" ’
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This Young function is considered in Bellini and Rosazza Gianin (2008a), and from def-

inition it is easy to see that

_ B
C M1+ (1= a)(exp{B} - 1))

where M, (-) is the moment generating function of (Y — y); for Y ~ F,. Hence, 7p,

Hg,(y)

equals

: B
o {y i Mt (1+ (1= a)(exp{f} — 1)) } ’

an optimal value that clearly lacks a closed form expression. [

Bellini and Rosazza Gianin (2008b) is the only pertinent article dealing with the sta-
tistical estimation of Haezendonck-Goovaerts risk measures. In their simulation study of
the empirical Haezendonck-Goovaerts risk they employ the finincon function in Matlab®,
However, as noted there, the lack of error bounds impedes on the quality of their results.
Hence there is a need for a computational algorithm for the Haezendonck-Goovaerts risk
measures which by providing error bounds permits control of numerical errors. In this
chapter we design such an algorithm and analyze its run time complexity. We begin in

the next section by deriving bounds for Zr which form a basis for our algorithm.

3.2 Bounds for Orlicz Quantiles
By definition, esssup(X) is an upper bound of Zr; however, this is of little use
when esssup(X) = oco. In this section we derive tight upper and lower bounds for Z.

We begin with the following lemma which is useful to determine the location of Z.

Proposition 1

For X € Xy and « € (0, 1), we have the following:

i. mx () and Hx(-) are convex functions.

ii. lim =01 —-a)

=z
z—o0 Hx (@)
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iii. For x € R, we have

1 ! <7y (r)<1
— Ty (T
U—1(1 - «a) X -
Furthermore, we have
li "()—1—;<0 d Y(r)=1
:v~l>rfnoo ﬂ—X = \Iffl(l — CY) ’ an :13220 ﬂ—X T)=

iv. There exists € R such that 7x (z) = 7x.

Proof. Part 1 is easy to show, and the result in the case of z € L has been observed in
Bellini and Rosazza Gianin (2008a). For part ii, note that for z < a < b < esssup(X)

we have from part i that

Hx(a) —Hx(l') < Hx(b) —Hx(a)
a—x - b—a

<0, (3.6)

which implies that

lim su —7 < b—a
oo Hy(z) ~ Hx(a) — Hx(b)’

The above along with the definition of Hx(-) and the dominated convergence theorem
(DCT) implies part ii. Towards proving part iii we note that for z < a < b < esssup(X),

similar to (3.6), we have

i (2) < IO = Hx@) gy (3.7)

a—x

Inequality (3.7) and part ii now implies part iii. Now part iv follows easily from part
iii. ]

To derive the bounds for Zx we need an expression for HY (-). In the following
proposition we show that the reciprocal of HY" () is an expectation of (X — z)/Hx (z),
but with respect to a weighted distribution with weights depending on either the right
or left derivative of W(-) - the choice of the derivative being implicitly determined. For

the proof of this result we find it convenient to define for X € Xy a function 5(-) on
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(—o0, esssup(X)) given by

HX (l’)

= — : 3.8
Bla) =~ o (38)
Also, we define \I/;B(-), for a Borel subset B of R, by
, U'*(z), z€ B,
Up(z) = " .
U~ (z), otherwise.
Proposition 2
For X € Xy, a € (0,1) and 2 < esssup(X ), we have
b))
HY (1) = — Hx(@) (3.9)

X—=x ! X—x ’
E [(—Hx<x>> Up <—HX($)>}

where B = (—1/HY (), 00).

Proof. Defining A,(y) := I}X;é), and using convexity of ¥(-) we have

S0 (A(y)) (BRI @) B(x).
U (Are() — U (A, (y)) ( @))( x@) ) y < B(z)

Lo e =" v=ote)
, Ay ;rx
—U (Au(y)) (P > B(a),
(3.10)

Then we have using convexity of W(-), Lemma 12, and the dominated convergence theo-

rem that

|y ) = ¥ (00

—E [(1+ A(X)HY (2)) (U (Ae(X)) Ixsp0)) + V' (Ae(X)) Iix<pia)]
HX (.17) .

The proof is completed by rearranging the last expression. [

The following example demonstrates the need for the generality of the expression

provided in (3.9).
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Example 7
Let F'(-) and ¥(-) be given by

O7 (L’ < O, 07 l’ < 07

26

2, 0<z <1, , 0<z<1,
Fr) =<5 = and V(z)= X ’

5 1< <2 20 —1, 1<x <2,

17 X Z 27 3ZL’ - 3, xT Z 2

For o = 4/5 it is easily checked that HY} (0) = —2/3 from the fact that,

2
HX(x):—gle, for x € [0, 1).

We confirm that in this example we have

1 :_2'3_1(>\Iﬂ+(2)+1'%‘I’”(l)+0.%@f—(0)
H (0) Ly + 20-(1) + Bo-(0)
which agrees with (3.9). §

Now we provide a result, likely of independent interest, which we need to bound

HY ().

Proposition 3
Let X € Xy be such that s.(X) < 1 and E [¥(X)] > 1. Then for any Borel subset B of

R we have
E [X\I/jB(X)] >E [%(X)] (3.11)
Moreover, if we have E [W(X)] > 1 then we have strict inequality in (3.11) as well.

Proof. Using that s,,(X) < 1, Lemma 12 and convexity of ¥(-) we have

E [X U (X)xep)] — E [0 (X) I xen]

=E [(X - 1)\Ij/+<X)I[X21 and XeB]i| —E [(1 B X>\IJ,+(X)I[X<1 and XGB]] (3.12)

>E [(\I/(X) - 1)1[)(21 and XGB]] -k [(1 - X)‘I’/+(X)I[x<1 and XEB]} :



54

Similarly, we have

E [X\Illf(X)[[XGBc]] —E [\Iflf(X)[[XGBcﬂ

(3.13)
> E [<‘I’(X) - 1)I[X21 and XeBC]] —E [(1 - X)‘Ijlf(X)I[Xgl and XeBcﬂ .
Now note that
E[P(X)] > 14 E[(¥(X) - Dlxsy] > E[(1 - ¥(X))xa] - (3.14)

Combining (3.12), (3.13), (3.14) and convexity of W(-) we have
E [X U (X)jxep + XV (X)Ixepe| — E [ (X)Ixen + V' (X)1xepe]
>E[(1 - U(X))x<]

CE[(1 - X)W1 1= X)w ()1

[x<1 and xeB) + (

(1= X)W (X)L

X<1 and XeBc]

> E [(1 - X)\I}/+(X)I[X<l and xen) T x<1and XeBc}]

1o

[x<1 and xeB] + x<1and xeBe| |

CE[(1— X)Xl 1= X)w ()1

In the case that E [¥(X)] > 1 we have strict inequalities in (3.14); this results in,
E [ XU (X)1xep + XV (X)xepe] > E [V(X)1xep + V' (X)][xep] -
Hence the proof. 0

The following theorem provides tight bounds for Zx.

Theorem 3

For X € Xy and a € (0, 1), we have the following:
i sup{Zx} < ¢} (F)andinf{Zx} < q.(F).
1. For Vx € R, we have

E [X] _ \I/71<1 . a) (f)i(\;)_l_(lE [X]

) <inf{Zx} (3.15)

Proof. Since by definition 7y (z) = x for x > esssup(X), it follows that

sup {Zx} < esssup(X).
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Hence in establishing the first (resp., second) inequality of part 1 we assume, with-
out loss of generality, that ¢ (F) < esssup(X) (resp., ¢o(F) < esssup(X)). Since
¢t (F) < esssup(X), we can choose ¢ > 0 such that ¢ (F') 4+ 0 < esssup(X). Then for

€ [¢a(F), qF (F) + 0] we have,

B v (5o )X >

with strict inequality in the case that ¢} (F') < z < ¢ (F) + J. Now (3.16), along with

E (v (= _
- P[‘r (E(H>(x))>} B Per i:p) z L (3.16)

Propositions 3 and 2, implies that for = € [¢(F), ¢ (F) + 4],

O (2) = 1+ Y (2)
" v () Tsen + ¥ (75 Tovso]
E | (z%fi)) Tocs s — Frxiay ¥ (Hx@ ) Ix<pe ”] (3.17)
L E [\p’+ (é{zi)) Iix>p@) + ¥~ ( e )> Iix<g(a) ‘X > x}
E | v (7555) Tooen — iy ¥ (A0 fvsonl X > 1]
>0

again with strict inequality in the case that ¢} (F) < =z < ¢! (F) + 0. Since 7x (+)
is convex, this completes the proof of part i. Towards proving part ii we note that for

x < esssup(X), using Jensen’s inequality, we have

E|X]| - X —
p(EX =) gl (X V| 2y
x () —x wx () —z
This combined with the fact that () is non-decreasing, and that
E[X] <esssup(X) <mx (z), V&> esssup(X),
implies that

E[X] -0 '(1—a) (ff (\;EL_GE_PSJ <z, VreR. (3.18)

Since

inﬂf{wx () =mx =7x (%), V" eIy,
ze
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it follows from (3.18) that for all x € R and z* € Zx we have

=i w7 (R <m0 - ()

< z*.

Hence the proof. [

Remark 1
In the case of the T-VaR, i.e. when ¥(z) = (x),, it is known that Zp = [q.(F), ¢} (F)],
see Rockafellar and Uryasev (2002). Hence, the upper bounds in Theorem 3 are tight.

The best possible lower bound provided by Theorem 3 is clearly

Wx—E[X]
1—\11—1(1—04))'

Lx =E[X] - U (1—a) ( (3.19)

Continuing with the case of T-VaR we see that for an F'(-) with
0= F(ga(F)=) < F(ga(F)) = o,

L x equals g, (F'), thus demonstrating that the lower bound is tight as well. In the case of

U(x) = (z)4 it is interesting to observe that
1
Lx =g (F)— E[(gi(F) - X).].

This demonstrates that the quality of the lower bound is dependent on the heaviness of

the lower tail of X.

While sup{Zx} < esssup(X), we end this section with an example that demon-

strates that inf{Zx } can be less than essinf(X).

Example 8
Let F'(-) be a Bernoulli distribution with ¢ := F'(0) > o,and p := 1 — ¢ (< 1 —«). Since
¢o(F) = ¢ (F) = 0, it follows from Theorem 3 that sup {Zr} < 0. This is also easily

confirmed directly by observing that



57

which in turn implies that

8_+
0z

1
l-——F——<>0, 0<2z<1 (3.20)

z=z - Pl (17—04>
p

The choice V() = x, leads to, as shown in Figure 3.1 (a) (for p = 2.5% and o = 95%),

7 (2)

inf {Zr} = 0; hence (3.20) does not imply sup {Zr} < essinf(F’). We note that if we
instead require U(-) to be differentiable (which implies that U/(0) = 0) then

0

1
EZWF(Z)

=l >0,
=0 P-1 (1—_Oé>
p

implies that sup {Zp} < essinf(F) = 0. An example of such an Young function is

U(z) = (x,)?% Figure 3.1 (b) provides the graph of 7z (+) for p = 2.5% and o = 95%.
O

0.520
1
0.720

0.515
1
0.715
I

0.510

(%, X)
(X, x)

0.710
I

0.505
1

0.500
1
0.705
I

T T T T T T T T T T T
-0.001 0.000 0.001 0.002 -0.04 -0.03 -0.02 -0.0107 0.00 0.01 0.02

(a) Case i: ¥(z) = x4 (b) Case ii: ¥(z) = (z4)?

Figure 3.1: 7p (+), when X ~ Ber(0.025) and a = 95%

3.3 Simplified Algorithm

For expository reasons we first describe a version of our algorithm that embodies its

key ideas; the actual algorithm is presented in the next section. To construct this version
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we will need two results; toward presenting these we begin by adding to our notation. For

a given X € Xy, by A(+, -), we denote the function on R x R* defined by

Az, s) =E [\p <X_‘”)] —(1-a)

S

Also, let A" (-, -) and A%~ (-, -) be defined by

A (2, 5) == %E [\If (X — 2)} and A% (z,s) := %E [\I/ (X — x)}

S z

zZ=T zZ=S

We summarize the properties of A(-,-) in Lemma 13 of section 3.5. We note that for
x < esssup(X), Lemma 13 implies that Hx (x) is the unique non-negative solution of
A(z,+) = 0. For 2 < esssup(X) we define functions N, (-) and N(-) on (s, (X), 00)
defined by

(3.21)

and

NZ(h) =N, (NP7'(h)) for meN, where AN(h):=h,

T

respectively. By convention, we define AV, (0) := 0. The following proposition provides
the properties of N, (-) needed for our algorithm. Note that NV, (-) defines the Newton-

Raphson steps towards computing Hx ().

Proposition 4

For X € Xy, o € (0,1) and = < esssup(X). Then we have the following:
i Hy (2) > E[(X —2),] /9711 —a) > 0.
ii. h < Np(h) <N (R) < Hx (x), for soo(X) < h < W < Hx ().

iii. N (+) is left continuous on (s (X), 00).

iv. lim N(h') = Hy (z), for s,o(X) < b’ < Hx ().

n—oo
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Proof. Part i follows easily from Jensen’s inequality. In the following x, h and h’ denote
reals satisfying z < esssup(X) and so(X) < h < b’ < Hyx (z). Towards establishing

part i1 we note that parts a and ¢ of Lemma 13 imply that

Az, h') — Az, h)

A(z,h) >0, A> (2,h) <0 and > A*"(z,h).

n—h
These imply that
h < N(h) :h’—(h’—h)—%
A /
<h - % =N (I).

Part ii now follows by observing that Hx (z) is a fixed point of N, (-). Part iii follows
from parts a and ¢ of Lemma 13. For the proof of part iv we note that part ii implies
N*(h') is a monotone non-decreasing sequence bounded above by H (z), and by part
iii nlg& N(h) is a fixed point of NV, (-). The proof is now completed by observing that
Lemma 13 implies that Hy () is the unique fixed point of ANV, (-). O
The following corollary provides a method that we use to compare 7x (z;) and
7x (xi41) for z;, x; 11 € G.. We skip its proof as it easily follows from the above propo-
sition.
Corollary 2. Let X € Xy, a € (0,1), z < esssup(X) and soo(X) < h < Hx (x). If we

assume wx (x) > mx (y), then there exists N € N such that
r+ NI (h) > 7x (y), (3.22)

forany n > N. Furthermore (3.22) implies wx (z) > mx (y).

The simplified algorithm is a grid search algorithm starting from the right most grid
point and proceeding left in unit steps. In the following proposition we provide a method
for constructing a grid satisfying certain properties that are key for the well functioning

of our algorithm.
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Proposition 5
Let X € Xy and v € (0, 1) be such that ¢ (F) < esssup(X). Then for any given € > 0,
in finitely many calculation, one can construct an explicitly defined grid z; < ... < z;

(with J > 3) satisfying the following:
i. Zx C (x1,2,), and z; < esssup(X).

. B <
ii. QI?]EL}SMJ zj| <e

iii. {mx (x;)}1<;<s is an U-shaped sequence.

—e< <
iv. lr<r;1nj7rx(xj) e <mx 1%1?]Wx<xj)

Proof. We choose ¢ in (0, €) such that ¢} (F') 4+ € < esssup(X). In the case that
E [(X — (qH(F) + e’))+] > s (XU — @),

we define

E[(X — (g2 (F) +€)).].

hi= (1 —a) ’

else we choose a h in (soo(X), Hx (¢t (F') + €')) in finitely many steps by employing a

trial and error method. Since h € (so(X), Hx (¢t (F))), by Proposition 4

lim Nm ( ) = HX(qg(F)+e'),

m—00

which in turn, along with Theorem 3 1., implies that for some integer m > 0

E [\IJ (%)} <l—-a, (3.23)

where 7 := N™(h)+q} (F)+¢€'. Since (3.23) implies that 7x (¢} (F')) < 7, by Theorem

3 1i. we have

ﬁ::E[X]—qf—lu—a)( T EEX] )ginf{IX}

a)

H
Now let J be an integer such that ¢ (F')—L < (J—3)e. Thenthe gridz; < 2o < ... < x,
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defined below satisfies parts i and ii:

¢t (F) - L
J

mj::f/+ —3

(j—2), 1<j<J-1; x5:=q(F)+¢.

Part iii follows easily from Theorem 3 and Proposition 1. Finally we can easily prove that

any grid {x1,--- ,z;} satisfies part i, ii and iii also satisfies part iv by Proposition 1. [

The simplicity of the version of our algorithm described in this section primar-
ily derives from three assumptions that are usually satisfied in practice. First, we as-
sume that s,,(X) = 0. This mild assumption' has been used before in the literature
(see Goovaerts et al. (2004)). Second, we assume that ¢ (F) < esssup(X) which is
clearly satisfied when ess sup(X) = oo - a common situation in practice. Also, in the
case that esssup(X) = oo, for sufficiently large sample size n, ¢} (F,) < esssup(F,).
This assumption implies that for any ¢ > 0 we can by Proposition 5 construct a grid
T <Ty<...<wy_1 <uxy, for some J > 3, satisfying properties listed therein. We

assume that this grid further satisfies
X (l’jfl) 7&7TX (:ch), for ] :2, ,J. (324)

In the case when Zx is a singleton, the set of such grids that do not satisfy (3.24) is of
Lebesgue measure zero. It is worth emphasizing that the algorithm of the next section
will not need any of these assumptions. We summarize the first two assumptions for the
simplified algorithm below; also let G := {x1,--- , 2} be the grid in Proposition 5 that

satisfies (3.24). We refer to GG, as a standard grid.

Assumption SA:
SAL. s5,(X)=0.

SA2. ¢f (F) < esssup(X).

"Example 17 in Chapter 4 is an example where this assumption fails to hold.



62

S1. Assign 71x (zy); 7 =J

N1. Compute ﬁx(l‘jﬂ , ‘
J Jji-1

l

N3. Compute 7x(x;) N2. Compute Tx (x;_1)

No

Yes

S2. StOpZ Tx € [frx($j+1) — (Ij+1 — xj_l),ﬁ'x($j+1)]

Figure 3.2: Flowchart for the Simplified Algorithm

Now we explain the simplified algorithm which works under Assumption SA and
under the assumption of the existence of a standard grid, GG.. Flowchart of the simplified
algorithm is given in Figure 3.2. We first define the initial value, ho(-), of Newton-

Raphson steps at each grid point as

E[(X — ;)]

holz;) = U-11—a)’

for z; € Ge. (3.25)
Assumption SA and Proposition 4 imply that

0 < ho(z;) < Hx (x;), forany z;€ G (3.26)
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Now, we explain the manner by which the simplified algorithm determines whether

mx (z;) > mx (xj41) or mx (z;) < mx (2j41). Recall that we have
Tx (2;) # 7x (zj41) forany ;211 € G,

by the assumption on the grid. First consider the case, 7y (z;) > 7x (z;11); inequalities

(3.26) and Corollary 2 guarantee the existence of N € Nj such that
Z; —|—./\/-;] (ho(l’J)) > Tx ($j+1) s (3.27)

for all n > N. We note that the inequality (3.27) is equivalent to the two simultaneous
inequalities

X —zjp

s (N (hola;)) + (x; — 751

>] <l-a and N (ho(z)))+(z; —2j41) >0,
(3.28)
which are verified in Step C1 of the simplified algorithm. In the alternate case of

mx (2;) < 7x (Tj41)

we use a procedure similar to the one described above using instead N, 21 (ho(zj41)) for

n € Ny. By repeating these procedures on the grid, G, the algorithm can find an z; in

{a,-- ,x;_1} such that
Tx (l’j_l) > Tx (x]) and 7y (.73]) < Tx (.CE]'_H) . (329)
Hence 7x (x;) is the minimum of {rx (z1),---,7x (x;)}. Furthermore (3.29) and

Proposition 1 imply that Zy C [xj_1,Z;41].
Finally, we explain the manner by which the simplified algorithm constructs an
approximation for my. In the simplified algorithm, (3.29) is identified through the in-

equalities

zj1 + N (holzj-1)) > mx (z;)  and 7x (27) < @01 + NI (ho(41))

(3.30)
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for some n;_1, nj1; € N. Using Newton-Raphson steps in (3.30), the simplified algo-

rithm constructs the following approximation for 7y:

Lij+1 — Tj—1

T = i1 T NG (ho(241)) — 9

Jj+1

(3.31)

Finally, (3.30), Proposition 1 and convexity of 7x (-) imply that the output of the simpli-

fied algorithm, 7%, satisfies
% € [mtx —€,mx + €. (3.32)

The following example demonstrates the performance of the simplified algorithm.
We note that the implementation of the simplified algorithm used for this example incor-

porates some techniques described under Implementation Detail 1 in the next section.

Example 9
Let F'(-) denote the exponential distribution with mean 1 and let F,,(-) denote the empir-
ical distribution function corresponding to a random sample of size n. Also, let « = 0.95

and W(-) be defined by

0, r <0,
\IJ(Z’) - {:c2+x

5+, otherwise.

Since ¥(-) is a quadratic polynomial on the positive reals, we can easily calculate exact

values of the Orlicz quantile and the Haezendonck-Goovaerts risk; these are given below:

Tp = {— log (0.05 (\/153 . 11))} . where — log ((0.05\/153 _ 11)) ~ 2.681420

(3.33)
and
VIB3 - 11
mp = —log (0.05 (\/153 . 11)) + 5L\/1_7 ~ 4.242973. (3.34)

First, we use the the simplified algorithm with a grid containing 1, 000 points which re-
sults in the lower and upper bounds for Zz given by xgs50 ~ 2.6794 and xg54 ~ 2.6838,

respectively. Furthermore, the simplified algorithm also concludes that 7 belongs to
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the interval [4.238642,4.242975]. The exact values in (3.33) and (3.34) confirm the va-
lidity of these conclusions. Figure 3.3 plots the number of Newton-Raphson iterations
employed by the algorithm to compute 75 (), for j = 853, ...,1000. From this figure
it is seen that most of the grid points require a single iteration with a few grid points at

both the ends being the only exceptions.

Iteration Number

- d .
T T T T
850 900 950 1000
Grid Indicies(grid span=0.002)

Figure 3.3: No. of Newton-Raphson Itera-
tions at Grid Points z;, 7 = 853, ...,1000

Second, we employ the algorithm for F),(-), with sample size n = 1,000 with
1,000 grid points, and this is repeated for 1, 000 runs. The number of Newton-Raphson
iterations for each of these 1, 000 runs is similar to that shown in Figure 3.3, i.e. most grid
points require a single iteration with a few of the grid points at both ends requiring more
iterations. We note that it is only the grid points xg99 and x19gg that require more than two
Newton-Raphson iterations. Also, the number of iterations at xg99 and x; oo are always
the same. The mean number of iterations at a grid point is 1.024987, and the average
number of grid points visited by the algorithm approximately equals 147. We report a

summary of the number of iterations used by the algorithm in Tables 3.1 and 3.2. [l

In the above example we observe that for most values of j, except for a few grid

points at both the ends, a single Newton-Raphson step is sufficient for the comparison
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of g, (xj_1) and g, (z;). While such a good performance of the simplified algorithm
is partly due to the fact that the comparison of 7, (z;_1) and 7, (x;) does not require
exact calculation of these values, we also emphasize that part of the reason is also that the
Newton-Raphson steps generally converge fast. In the next section we prove the exponen-
tial convergence rate of Newton-Raphson steps, and using this guaranteed convergence

rate we describe a generalized version of the simplified algorithm.

# of Grid Points | 0 1 2 3 4 5 6 Total

#of Samples | 408 | 0 [359| 0 |231] O 2 | 1,000

Table 3.1: Distribution of No. of Grid Points Excluding zg99 and
21000 that Require at Least 2 Newton-Raphson Steps

# of Newton-Raphson Steps | 1 2 3 4 | Total

# of Samples 0 [989 | 11 | O | 1,000

Table 3.2: Distribution of Newton-Raphson Steps at x10q9

3.4 The Algorithm

In the previous section we described a simplified algorithm which computes 7y
for X € Xy under the Assumption SA and by assuming the existence of a standard
grid, G. In this section we provide an algorithm which is a more generalized version of
the simplified algorithm in that it requires neither Assumption SA nor the existence of a
standard grid. Furthermore, this algorithm is faster than the simplified algorithm due to
it adopting a bisection algorithm in the grid search. This algorithm is structured with a
core part wrapped as a sub-algorithm, and the algorithm repeatedly employing the sub-
algorithm with varying inputs until an €* approximation of 7x is achieved. In this section

€*(> 0) denotes the required approximation error rate for wx. We also define an internal
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error rate, € := %e*, which is used only in the sub-algorithm.

We treat s..(X) as an input for our algorithm as it can usually be analytically
determined. By [(F') and h*(F) we denote real numbers such that Zxy C (I(F), ¢! (F)]
and h*(F') > Hx (I(F')); Lemma 11 guarantees that these can be calculated in a finitely

many steps. We denote by 7(+) a function from R? to R defined by

n(a,b) := (z1,...,27) wherez; =a+ (b—a)*

By H r we will denote a class of non-increasing functions on [I(F'), ¢/ (F')] such that for
h() € Hp,

Soo(X) < max {h(Qi(F))J (44 (F) = esssup(X)) E[X ~2),] } < h(z) < Hx (z),

T T(i—a)

for € [I(F), q7(F)] \ {esssup(X)}, and h(g} (F)) = 0if g7 (F) = esssup(X).

Moreover, we will require the functions in Hr to be such that they can be evaluated at
any point in a finitely many steps.

Lemma 11 implies that in a finitely many steps we can specify ho(q! (F')) such

that ho(¢2 (F)) € (Soo(X), Hx (gt (F'))]. Thus a simple definition of hy(-) € Hp on the

interval [[(F'), ¢} (F)) is given by

ho() = max {ho<q;<F>>,f (42 (F) = ess sup(X) M} V€ U(F), g (F).

3.4.1 Sub-Algorithm

In this subsection, we describe the sub-algorithm. Similar to the simplified algo-
rithm, the sub-algorithm is a grid search algorithm which works on a given equidistant
grid, x1 < - -+ < @7, under the assumption that Zx C [zq, x7]. Goal of the sub-algorithm
is to provide a finer interval for Zx. Unlike the standard grid, GG, in the simplified al-
gorithm, now it is possible to have 7y (z;) = 7x (z;41) for some z; € {x1, - ,z6}—
see Example 11 for instance. Since it is not possible to conclude 7x (z;) = mx (zi41)

within a finite number of Newton-Raphson steps, we introduce 7x (z;) ~ Ty (r;41) asa
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third possible conclusion to the comparison exercise of wx (x;) to mx (x;11). Proposition
7 explains how the sub-algorithm categorizes the relationship of 7y (x;) with mx (x;41)

into one of the following:

€

Tx () > mx (wi1); 7x () <7x (Tiga) 5 Tx (@) = T (Tig) -

Based on these three conclusions, the sub-algorithm provides an interval for Zx. Fig-
ure 3.4 contains the flowchart of the sub-algorithm, and the key properties of the sub-
algorithm are summarized below in Theorem 4. We begin by stating three propositions
that are used in the proof of Theorem 4; the proofs of the propositions are provided in the

final section of this chapter.

Proposition 6

Let X € Xy, a € (0,1) and h(-) € Hp. Also, let
I(F)<a<b<g(F),
and u be an upper bound for Hx (a). Then for all z € [a,b] \ {esssup(X)} we have
Hx (x) = NJ(h(x)) < (C)" (u—h (b)) forany n € Ny, (3.35)

where C' € [0, 1), computable in finitely many steps, is given by

L hwy B[R (R,
C:=1 ( u )E[\Iﬂr (f@?) (f(_b?)J

for ¢ (F) < esssup(X), and otherwise is given by?

(U1 - )
v (F)

h(b)) E o+ (352) (52),]

u

C :=1—max (

l—«a

(3.36)

%In the case that h(b) = 0, we defines C in (3.36) equal to C\, of (3.68).
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Let X € Xy, a € (0,1) and h(-) € Hp. Also, let [(F) < a < b < ¢t (F), u be an upper

bound for Hx (a), and for € > 0 let N be given by
N:=inf{n>1:¢>(C)"u},
where C is that of proposition 6. Then for =,y € [a, b], the sequences
N (h(z)) and N (h(y)), n €N,
are well-defined and we have the following:
1. Forn > N we have

0< Hx () = NIh(z)) <e.

T

ii. Ty(x) =~ mx(y)if, for some ny,ny > N, we have

7+ NP (o) < 7x(y), and g+ N2 (h(y)) < mx(a).

Proposition 8

(3.37)

(3.38)

(3.39)

(3.40)

Let X € Xy and v € (0, 1). Then for a given internal error rate € > 0, the sub-algorithm

working on input (37, ¥, &z, % (1)) in R? x R* x Hp with
Tx C [¥7, ] € [I(F), q7 (F)), and g > Hx (£7),

. —
gives output, <tag,a:_L>,a:_>H,x_o>,1TL>, h

()), with the following properties:
: = = TN i 2 + :
i. The output (z7,zg, h(:)) in R? x RT x Hp satisfies

Ix C [#f. 4] C [F2. ¥n] and (77 — 71) < (b — ¥1)/2,

also

(3.41)

(3.42)
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ii. The approximation error bounds of 7 for each possible value of the output tag are

those given in Table 3.4.

Theorem 4
Let X € Xy and « € (0, 1). Then, for a given internal error rate ¢ > 0, the sub-algorithm

%
working on input (¥7, ¥, 4z, b (-)) in R2 x Rt x Hp with
Tx C [br, ] C[U(F). g5 (F)), and iy, > Hy (¥1), (3.43)
_>
produces an output vector, (tag, L. Th. 1o, ul, B ()> with the following properties:

i. The sub-algorithm terminates within O(— log(€)) number of evaluations of expecta-

tions under F'.

_)
ii. The output (Z7, 27, uz, h (-)) in R2 x Rt x Hp satisfies

Ix C [vf, 2] C [, ¥ with (27 —77) < (¥ — ¥1)/2, (3.44)
along with
W) <H() and 7 >al > Hy (7).

iii. The sub-algorithm defines an approximation of 7x, denoted by 7y, given by
_>
Ty = h(T3) + 7.

The approximation error bounds for 7y for each possible value of the output tag are

given in Table 3.4.

Proof. Part i is easily derived using Propositions 6 and 7. Parts ii and iii immediately

follow from Proposition 8. 0
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3.4.2 Algorithm
The algorithm repeatedly employs the sub-algorithm until the approximation of 7y
achieves the error rate, €*. The algorithm is pretty much self explanatory with Figure 3.5,

Tables 3.3 and 3.4. We summarize the properties of the algorithm below in Theorem 5.

Theorem 5
For X € Xy and « € (0, 1), the algorithm working on input, (¢} (F), so0(X), €*), satis-

fies the following properties:
i. The output (%, 7, ¥7) satisfies
Ty €lnx — €, mx +€] and Ix C [E;YH]a
where 7% =Ty — % ub and [b are defined in Table 3.4.

ii. The algorithm terminates within O ((log(e*))Q) number of evaluations of expecta-

tions under F'(-), the distribution function of X.

Proof. When the final call to the sub-algorithm results in a tag other than T1, Part i fol-
lows easily from Theorem 4. When the final call to the sub-algorithm results in the tag T1,
Table 3.4 and Step vi in Figure 3.5 guarantee that ub — (b < Te, which proves part i. For
part ii, we know that from Lemma 11, that the algorithm calculates (I(F'), h*(F'), h(-))

such that
Ix C(F),qf(F)], b (F)>Hx((F)), and h(-)€Mr (3.45)

within a finite number of evaluations of expectations under F'(-). Note that (3.45) guar-
antees that (I(F), ¢t (F'), h*(F), h(+)) satisfies the conditions in Theorem 4. Hence from
Theorem 4.ii and iii we know that O(— log(e*)) calls to the sub-algorithms guarantees
either 7, — z7 < e or |7% — x| < Te. Furthermore, each call to the sub-algorithm

is guaranteed to terminate within O(— log(e)) = O(— log(e*)) number of evaluations of

expectations under F', which proves that the complexity is O ((log(e*))Q). We end by
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observing that the complexity of Step vi in Figure 3.5 is O (log(€)) = O(—log(€*)). O

7+ n (¥, %5); Hx() — %(), Compute N; j« 7

jej—1

jei-1

N1. Update #x(%;)

N3. Update #x (%;)

No

(&)

N2. Update 7x

Generate output;
Stop

Figure 3.4: Flowchart of the Sub-Algorithm

3.4.3 Implementation Details

In this sub-section we provide some techniques used in the implementation of the
algorithm to improve its performance in practical situations. These are collected under
Implementation Details 1 and 2. Implementation Details 1 suggests an efficient way
of implementing Newton-Raphson steps in the algorithm. Lemma 10 shows that such
Newton-Raphson steps in the sub-algorithm are well-defined and converge faster than
previously defined Newton-Raphson steps in (3.38). We note that Implementation Detail
1 can be easily applied to the case of the simplified algorithm under the Assumption SA

and under the assumption of the existence of the standard grid, G..
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Output
Stopping Rule
Tag | Z[ | T | %0
mx (xj-1) ~ x () ~ wx (xj41) | TO 1 T7 | Tjg1
X (.CCG) > Tx (.T7) T1 Te X7
X (.CCl) < Tx (332) T2 1 o
X (xj_l),ﬂ'x (1‘j+1) > Tx (x]) T3 Tj—1 | Tj+1
TX ( ) > Tx ((L‘G) é ({E7) T4 x5 X7 $—>H
Wx(l')éﬂ'x(xg)<ﬂ'x(.%’3) T5 x1 x3
€
mx (2j-1) > mx (7)) & 7x (2541)
T6 xj_l xj+2
and mx (zj4+1) < mx (Tj+42)

Table 3.3: Sub-Algorithm: Stopping Rule and Output

- Ib< iy —mx < ub

I ub
TO —e 6-c
Tl | —(Hyx () - 1 (22)) | (b —F1)/6
V) 0 (¥ —¥1)/6
T3 0 (¥ — ¥1)/3
T4 —e (bm — 1)/3
TS 0 (b —¥1)/3
T6 0 (¥m —¥1)/2

Table 3.4: Sub-Algorithm: Error Bounds for 7y



74

%
<—
Compute &z and h

{ i 7« I(F) and ¥q
)

at (F); }

Sub-algorithm:
. tputs (f, 8, B, ()

Output: (tag, T, TH,TO,UL,

i Is ta@

Yes
vi. gpdate ﬁ() to satisfy 1
H(@e) ~ He (T}

{vii. Output 7%; Stop}

Figure 3.5: Flowchart of the Algorithm

Implementation Detail 1
(_
h

Let X € Xy, @ € (0,1), h(-) € Hp and € > 0. For a given grid, {xy,--- ,2;} , the

sub-algorithm (the simplified algorithm) defines new Newton-Raphson steps on the grid

as follows:

_

i. Define HY () (x)onx € {xy, -+ ,x;}.

ii. In Step N1, we define

0, xy > esssup(X),
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and for z; € {x1,--- ,zy;_1}and nj,nj; —1>0,
HY ™ () = N, (max {]:I;? (z;), Hy™ (xj+1)}> : (3.46)
iii. In Step N2, when z; € {xs,--- ,z;}andn;_y,n; —1 >0

Hy ™ (a500) =

ij_l (max {[:];?*1 (2;1), ]f];l(y () + (a; — 1‘;‘—1)}) (3.47)

iv. In Step N3, when x; € {z3,--- ,z;} and nj_1,n; > 1
1 1
Hy ’ (z5) ==
N, <max{ T (25), Hy ™ (zj-1) + (xj-1 — x])}) , xj <esssup(X), (3.48)
0, xj > esssup(X).
Though N defined in Proposition 6 and 7 for the given h(-) € Hp and grid,

ry < --- < x7, guarantees that

|Hx (x) = N (h(z))] <e forany n > N, x € [x1,27], (3.49)

xT

often times N may be prohibitively large for the first few calls to the sub-algorithm, and
hence its practical use is questionable— see for instance Example 10 and Example 11.
However, we note that actual convergence of Newton-Raphson steps is much faster than
that guaranteed by (3.49). For instance in Example 11, calculated N in (3.49) for the first

sub-algorithm is 1, 377, 301, but in only 5 iterations it achieves
’N:?S (h(]?g))) — HX (1‘5)’ < € and }./\/;?5 (h(l'(;)) — HX ($6)} < €.

Convergence of ﬁ}‘( (x) defined in Implementation Detail 1 is so much faster that in a

single Newton-Raphson step it achieves
HL (25) — Hy (xg,)‘ < ¢ and )H}( (zg) — Hx (z6)] < €.

We provide details of actual convergence of N (h(x)) and H? (z) at the grid points, x5

and z¢, in Figure 3.6 and Table 3.7.
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To avoid unnecessarily many Newton-Raphson steps, we explain a new method to

declare mx (z;) ~ Ty (2;41) under Implementation Detail 2.

Implementation Detail 2
Let X € Xy and a € (0, 1). For the given internal error rate ¢ > 0, consider the sub-

algorithm working on input (¥, ¥, &z, %()) in R? x RT x Hp with
Ix C [bz, %) € [I(F), qf (F)), and i > Hx (¥7).

Define N as in Proposition 6 and 7, and let N’ be a predetermined small positive integer
(For instance, N’ := 5). If N > N’, we adapt the following special implementation in
Step E1 of the sub-algorithm:

Ifnj,n;41 > N'and H (z;), HY (2,,1) satisfy the following inequalities

A

HX ([I)J) — H?( (ZEJ) S € and HX (xj—i-l) — H;l( (IL’j+1) S €, (350)

we conclude

€

X (1’3;1) ~ Tx (1’]'), (351)
and move to Step E2. Otherwise we cannot conclude (3.51) and move to Step N2.

We note that the inequalities in (3.50), by Proposition 7, imply (3.51).

3.4.4 Performance of the Algorithm

In the following two examples we use R-functions HaezC and HaezE, whose
source code is provided in the Appendix, for the calculation of the given Haezendonck-
Goovaerts risk measures. In both examples, we use the above algorithm with Implemen-

tation Details 1 and 2 with N’ := 5.
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Example 10
Let F'(-) denote the exponential distribution function with mean 1, v = 0.95, and let U(+)

be given by

0, z<0,
‘I’(:v)={2

x®, otherwise.

It is easily shown that 7x (-) is a strictly convex function which implies that Z is a sin-

gleton. This rather simple Young function allows us to explicitly compute the following:
Irp ={—1log(2- (1 —«))} where —log(2-(1—a))~ 2.30259, (3.52)

and
e =2—1log(2- (1 —a)) ~ 4.30259. (3.53)

We use the above algorithm to calculate 7 with €* = 0.01. The following R commands

using HaezC function calculate
TR € [Ty — €,y + €] = [4.285491,4.305491] ,

which is consistent with (3.52) and (3.53). Furthermore the algorithm also provides an

interval for Zr

(71, 77] = [2.279728,2.316498] ,

and clearly Zp C [x_f , x—ﬁ] We provide the details of each sub-algorithm call in Table

3.5. As you can see from this table, we note that the first four sub-algorithm calls finish

with Tag T3 while the final sub-algorithm call finishes with Tag TO.

> library (haezendonck)
> RC <- HaezC(alpha = 0.95, epsilon = 0.01, upquantile = NULL,
+ lowsupport = 0, upsupport = Inf, mybeta = (1 - 0.95)"70.5,
+ Haz = function(x) { x"2 }, Hazd = function(x) { 2 * x},
+ mydist = function(x) { exp(-x) })
> print (RC)
> print (RC)
Haezendonck—-Goovaerts risk measure Orlicz Quantile

Estimation 4.295491 2.298113



| il 1 | s 5 4 3 2 1
] Grid #1: N = 1,004,402 and N’ = 5 \
z; | 2.99573 | 2.49953 | 2.00332 | 1.50711 1.01091 0.51470 0.01849
mx (v;) | 4.40995 | 4.31197 | 4.32614 | 4.48402 | 4.82608 | 5.40420 | 6.28484
A7y (xj-1) >0 <0
N-R Steps at x; 3 3 1
| Grid #2: N = 67 and N' =
x; | 2.99573 2.83033 2.66493 | 2.49953 | 2.33412 | 2.16872 | 2.00332
wx (z;) | 4.40995 | 4.36647 | 4.33351 4.31197 | 4.30283 | 4.30717 | 4.32614
Armx (z-1) >0 >0 >0 >0 <0
N-R Steps at x; 2 1 1 1 1 1
| Grid#3: N =9and N' = 5
z; | 2.49953 2.44439 2.38926 | 2.33412 | 2.27900 | 2.22386 | 2.16872
wx (x;) | 4.31197 4.30750 4.30444 4.30283 4.30273 4.30416 4.30717
Arx (zj_1) >0 >0 >0 >0 <0
N-R Steps at z; 1 1 2 2 1 1
| Grid#4: N =3and N' =5
x; | 2.33412 | 2.31575 | 2.29737 | 2.27899 | 2.26061 2.24223 2.22386
wx (z;) | 4.30283 4.30263 4.30259 4.30273 4.30303 4.30351 4.30416
Armx (z-1) >0 >0 <0
N-R Steps at x; 1 2 2 1
| Grid#5: N =2and N' = 5
z; | 2.31575 | 2.30962 | 2.30349 | 2.29737 | 2.29124 | 2.28512 | 2.27899
wx (z;) | 4.30263 | 4.30260 | 4.30259 | 4.30259 | 4.30262 | 4.30266 | 4.30273
Arx (z;1) | >0 ~0 ~0
N-R Steps at z; 1 2 2 2

Table 3.5: Calculation of 7 Using the Algorithm with ¥(z) = z? and an Expo-

nential F(-)

Lower Bound
Upper Bound

4.285491
4.305491

2.279728
2.316498

]

In the above example Zy is a singleton; the following example exhibits the behavior

of the algorithm when this set of minimizers is not a singleton.
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Example 11

Let F'(-) denote the distribution function defined as

1, z>20,
F(z)= 40095 10< 2z < 20,
0, x < 10,

and o = 0.95. Also, let ¥(-) be defined as
0, z<0,
W(x) = { ) .
x®, otherwise.

Again, due to the simple form of the Young function we can explicitly compute the fol-

lowing:
Zr =[10,20] and 7 = 20. (3.54)

Without employing the knowledge of either Z or 7 we examine the performance
of the algorithm to find 7 with error rate €* = 0.01. The following R commands using

HaezE function calculate
[ — €, 7% + €] = [19.98286,20.00286] and [Z7,77] = [7.763932,20]

which are consistent with (3.54). Table 3.6 shows the details of the sub-algorithm calls.
We emphasize that the Implementation Detail 2 with N’ := 5 is implemented in this
example. Hence while N = 1,377,301 is prohibitively large in this example, it takes

only 5 Newton-Raphson steps to conclude 7y (z7) =~ 7y () and wx (z6) ~ Ty (25).

> library (haezendonck)

> RE <- HaezE (alpha = 0.95, epsilon = 0.01, mybeta = (1 - 0.95)"0.5,
+ Haz = function(x) { x"2 }, Hazd = function(x) { 2 * x },

+ X = c(rep(10, 19), 20), NN = 5)

> print (RE)

Haezendonck-Goovaerts risk measure Orlicz Quantile
Estimation 19.99286 13.881966
Lower Bound 19.98286 7.763932
Upper Bound 20.00286 20.000000
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Figure 3.6: Convergence of Newton-Raphson Steps,
z+ N (h(z)), at z5 and x¢ in Example 11
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(7 (z6) = 7p (z6) = 20)
J 7 6 ) 4 3 2 1
Grid #1: N = 1,377,301l and N' =5
Grid Pts, z; | 20.0000 | 17.9607 | 15.9213 | 13.8820 | 11.8426 | 9.8033 | 7.7639
7x (x7) | 20.0000 | 20.0000 | 20.0000 | 20.0000 | 20.0000 | 20.0360 | 23.4075
Armx (xj-1) ~ 0 ~ 0
N-R Steps at z; 5(0) 5 5

Table 3.6: Calculation of 7 in Example 11 Using Implementation Detail 1

(Hx (27) = 0)

Iteration Number, ¢

5 + H;( (h(xs))

g + Hi (h(wg))

0
1

15.92131 = x5

20

17.96066 = x¢
20

Table 3.7: Convergence of Newton-Raphson Steps,
x + HY (h(z)), at x5 and z¢ in Example 11

(mx (z5) = Tx (26)

— 20)
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3.5 Proofs and Auxiliary Results
Proof of Proposition 6. When b = esssup X, the proof is immediate from Lemma 14 ii.

Hence we only consider the case when b < esssup(X). In this case we have
u>Hx(z) and h(b) <h(z) forany z € [a,b]. (3.55)

Now (3.55) and Lemma 14 imply inequality (3.35), which completes the proof. [

Proof of Proposition 7. Part i follows easily from Proposition 6. Towards establishing

part ii we note that from (3.40) and (3.39) we have
mx(y) — mx(x) >z + N (h(x)) — 7x(z) > —e.

The above along with symmetry completes the proof. [

Proof of Proposition 8. In the following, for inputs ¥7 and ¥7 to the sub-algorithm sat-
isfying Zxy C [¥7,%a], let (21,...,27) := n(¥z,¥x). For parti we observe that it is

the convexity of mx (-) that guarantees Zy C [x_f, 37_H>] in the case that Zxy C [E, E]

Before we provide details, we further note that in the case that the output tag is Al the
conclusion is vacuous. Also, among the other cases it is only the case of output tags B3
and B6 that both :L*_L> and w—ﬁ may differ from a<:_L and E, respectively. Since the modal

output tag is B3 and the arguments for the other tags are similar, we provide details only

for this output tag. Note that when the output tag is B3 for some j € {2,...,6} we have

mx (2;) <min{my (2;-1) , 7x (Tj41)}
which implies

Tx < min {7TX (l’j—l) , X ($j+1)} .

The last statement along with convexity of 7y () implies that Zx C [z;_1,2,41]. The
rest of part i follows easily from Proposition 1 and Proposition 4.
For part ii we note that the proof for the case of tag B3 is similar to the case of all

of the other tags excluding tag Al. Hence, for reasons already stated, we provide details
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for the case of tag B3 and tag Al.

Under tag B3 we have z* € Ty C [x;_1, z;41] with
%
X (ijrl) Z .Tj+1 -+ h (l’j+1) > Ty (ZL'j) . (356)

By proposition 1, we have

mx (2j1) — mx (27)
Tj41 — T°

<1

— )

which along with (3.56) yields the following bounds for 7y (z*):
T+ R (@) = (@ — 751) < 7x (@00) = (2700 — 2501)
<y (&) < @+ (@500).
This confirms the error bounds for 7y under tag B3. We note that while the upper bound
for mx under tag B1 is of a different form, the argument behind it is similar to the one
used above.

Towards checking the bounds for tag A1 we note that under this tag we have
nx (xj_1) = mx (z;) = 7x (v;41), forsomej € {2,...,6}. (3.57)

For a lower bound for 7, for 2* € Zx we separately argue for the two cases z* < z;

and x* > x;. In the former case we have

mx (@) —mx (@7) _omx (@) —7x (25) ¢
Ty — x* - Tjy1 — Ty - Tjy1 — l'j,

where the first inequality follows from the convexity of 7y () and the second inequality

follows from (3.57). Hence we have

%
Tx > mx (xj) — _c (xj —a*) > 7mx (x;) — e > xj41 + h (z;41) — Ge, (3.58)
Lj+1 = Lj

where the last inequality follows from (3.57). For the case when z* > z;, using convexity

of mx () in a similar manner, we can prove

—
TX Z Tjr1 + h (IL‘j+1) — Ge.
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Now let (' denote that of proposition 6 for a = xy, b = zy, and u = uy, and N be as
defined in (3.37). We note that in the algorithm when we conclude 7x () ~ Ty (%41)

for some n > N

%
Tiv1 + R (@01) = 20 + NG (B(25401)) 2 Tx (2541) — €, (3.59)

Tj4+1

where the last inequality follows from proposition 7 i. Hence the above implies that

%
mx < 41+ h(x;41) + €, which completes the proof. O

Lemma 10. Ler X € Xy, a € (0,1) and € > 0. Let input of the sub-algorithm
— 2 +
(E;Euu[nh’())ER x R XHF?

satisfy the conditions in (3.43) and define a grid, {x1,--- ,x;} == n (¥7,%5). Then new

Newton-Raphson steps, f[} (x), in Implementation Detail 1 on
(n,z) € Ng x {x1,--- ,2;},

are well defined in the sub-algorithm. Furthermore they satisfy the following:

i. InStep N2, for xj € {x, -+ ,x;} andnj_1 > 1, we have
HY ™ (wjo1) < HY () + (25 — 251). (3.60)
ii. In Step N3, for x; € {xa,--- ,x;} and n; > 1, we also have
HY (2;) < HY™ (z500) + (20 — 2). (3.61)
Proof. First we show that H% () on (n,z) € Ny x {z1,--- ,x,} are well defined. If we
assume

Ogﬁ;{% (X,LUj)SHx(I',ZC) forany (mjuxj)e{()Jl?"'7nj}x{x17"' axJ}u

(3.62)
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with some given ny, - -- ,n; € Ny, it is enough to show
HY (2541) < Hx (z;)  in (3.46), (3.63)

and

[j[;(j (fﬂj) + (LEj — ij,l) < HX (x]-,l) in (347),
. (3.64)
and H;L(j_l (Q?jfl) + (.Cijl — Q?j) < HX (l']) in (348)

(3.63) is trivial from Hx (x;) > Hx (x;41) and assumption (3.62). The two inequalities
in (3.64) result from Steps C1 and C2, respectively. Finally, using inequalities (3.63) and

(3.64), tedious mathematical induction and Figure 3.4 yield
0< HY (z;) < Hx (z,x) on (nj,z;) € Nyx {zy,---,2,},

which prove the well-definedness of the new Newton-Raphson steps.
Since proof of parts i and ii are similar, we choose to only prove part ii. Condition,

n; > 1in Step N3 implies n;_; > 1. Furthermore Hy ' (z;_;) in Step N2 is defined by

-1 ._ rrnj—1—1 FrT
Hy' ™ (xj-1) =N, (maX{HX (zj-1), Hy (x;) + (z; — %'71)}) :

Hence we have Hy' ™" (2;_1) > HYy (2;)+(2;—x;_1) by Proposition 4, which completes

the proof. [

Lemma 11. For X € Xy and o € (0, 1) we have the following:

i. Forz < esssup(X), anl satisfying s-(X) < | < Hx(z) can be computed in finitely

many steps.
ii. Forany x, anu < oo satisfying u > Hy (x) can be computed in finitely many steps.
iii. Anl > —oo satisfying Ty C (I, ¢ (F')| can be computed in finitely many steps.
Proof. We begin by proving part i. Let [ be defined by

= E[(X —2),] /T (1 - ),
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if this leads to [ > s, (X); else define [ by
[ = max{se(X) +27"|A(z, S0o(X) +27") > 0, n > 1}.

Clearly | € (soo(X), Hx (2)), and [ can be computed in finitely many steps.
For the proof of part ii, we define u := 1 if x > esssup(X). In the case that
x < esssup(X), let y be chosen such that y < z, and let [ be the lower bound for Hx (y)

suggested in part i above. Then that u defined as
u = min{ N ()|A(z, N} (1)) <0, n > 0}

is well defined follows from proposition 4 and the fact that, on (—oo, esssup(X)), Hx(+)
is strictly increasing. Clearly the above defined u can be calculated in finitely many steps
and satisfies u > Hx ().

Towards establishing part iii we note that in view of theorem 3 ii it suffices to find

v such that v > 7. This is so as then

l :]E[X] . \If_l(l _a) <1 _U‘;[J__IlE([l)(j a)) < inf{Ix},

and part iii then follows from theorem 3 i. The proof is completed by observing that for

any x the upper bound u for Hy (x) from part ii satisfies x + u > 7. [

Lemma 12. For X € Xy and s > s.(X) we have

e[f0 (2)] <

Proof. For any s" such that s > s' > s.(X), we have using convexity of W(-) that

o< (D)wr (D) < (\1’(5) —W(%)) e

S S s—s'

The above and the fact that ¥(z) = 0 for x < 0 completes the proof. O
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Lemma 13. For X € Xy, x < esssup(X), and s > so(X) we have the following:

a. N(z,-) and A(-, s) are strictly decreasing continuous functions on (s (X),00) and
(—o0,esssup(X)), respectively. Moreover, for any © € R, A(x,-) is convex on

(S0o(X), 00), and for s > soo(X), A(+, s) is convex on R.

b. A (z,s) = _%E [‘Iﬂ_ (M)] < 0. Moreover, A'* (-, 5) and A'* (x,-) are right

S

continuous functions on R and (s (X), 00), respectively.

S S

c. N*(z,s) = —1E [(X_I)Jr vt (X_m)} < 0. Moreover, A*~ (-, 5) and N*~ (z,-) are

left continuous functions on R and (s, (X), 00), respectively.

Proof. The first assertion is straightforward. The other two parts follow easily as ap-
plications of DCT by using convexity of W(-), (3.2), Lemma 12, and for the one-sided

continuity parts also using theorem 24.1 in Rockafellar (1997). U

Lemma 14. For X € Xy, h(-) € Hp, and o € (0, 1), we have the following:
i. Forx < esssup(X), we have

Hx (x) = NJ'(h(x)) < (C(h,z))" [Hx (x) — h(x)], forany n € Ny, (3.65)

T

where C(h,z) € [0, 1) is given by

o X—a ) [ X=a
Clhz) =1~ (Hj((?w) g [\P , %) <HX(I)>+] : (3.66)
= v (5) (5%
ii. Let gt (F) = esssup(X). Then for @ € [a, gt (F)) we have
Hy () = N™(h(2)) < (Co)" Hx (a), forany n€No,  (3.67)
where Coo € [0, 1) is given by
Coim 1 (1—ap ¥ (Y1 -0a) (3.68)

o'+ <§1*1(1—a)> '

l—«
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Proof. Let z < esssup(X), and n > 1. Towards establishing part i we note that we can
assume without loss of generality that NV'(h(z)) < Hx (z), and let 1 < m < n. From

Lemma 13 we have that
A(z, Hx (z)) — A (2, N7 (h(z)))
Hx (z) — N7 (h(z))
A (z, N7 (h(z)))
Hx (z) — N'(h(z))

A* (2, Hx (z)) >

The above and (3.21) imply that
(Hx (z) = N H(h(@)))A* (z, Hx ()
> —A (z, N7 (h(x)))

= (N (h(2)) = N7 (h(@)) A (2, N1 ((2))) -
(3.69)

The above along with proposition 4 and lemma 13 yields

(i (o) = N2 < (1= 2 DY (it o) = N2 (00)

< C; (Hx (2) = N (h()))

completing the proof of part i. Towards establishing part ii we begin by observing that in

the case of ¢ (F') = esssup(x)

implying that
+
G (F) =
H < .
x (@) < P55 o (3.70)
Also in this case Pr (X = ¢} (F)) > 1 — «, which implies that
_ +(F) — — ot + _ _
ho> EX —2)4] S (@ (F) —2)PX = g0 (F)) | (@a(F) —2)(1=0) ;.
U—1(1 - «) U-1(1 - a) U-1(1—a)
From (3.70) and (3.71) it is easy to show that
(U1 -
1-C,>(1—a)? (- ( a)):1_0m>07

o+ (\1/—1(17(1))

l—«a

which concludes the proof of part ii. [
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CHAPTER 4

ASYMPTOTIC THEORY FOR THE EMPIRICAL
HAEZENDONCK-GOOVAERTS RISK MEASURES

4.1 Introduction

In this chapter we study the statistical estimation of Haezendonck-Goovaerts risk
measures. Recall that the empirical Haezendonck-Goovaerts risk measure, 7z, , is a nat-
ural non-parametric estimator for the Haezendonck-Goovaerts risk measure. In Bellini
and Rosazza Gianin (2008b) the authors conduct a simulation study of this estimator, and
also use it to estimate the efficient frontier when the risk is measured by a Haezendonck-
Goovaerts risk measure. While this study suggests, in some cases, a normal asymp-
totic limit for this estimator, neither consistency nor weak convergence of this estimator
was established. This then is the main goal of this chapter; we provide a strong con-
sistency and a weak convergence result for this non-parametric estimator with the latter
also covering situations with a non-normal limit. The difficulty in establishing asymp-
totic results arises in good part from the lack of a convenient closed form expression for
the Haezendonck-Goovaerts risk measure of the empirical distribution function — for in-
stance, as shown in Example 6. We provide the following example to demonstrate that a

non-normal asymptotic weak limit occurs even in non-pathological situations.

Example 12
In this rather simple example we demonstrate that non-normal limits for the empirical
Haezendonck-Goovaerts risk measure arise quite naturally. Let ' be a Bernoulli distri-

bution, V() be defined by

0, x <0,
U(z)=1<x, 0<z <1, 4.1
2x — 1, otherwise,

and o = 50%. This piecewise linear Young function, non-differentiable at 1, is men-

tioned in Bellini and Rosazza Gianin (2008b) as an example of a non-differentiable Young
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function which fails to satisfy the conditions of their weak convergence result for the Or-
licz premium. For F},, some straightforward calculations lead to the following form for

Hp, (z) + 2: For F,(0) > 1/2 we have

(2(1 - F,(0)) — z, z < (1—2F,(0)),
4(1-F,(0))
5o (0] 3—211%(0) r, (1-2F,(0)<z<0,
r+ Hg, (x) = {-F.(0)) 2F(0)1 NP 4.2)
3=2F,0) | \3=2m0) ) T =>4
x, x> 1,
\
and for F},(0) < 1/2 we have
2(1 - F,(0)) — =z, xr <0,
v+ Hp, () = {21 — Fy(0) + (2Fa(0) ~ D, 0<a<1,  (43)
z, x> 1.
From (4.2) and (4.3) it follows that
; F(0) <172 y
S <§fg§93(‘0§>, Fo(0) > 1/2. 9

From (4.4), and observing that both F},(-) and F'(-) are Bernoulli distributions, we have
using the strong law of large numbers that with probability one, for large n
0, F(0) <1/2,
ﬁw%—mﬁ:—f(%%ﬁk F(0) = 1/2,

Vi(F(0)—Fy (0))
Gr-ropaz-moy  F0)>1/2

This with Slutsky’s lemma, and the ordinary central limit theorem implies that

1 JR—
\/ﬁ(?TFn—ﬂ‘F) i) - [5} <Z)+7 F(0)=1/2, (4.5)
F(0)(1-F(0))
[ saroe | 4 F(0)>1/2,

where 7 is a standard normal random variable. Hence a non-normal limit results in a
simple Bernoulli example with a piecewise linear Young function whenever F'(0) < 1/2.
In fact, in Example 15 below we show that (4.5) follows as an application of our weak

convergence result for the empirical Haezendonck-Goovaerts risk measure. 0
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In the next section, we provide the strong consistency of the empirical Haezendonck-
Goovaerts risk measure. In the following section we prove a weak convergence result for
this estimator, and provide some examples to illustrate the asymptotic behavior of this
estimator both under and without our assumptions. Also, in a parametric example we
compare the performance of this non-parametric estimator with the parametric Maxi-
mum Likelihood Estimator (MLE). In Section 4.4 we report the results from a simulation
study to lend insight into the sample sizes required for the asymptotic limits to take hold.

Section 4.5 provides a brief discussion of our results.

4.2 Strong Consistency

The main goal of this section is to establish the consistency result of the empirical
Haezendonck-Goovaerts risk measure as an estimator for the Haezendonck-Goovaerts
risk measure. To motivate the formulation of our result we consider the case of the T-
VaR; Recall that T-VaR is the Haezendonck-Goovaerts risk measure with the identity as
the Young function. We recall that we have Zr = [q,(F), ¢} (F)] in the case of the a-
level T-VaR. Hence the consistency, with respect to a suitable distance, of Zp, is also of

interest. A natural candidate is the asymmetric distance d(-, -) defined by

d (A, B) :=supinf |a — b, (4.6)

aeA bEB
for any two subsets A and B of R. A symmetric version of this distance yields the

Hausdorff metric given by

dy (A, B) := max (sup I}ng la — bl, igg ;gfx la — b|) 4.7)

acA bE
The following example shows the convergence of 7, to Zr may hold only for the asym-

metric distance d(-, -) and not for the Hausdorff metric.

Example 13
In this example F'(-) is taken to be the equal mixture of U(0, 1) and U(2, 3); Figure 4.1

contains a graph of this distribution. For o« = 50% it is easily checked that ¢, (F) = 1
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1.0
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0.6
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0.2
|

0.0
|

Figure 4.1: Distribution  for  which
dH (IFH,IF> -0

and ¢! (F') = 2. Hence for the case of the T-VaR risk measure at the 50%-level, i.e. with
U(x) = x forx > 0, Zr = [1,2]. For a random sample from F' with sample size n it is

easily checked that

T — {Xnt1)/2:n n odd,
o [Xn/2:n7 X(n/2+1);n], OtheI‘WISe

Hence it is clear that for this F'

limsupdy (Zg,,Zr) =1, a.s. P.

n—o0

Nevertheless, it is also easy to show that

lim d(IFn,Ip) = 07 a.s. P.

n—oo
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The above example demonstrates that while expecting convergence of 7z, to Zr in
the Hausdorff metric is unrealistic, the asymmetric distance d(-, -) between Zp, and Zp
may converge to zero. The following theorem proves the consistency of the empirical

Haezendonck-Goovaerts risk measure and this latter statement.

Theorem 6

For F' € Xy, and a € (0, 1) we have with probability one,

lim d(IFnaIF) = 0, and lim T, = TF.
n—00 n—00

Proof. We start by observing that from the consistency of the Orlicz norm (see Bellini
and Rosazza Gianin (2008b)) we have the almost sure pointwise convergence of g, (+)
to 7 (-). Moreover, since 7, (-) is convex, Theorem 10.8 of Rockafellar (1997) implies
that 7, () converges to 7z () uniformly on compacts with probability one.

As observed earlier in Chapter 4, Zr is a closed interval. Moreover, using the fact
that X € Xy and an argument similar to that of Proposition 16 of Bellini and Rosazza Gi-
anin (2008a) it is easily shown that Zp is compact as well. Hence we denote Zp by
[z}, 2}], —oo < af <l < o0.

It suffices for the first assertion to show that with probability one,

xf <liminf (inf Z, ) < limsup (supZg,) <

w*
n—oo n—oo

(4.8)

This follows from almost sure pointwise convergence of 7, (-) and the fact that for any

€ > 0 we have
me(z)) = mp(z)) < min (mp(z) +€), mp(z] —€)) .

The second assertion now follows from the first assertion and almost sure convergence

on compacts of 7, (-). O
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When Zr is a single point, the above theorem implies

n—o0

4.3 Weak Convergence Results

Our approach to derive the weak convergence limits of the empirical Haezendonck-
Goovaerts risk measure involves viewing Haezendonck-Goovaerts risk measures as the
optimal value of certain convex programming problems, and then applying the functional
delta method. For details of such an approach we refer to Shapiro (1991), and Chapter 6
of Rubinstein and Shapiro (1993). Now we present an outline of this section. First, we
discuss the assumptions that we need for our weak convergence result for the empirical
Haezendonck-Goovaerts risk measure. Second, we present the details of our approach
before stating and proving this weak limit result. Third, we present some examples to
demonstrate the generality of our result, and present an example in which F'(+) is embed-
ded in a parametric family of distributions which allows for comparison of the empirical
Haezendonck-Goovaerts risk measure with the efficient parametric MLE. We end this
section with a weak convergence result for the Orlicz premium using the approach men-
tioned above; we present this result as it is a more general version of the one stated in
Bellini and Rosazza Gianin (2008b).

For the weak convergence theorem for 7, , apart from requiring that F'(-) belongs
to Xy, we further require that F'(+) satisfies the following conditions that will be referred
to as Assumption C.

Assumption C:
Cl. 7p is strictly less than ess sup(F').

C2. F € Xy and furthermore satisfies

o))



94

where §; > 0 is such that

o < inf {mp(x) — z|mp(x) = 7R} .

When esssup(F') = oo, which is usually the case in risk management applica-
tions, Assumption C1 essentially requires a finite mz. Hence, in this case Assumption
C1 is not restrictive. Later in this section we discuss Assumption C1 in the case when
mp = esssup(F) < oo. Assumption C2 is analogous to the requirement of finite sec-
ond moment for the ordinary central limit theorem, and in this sense it is an appropriate
requirement for the y/n rate of convergence. Moreover, in the case of T-VaR it is eas-
ily seen to be a necessary requirement as well. It is worth mention that while our weak
convergence result addresses situations where we have weak convergence at the /n rate,
there exist examples of F'(-) with sufficiently fat tails such that 7z, converges to 7y at

much slower rates. The following example is one such.

Example 14
Let « = 0.5, and W¥(-) be given by

W(a) = {o, z <0,

x, otherwise.

Recall that this definition corresponds to the T-VaR risk measure at the 50% level. Let F’

be the symmetric (about zero) distribution such that

1-%2 0<2<1
Pr(|X|>:c):{12’ ==

557> otherwise,

where 1 < 8 < 2. It is easy to check that for these specifications

For the sake of expositional ease let the sample size be 2n + 1, for some n > 1. Then the
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empirical T-VaR at the 50% level is given by

1 2n+1
(2n+ 1) X(n+1):(2n+1) + 2 Z Xi:(2n+l)]

i=n-+2
1 2n+1 2n+1
(2n+ 1) (n+1):(2n+1) ( )l;Q i:(2n+1) Z;2 ((2n+1)

2n+1
= O( ) Z X :((2n+1)»

1=n-+2

where the last step follows from the ordinary strong law of large numbers. Let N denote

the random variable defined by

2n+1

N = Zl [XiZO’

which is clearly distributed as Bin(2n + 1,1/2). We note that

E%H_N Xi:(2n+1) N <n,

2n+1 2n+1 i=n+2
E Xi:(2n41) — E Xilx,>0] <40, N =n,
+1 .
t=n+2 Z?z?n-l—Q—N Xi.2n41), Otherwise.

Using this bound, the fact that N — n = O(y/n), and lim Pr (| X(41): 2021y > 1) =0,
n—oo

we have
2n+1 2n+1
> Xiniy — Y Xilx,z0| = O(V/n) (4.10)
i=n+2 =1

It is easy to show (for example using Theorem 7.7 of Durrett (2005)) that

2n+1
1 (1 38 -1 d
=5 (= XIysog— — | 47 4.11

for some non-degenerate random variable Z. Combining (4.10) with (4.11) and using the
fact that 1 < 8 < 2 we have

1 2n+1 36—1 d
n 5(7TFn—7TF ZX (2n+1) — (/6 1) — Z.

i=n+2

]

In the rest of this section we will suppose that F'(-) and W(-) satisfy Assumption C,

unless mentioned otherwise. The key idea behind our approach to establishing the weak
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convergence of 7 1s to formulate 7 as the optimal value of a convex programming

problem. To this end note that Hr(0) is easily seen to satisfy

fo2)) -

Using this observation we note that 7 is the optimal value of the mathematical program-

Hp(0) = inf {5

ming problem given by

minimize 01 + 0o, (01,02) € R x (0,00),

subject to E {\If (X9_01>] —(1—-a)<0.
2

For convenience we denote the coordinates of a vector # in R x Rt by 0, and 0y, i.e.

0 = (61, 6,). It is easy to see that

A(pd + (1 — p)@') < max{A(),A(@)}, 6,0 e R x (0,00), p € [0,1].

This implies that A(-, -) is a quasi-convex function; we refer to Section 3.4 of Boyd and
Vandenberghe (2004) for a discussion of quasi-convexity. We note that examples exist
where A(-,-) is not convex. Nevertheless, quasi-convexity preserves convexity of sub-

level sets, and hence
{é A() < o} ,

is a convex set. This implies, trivially, the existence of a convex function 7(-) with a sub-
level set coinciding with that of A(-,-) given above. But we seek a nice such function,

and one such candidate is defined by

n(0) := 6, [E {qf (Xe_el)] —(1—04)} , 0eR x(0,00).

2

This candidate is motivated by the fact that the perspective function of a convex function

is convex (see for example Section 3.2.6 of Boyd and Vandenberghe (2004)). Hence, 7y
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is the optimal value of the convex programming problem (P ,) given by

minimize 0, + 0, (01,02) € R x (0,00),
_ P,
subject to 0y {]E {\If (XH 01)1 - (1- a)] < 0. (Peo)

2

Let Mg denote the set of minimizers of the programming problem (P.,). Recall that
Hp(z) as a function in z is convex; this is easily checked to imply that M is a line
segment in R x (0, 00). We note that Assumption C further implies that M is a closed
set contained in an open rectangle (x;, x,) X (0, d,), for some —oco < z; < x, < 00,
and 0 < 0; < J,, < oo. In the case 7 is finite and equals esssup(F), (esssup(F'),0) is
clearly an optimal solution, and in some cases (as in Example 15 below) it can moreover
be the unique optimal solution. This, in general, clearly creates problems for the above
representation for 7. Nevertheless, in specific cases (such as piecewise linear W(-)) this
does not cause any issues; Example 15 below is one such example. But for expositional
ease, we state our weak convergence result by excluding this case, which as mentioned
before is unlikely to occur in risk management applications.

The above representation for 7 implies that 7 is the optimal value of the convex
programming problem P.,) given by

minimize 0 + 0o, (01,02) € R x (0, 00),

subjectto K, <¢ (57 y)) <0 P.,.)

where

(0, 2) = 0 (\If (""” 5291> (- a)) , GeRx (0,00).

The above representations for 7z and 7, in turn allow us to use the functional delta

method as explained briefly below. Note that the convex programming problem (P ) is

A~

fully specified by the constraint function 7)(-), which is replaced in (P,,) by its sample
analog. Hence if the optimal value is an appropriately differentiable functional of the

constraint function, and the constraint function in (P,,), E, (¢ (-, Y")), converges at the

V/n rate to 7)(-), then 7, converges to 7x at the y/n rate as well. Moreover, the weak
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limit of E,, (¢ (-, Y")) and the differential then determine the weak limit of 7z . This is
the approach that is used to prove the following theorem, our weak convergence result

for 7.

Theorem 7

For a € (0, 1), and ¥(-) and F(-) satisfying Assumption C we have

Vn (rg, —mr) —45 min max\Z (5) , (4.12)
éGMF AeA

where A is the set of Lagrange multipliers for the convex programming problem (P.),

and Z(-) is a mean zero Gaussian process on S([') with covariance given by
Cov (Z (9) 7 (0)) — Cov (1/; (é, X) b (ex)) . GeS(F), (4.13)
where S(F') := [z, x| X [01, 0.

Proof. Consistency of Mg, as stated in Theorem 6 implies that with probability one, for
large n, Mg, C (x;,2,) X (d;,0,). This implies that with probability one, for large n, the
programming problem (P,,) will yield the same optimal value as the convex programming

problem (P*) given by

minimize 0, + 05, (01,0) € S(F),

subjectto 6, []En (w (é, Y)) (11— 04)} <0. ®r)

This implies that the weak convergence result for the optimal value of (f’jl) coin-

cides with that of (Pn) Henceforth, for simplicity, we will denote the optimal value of
(P*) also by 7, .

We note that the objective function in (f’;) is deterministic and, in particular,

coincides with that of (P,). Also note that (4.9), Lemma 15, and Theorem A.3 of King

and Rockafellar (1990) together imply that
1 « d

on the space C'(S(F')) of bounded continuous real valued functions on S(F’), where Z(+)
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is a mean zero Gaussian process on S(F') with covariance as given in (4.13).

The rest of the argument rests on the above discussed formulation of 7y, and 7p
as optimal values of convex programming problems (ﬁ;) and (P.), respectively, and
the delta-method for convex programming problems as stated in Theorem 3.5 of Shapiro
(1991). All that remains to be checked then is that the Slater condition is satisfied for
(P), but that follows from (4.9) as a simple application of the dominated convergence

theorem. H
Lemma 15. For 0,0’ € S(F), and 0 < € < 1 we have

0(l,2) (@ )|

[ o) o o

Proof. Without loss of generality let y; < y5, where

x — 0 x — b6
= d = .

Note that the bound above is trivially satisfied for y, < 0; hence for the rest of this proof

we will assume without loss of generality that y, > 0. As

1 = 1o < (%) Jo-#

Y

l

we have by convexity of W(-) that

W (y2) — W(y1)| < (Y2 — ¥1)0+ ¥ (y2)

(ﬁmax(&rlll(l), y2(9+\1’(y2))>
0y

V2 y N
L_CSZ max {E&F\I/(l),\lf(l_ze)} Hé’—é" :
Also, some algebra yields

1 (1% 6) < (max(a:/(sg(ll—_eg—xl/e))

oo ) (5]

IN
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using which we have

W (5n) — )] < [ﬂ max 0009 (=055 )@ (5 )|

Now using the fact that 0, ¥ (1) > 1, and that

-0 .

(0,2) = 90 )| < (1= @+ W) 182 — 5] + 0| ¥(52) — W)l
we have (4.15). ]

We now provide examples to demonstrate the generality of Theorem 7. The follow-
ing example is a continuation of Example 12 of the introduction that involves a Young
function which is not differentiable at a point in (0, c0), and an F(-) such that neither
M nor A are singletons; in particular this results in the limiting distribution being non-

normal. For this example we will find it convenient to define A C R? as
A= {(u,t)|30 € R x (0,00),1(0) < u, b + 6, < t}.

We note that A is a variation of the epigraph (see Boyd and Vandenberghe (2004)) for the

convex programming problem P, with the property that

e = inf{t](0,1) € A}.

Example 15
Let F'(-) denote the Bernoulli distribution, o equal 50%, and ¥(-) be defined in (4.1). For

this Young function it follows that
0(0) = E[(X = 01)+] + E[(X = 01 = )] = (1~ )t (4.16)

Figure 4.2 plots A (the shaded region) using the above and somewhat tedious calcula-
tions. From Figure 4.2 it follows that

o {1, F(0) < 1/2,

and that,
-, F(0)=1/24¢>1/2,
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y=6,+6,
w

|
y=0;+6,

y+2x=1-2¢

-2 -1 - 0 1-2¢ 2 -2 -1 0 1 1+2¢ 2

x=n(8) x=n(8)
@ F0)=1/2+60<e<1/2 B F0)=1/2—¢,0<e<1/2

Figure 4.2: Epigraph of the Convex Programming Problem Associated with
the Computation of 7y

[o5:.2], F(0)=1/2—€e<1/2,

1+4+2¢’
A=q2,  F0)=1/2
=, F0)=1/2+¢>1/2.

Moreover, from (4.16) it follows that

{(1,0)}, F0)=1/2 —e<1/2,
Mp={0l0<6,<1;0,=1—6,}, F(0)=1/2,
{(0,1-:=)}, F(0)=1/2+¢€¢>1/2.

Since F(-) and F),(-) are both Bernoulli distributions, we note that we had essentially
derived in (4.4) an expression for 7z directly from the definition of the Haezendonck-
Goovaerts risk measure.

Though Assumption C is violated here, due to 75 being equal to esssup(F'), the
representation of 7(-) in (4.16) allows one to nevertheless easily establish a version of
Lemma 15 so that the proof of Theorem 7 goes through. It is straightforward to check

that the process Z(-) of Theorem 7 satisfies

Cov(Z(0),Z(8") = F(0)(1 — F(0))(2 — 20, — 6,)(2 — 20, — 6,), V6,0 € RT x R*.
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In particular, this implies that

min max\Z (5) 4 VF(0)(1 — F(0)) min max\(2 — 26, — 6,)Z 4.17)
GeMp AEA GeMp NEA
0, F(0) < 1/2,
-2, FO)=1/2 (4.18)
Va2, F(0) > 1/2.

where Z is a standard normal random variable, which agrees with (4.5) of the introduc-

tion, where it is derived using first principles. 0

We now present a corollary for the case of F'(-) without mass points and a Young
function which is differentiable on (0, 00); in such situations it significantly simplifies
application of Theorem 7.

Corollary 3. For V() differentiable on (0,0), a € (0, 1), F(-) a continuous function,

and both V(-) and F'(-) satisfying Assumption C we have

Vi (rm, —mr) —5 {E [\If (X — 0T>H_l min Z (9) , (4.19)

9; deMp
where 0% is any member of Mg, and Z(+) is as given in Theorem 7.
Proof. Clearly the objective function of the convex programming problem (P, ) is differ-
entiable; differentiability of the constraint 7(-) follows from differentiability of W(-) and
(4.9). As the Slater condition is satisfied for (P,) (as observed in the proof of Theorem

7) we have the Karusch-Kuhn-Tucker conditions given by

i 1 E|w(%2)]
n(0) =0, =\ " , (4.20)
X—6:\ [ x=6
o e () [5]
are both necessary and sufficient conditions for optimality. The rest follows from observ-

ing that the set of Lagrange multipliers is invariant of the choice of optimal solution from

Mp. ]

The following example demonstrates that a non-normal limit can arise even in situ-

ations covered by Corollary 3 where A is a singleton. This of course happens when M
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is not a singleton.

Example 16

In this example we continue to use the same definition of W(-) and « as in Example 13
resulting in the 50%-level T-VaR as our choice of Haezendonck-Goovaerts risk measure.
The sampling distribution F'(-) is the equal mixture of U (0, 1) and U(2, 3) as in Example
13, and is plotted in Figure 4.1. Observe that the median ¢, (F') = 1, and that the T-VaR
at the 50%-level is 2.5. In fact the asymptotic distribution of the empirical T-VaR at the
50%-level for this choice of F'(+) is derived in Example 1 (using first principles) to be that
of

— + 31(%<0) (—> : 4.21
V6 2 “4:21)

where 7, Z, are i.i.d. standard normal random variables. Moreover, in Example 1, it is
shown that the heuristics of influence function fails in this example. In the following we
will derive the limiting distribution of the empirical T-VaR estimator using Corollary 3.

We begin by observing that easy calculations yield

7

3 — 264, 6, <0,
26,43, 0<6 <1,
Hp(0,) = 3—01, 1<6, <2,
G0 2<6, <3,
L0, otherwise,

which in turn implies that

It is also easily checked that the Lagrange multiplier \ equals 2, and that the process Z/(+)

of Corollary 3 satisfies,

Cov(Z(8), Z(#)) = (5/2 - 91{4(5/2 —0) + 2i4 Vo,0 € Mp.
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An equivalent representation of Z(-) on M is the following:

(WQ—&hﬁ+ 1

2 26

Using this representation it is easy to see that

A min Z <§> 4 %Zl + \/LEZQ’ 41 <0,
feMp %Zl + \/LEZZ, otherwise.

Z(0) = Zo, YO € Mp.

]

The goal of the final example of this section is to compare the performance of
7r,, when F'(-) is restricted to a parametric family of distributions, with the maximum
likelihood estimator (MLE) to develop some sense of the tradeoff made when using a
non-parametric estimator. Also, unlike in the previous examples both Mg and A are
singletons. This implies a normal weak limit, thus facilitating a comparison in terms of

the asymptotic standard deviations.

Example 17
Let F'(-) be the exponential distribution with hazard rate y, W(-) be as defined in (3.5),

and o € (0, 1). For these choices it can be shown that Hp(-) is given by

0= [ i) oo

Since Hp(+) has a nice closed form we can directly minimize Hpg(6;) + ¢;. This mini-

mization yields the following expression for the optimal 0+

= (il‘)g ((exp{ﬂ}—ﬁl)(l_a)) ’le)'

It is noteworthy that 65 does not depend on «, and moreover its expression above implies

that 9; of Assumption C is less than 6. As

()

we have that Assumption C is satisfied only in the case that 5 < 1. In this case, applying

26
<00 = —<u

E
0y
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Corollary 3 we have
Vi (s, — mp) == N (0,0%) .
where o is given by

o=

(& - (exp{8} - 1)1 - )
(exp B} — D1 —a)?

Figure 4.3 plots the ratio of the asymptotic standard deviation of the parametric estimator

to that of the non-parametric estimator. While it is expected that this ratio would be non-
increasing as a function of « (as the non-parametric estimator essentially uses (1 — «)
part of the sample), it is noteworthy that the ratio in this example is significantly away

from zero even for o = 95%. O]

0.50 0.75 1.00
I I I

Gp/Gnp

0.25
I

0.00
I

0.25 0.50 0.75 0.90 0.95 1.00

Figure 4.3: Ratio of Asymptotic Standard Deviations of
Parametric and Non-Parametric Estimators

We end this section by providing a more general version of a weak convergence
result for the empirical Orlicz premium than that provided in Bellini and Rosazza Gianin

(2008b). The idea is similar to that used above, and involves viewing Hp(0) as the
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solution to the convex programming problem (PH) given by

minimize 0, 6 € (0,00),
X (PH)
subject to 0 {E {\If (5)1 —(1— a)} <0.
The above implies that Hf, (0) is the optimal value of the convex programming problem
given by
minimize 9, 0 € (0,00),
subject to E,(y(0,Y)) <0.
where

X

v(0,x) =0 (\I/ (5> —(1— a)) , 0€(0,00).
Now we state the result without proof as the proof is similar to that of Theorem 7.

Theorem 8
Let X be a random variable in Xy with Pr (X > 0) > 0, « € [0,1), and let , > 0 be
such that 6, < Hr(0). Then for F(-) satisfying

2
we have
Vi (Hp, (0) — Hp(0)) -5 max AV, (4.22)

AEN

where A’ is the set of Lagrange multipliers for the convex programming problem (PH.,),
and V' is a mean zero Gaussian random variable with variance, Var (v (Hp(0), X)).

Moreover, under the further assumption that W(-) is differentiable on (0, c0) we have

-0 oo (525) ]+
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4.4 Simulation Study

In this section we report on a simulation study conducted to lend insight into the
effect of the sampling distribution F'(-), Young function ¥(-), and the level « on the
sample sizes required for the above derived asymptotic limits to take hold. We use the
same simulation environment as in Section 4.4, except we run parallel on 40 processors
over 10 nodes of a 22 node Beowulf cluster. The algorithm that we use to compute the

empirical Haezendonck-Goovaerts risk measure 75, is presented in Chapter 3.

4.4.1 Effect of Sampling Distribution and Level

In this sub-section we will work with W(-) defined given by

0, x <0,
\IJ(ZL‘) - {$2+1’

5, otherwise,

and distributions G;(+), i = 1,2, 3 defined by

0, =<0, 0 <0
Y x 7
Gi(z)=qz, 0<z<1, Gsz)= B
, 1—(1+ox)? x>0,
1, otherwise,

and

0, x <0,
Calw) = {CI) (Be=e), 2>,
where p € R, 0 > 0, § > 0, and ®(-) is the standard normal distribution function.
Note that G1(-), Ga(+), and G5(-) are distribution functions corresponding to the uniform
distribution on (0, 1), the two-parameter Pareto family and the lognormal distribution,
respectively. We also note that we restrict 5 > 4 for the Pareto distribution function,
Gs(+), so that it satisfies Assumption C2. Details of the two-parameter Pareto distribution
is described in Example 3 in Chapter 2.

For each of the stated three distributions we will show below that there is a unique
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optimal 0*. Fori = 1,2, 3, we define V; and \; by

1 V11! -1
Y, := —max(Z; — 67,0), and )\; := [E [Yf—i——Z” = [E [Yi—l—

1(Y; > 0)
0x 2

2

where Z; ~ G;. Also, we define o; by

2
ol = [%} Var (Y?+Y;), i=1,2,3.

Now using Corollary 3 we have that the asymptotic limit of the empirical Haezendonck-
Goovaerts risk measure under G;(-) is given by N (7¢,, 0?), fori = 1,2, 3. In the follow-
ing we will derive the unique optimal 6* for each of the three distributions. The unique-
ness part in all of the cases follows from 67 belonging to the interior of the supports of
the distributions.

For G(-), it can then be shown that for § € (0,1) x (0, c0) we have

. {\p (218—201)] e —91)(;; 0+ 6r)

and

(7 =00\ [Z—60]]  (1—0)°  (1—6)
el (257) |25 -

Now using the Karusch-Kuhn-Tucker conditions in (4.20) we have that any optimal 0
satisfies

1—-0; 12
05 V105 — 3

Also, from (4.20) we have

Zo-0:\]  (1—-0)° (167
E|¥ = =1-o.
[ ( 5 )} 62 T 40 °

Using the above two equations we get the following closed form expression for 0+ as a

function of «

e [ (Y105 3)°(1 —a) (V105 —3)°(1—a)
B 3(WV105+5)  36(v/105+5) '
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In the case of Go(-) the procedure to find the unique optimal 0 is very similar to
that for G (+); hence we directly provide an expression for it. The unique optimal 0 is

given by

- 31— pa)(1 + 04y (F3))
”= (qP“(FQ)’ Bl —a) - (1 —pa>>) ’

where p,, is given by
32(8 -1)(1 — a)

- .
8(8—1)+3(8—2) (1+ 1+16<%>)

In the case of G3(+), unlike the earlier two distributions, the optimal 0* does not
have a closed form expression. Nevertheless, the Karusch-Kuhn-Tucker conditions in
(4.20) imply that the optimal 67 satisfies

( E|(Z: - 01)}]

9[E[(Z3 —07)+]]

2) [4(1 — ) — Pr(Z3 > 607))* — <§) 2(1 —a)+Pr(Zs > 07)] =0,

(4.23)
pr(z,> 07— (PO =),
27— 007] =3 (1) esp {pi+ T 0 (o [FBD=2]) gy

=0
Now 67 can be solved for using (4.23) and numerical algorithms like the Newton-Raphson

method (on R we used the function uniroot), and then 6 can be found by using the

expression

3E [(Z5 — 07)4]

0; =
> 4(1—a) —Pr(Zy > 07)

which is derived from (4.20) as well.
In the following, the parameters o and 3 of the Pareto distribution Go(-) are chosen
to be 0.02 and 6, respectively; the parameters 1 and o of the lognormal distribution G'3(+)

are chosen to be 0 and 1, respectively. Table 4.1 contains the values of the optimal 67,
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a = 95% a = 99%
Sampling

Distribution
0 | Pr(X>01) | 7p o 07 | Pr(X>61) | 7w o

Uniform 0.9426 5.741% 0.9773 | 0.116 | 0.9885 1.148% 0.996 | 0.053

Pareto 27.03 7.477% 094.63 | 197.4 | 50.73 1.495% 86.82 | 579.0

Lognormal 4.102 7.905% 9.978 | 53.64 | 8.641 1.552% 17.20 | 158.7

Table 4.1: Estimation of the Haezendonck-Goovaerts Risk Measure with Young
Function, ¥ (z) = ””2%[ (x > 0): Varying Sampling Distributions

Haezendonck-Goovaerts risk measure and asymptotic standard error for the empirical
Haezendonck-Goovaerts risk measure for each of the above sampling distributions and
for both the 95% and 99% levels. The table clearly exhibits the effect of heaviness of tails
on all of the reported values.

We simulated 100, 000 sets of random samples for each combination of sampling
distribution, level, and sample size. Figure 4.4 contains the plot of the Gaussian kernel
density estimator for each of the sampling distribution. The details of the kernel den-
sity estimator used are given in Section 2.2.2. As expected, Figure 4.4 confirms that a
higher « value requires a larger sample size for the asymptotic limit to take hold. In a
sense n * Pr (X > 607) is the effective sample size as it is essentially only the observa-
tions beyond 67 that determine 7, . From this point of view, Figure 4.4 suggests that
in the case of the uniform distribution normality takes hold rather quickly, while in the
Pareto and lognormal cases a moderate sample size is required for normality to take hold.
On the other hand it is noteworthy that in Figure 4.4 normality seems to take hold in a
similar fashion for both the Pareto and the lognormal distributions, whereas the former

distribution has a much heavier tail than the latter.
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Uniform : 0=0.95 Uniform : a=0.99
< <
o o
o (32
(= c 7
~ ~ — Std. Normal
=} c - - n=200
-+ n=500
- — —
pa pag --- n=1,000
e
© T T T T T T T T T T
-4 -2 0 2 4 -4 -2 0 2 4
—— Std. Normal
- - n=500
-+ n=2,500
- -+ n=50,000
Lognormal : 0=0.99
© -
©o _| o 1\
o (Y
— © _| (IR
o .
. —— Std. Normal
< —
| 3 A - - n=500
N -+++ n=2,500
S N - -+ n=50,000
| o
o | o |
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-4 -2 0 2 4 -4 -2 0 2 4

Figure 4.4: Estimated Densities of Empirical Haezendonck-Goovaerts
Risk Measures - Varying Levels and Sampling Distributions

4.4.2 Effect of Young Function
In this sub-section our sampling distribution is the exponential distribution with

unit mean, and we work with three Young functions W,(+), i = 1,2, 3, defined by

0, r <0, 0, r <0,
V1(2) = 9 (expla/2}-1) Ua(2) = Q 2240 and,
ixg{fwa x 2z 07 T+a x> 07
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a=95% a = 99%
Young
Function
07 | Pr(X>07) | =F o 07 | Pr(X>07) | =F o

(exple/2}—DI(@>0) | g 735 6.487% 4.235 | 7.788 | 4.345 1.297% 5.845 | 17.530
exp{l/2}—1

(IQL;@DO) 2.681 6.847% 4.243 | 7.337 | 4.291 1.369% 5.852 | 16.527

zI(z > 0) 2.996 5% 3.996 | 6.245 | 4.605 1% 5.605 | 14.107

Table 4.2: Estimation of Haezendonck-Goovaerts Risk Measure for Exponential
Distribution: Different Young Functions

0, <0,
Ws(w) = {a:, x> 0.
Note that ¥, (+) is more convex than W, (), and both of these are more convex than W3(-).
Similar to the development in the previous sub-section we first identify the unique
optimal #*. This has been done for W, (-) in Example 17; as ¥5(-) corresponds to the case
of T-VaR, 67 is the a-level quantile given by — log(1 — «) and 63 is 1 by the memoryless
property. It is worth mention that in the case of the T-VaR the asymptotic distribution
is given in Manistre and Hancock (2005) and Brazauskas et al. (2008). For Wy(-), the
procedure to find the optimal 0 is similar to that of the previous sub-section, and is given
by
~ V153 — 11
G = (—log (1= a) (V153 -11)] 5_—\/1_7> .
Table 4.2 contains the values of the optimal 67, the Haezendonck-Goovaerts risk measure
and the asymptotic standard error for the empirical Haezendonck-Goovaerts risk measure
for each of the above Young functions and for both the 95% and 99% levels. It is note-
worthy that only the asymptotic standard error that shows a direct relationship with the

convexity of the Young function; in other words, the the more convex the Young function

the larger the asymptotic standard error.
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As earlier, we simulated 100, 000 sets of random samples for each sample size.
Figure 4.5 contains the plot of the estimated densities of the standardized (using 7z and
the asymptotic standard deviation) empirical Haezendonck-Goovaerts risk measure at the
95%-level. Figure 4.5 suggests that a more convex Young function requires a larger

sample size for the asymptotic limit to take hold.

Y(x)=x

0.5

0.4

0.3

0.2

0.1

0.0

— Std. Normal --- n=300 n=600 == n=1,200

Figure 4.5: Estimated Densities of Empirical Haezendonck-Goovaerts
Risk Measures - Varying Young Function

4.5 Concluding Remarks

We note that Kriatschmer and Zihle (2011) also study the statistical estimation
of Haezendonck-Goovaerts risk measures, albeit in a different setup. Specifically, for
identically distributed risks, Z1,--- , Z,, they are concerned with the estimation of the
Haezendonck-Goovaerts risk of the aggregated risk, S, = zp: Z;. Their central idea
is that under some suitable conditions S, for large values o;‘:;, is approximately nor-
mal, and hence a natural candidate for estimating its Haezendonck-Goovaerts risk is the

Haezendonck-Goovaerts risk of its estimated normal approximant. The statistical infer-

ence problem dealt with in this chapter is clearly different from that of Krédtschmer and
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Zidhle (2011), and so are the techniques used.

The importance of the weak convergence result in applications is accentuated by the
fact that even in non-pathological situations the empirical Haezendonck-Goovaerts risk
measure can have a non-normal limiting distribution. Also, even in the case where the
limiting distribution is normal, as reported in Bellini and Rosazza Gianin (2008b), simply
testing for normality using for example the Jarque-Bera statistic can be misleading. For
example, such testing resulted in rejecting normality, with a p-value less than 1%, for
both Example 17 (with § = 1) and the uniform example discussed in Section 4.4, where
as normality does indeed hold true in the latter case.

As mentioned above, in the case that there is a unique z* satisfying 7p(2*) = 7p,
this optimal solution can be viewed as an analog of the quantile. Due to this viewpoint
it is of interest to derive a weak convergence result for the sample analog of z*. The
approach taken in this chapter, we believe, is a promising way towards establishing such
a result.

The weak convergence result is useful in practice as it paves a way for construc-
tion of confidence intervals. For interval estimation of the Haezendonck-Goovaerts risk
measure one would further need a consistent estimator of the asymptotic standard error.
While an obvious candidate exists in the case of a differentiable W(-) and a continuous
F(+), investigation of the performance of the interval estimator resulting from its use

would be beneficial.



REFERENCES

Ahn, J. Y. and Shyamalkumar, N. D. (2011). Large sample behavior of the CTE and VaR
estimators under importance sampling. North American Actuarial Journal, 15(3):393—
416.

Bellini, F. and Rosazza Gianin, E. (2008a). On Haezendonck risk measures. Journal of
Banking & Finance, 32(6):986-994.

Bellini, F. and Rosazza Gianin, E. (2008b). Optimal portfolios with Haezendonck risk
measures. Statistics & Decisions, 26(2):89-108.

Bellini, F. and Rosazza Gianin, E. (2011). Haezendonck-Goovaerts risk measures and Or-
licz quantiles. Technical Report 213, Dipartimento di Metodi Quantitativi, University
of Milano-Bicocca, Italy.

Beutner, E. and Zihle, H. (2010). A modified functional delta method and its application
to the estimation of risk functionals. Journal of Multivariate Analysis, 101(10):2452—
2463.

Boyd, S. and Vandenberghe, L. (2004). Convex optimization. Cambridge University
Press, Cambridge.

Brazauskas, V., Jones, B. L., Puri, M. L., and Zitikis, R. (2008). Estimating conditional
tail expectation with actuarial applications in view. Journal of Statistical Planning and
Inference, 138(11):3590-3604.

Durrett, R. (2005). Probability: theory and examples. Duxbury Press, Belmont, CA,
third edition.

Glasserman, P., Heidelberger, P., and Shahabuddin, P. (2000). Variance reduction tech-
niques for estimating Value-at-Risk. Management Science, 46(10):1349-1364.

Glynn, P. (1996). Importance sampling for Monte Carlo estimation of quantiles. In Math-
ematical Methods in Stochastic Simulation and Experimental Design: Proceedings of
the 2nd St. Petersburg Workshop on Simulation, pages 180-185.

Goovaerts, M. J., Kaas, R., Dhaene, J., and Tang, Q. (2004). Some new classes of con-
sistent risk measures. Insurance: Mathematics & Economics, 34(3):505-516.

Haezendonck, J. and Goovaerts, M. (1982). A new premium calculation principle based
on Orlicz norms. Insurance: Mathematics & Economics, 1(1):41-53.

Jones, B. L. and Zitikis, R. (2003). Empirical estimation of risk measures and related
quantities. North American Actuarial Journal, 7(4):44-54.

Kaiser, T. and Brazauskas, V. (2006). Interval estimation of actuarial risk measures. North
American Actuarial Journal, 10(4):249-268.

115



116

Kim, J. H. T. and Hardy, M. R. (2007). Quantifying and correcting the bias in estimated
risk measures. Astin Bulletin, 37(2):365-386.

King, A.J. and Rockafellar, R. T. (1990). Asymptotic theory for solutions in generalized
M-estimation and stochastic programming. Working paper WP-90-76, International
Institute for Applied System Analysis, Austria.

Ko, B., Russo, R. P., and Shyamalkumar, N. D. (2009). A note on nonparametric estima-
tion of the CTE. Astin Bulletin, 39(2):717-734.

Kritschmer, V. and Zihle, H. (2011). Sensitivity of risk measures with respect to the
normal approximation of total claim distributions. Insurance: Mathematics and Eco-
nomics, 49(3):335 — 344.

Manistre, B. J. and Hancock, G. H. (2005). Variance of the CTE estimator. North Amer-
ican Actuarial Journal, 9(2):129-156.

Manistre, B. J. and Hancock, G. H. (2008). Variance of the CTE estimator. Risk Man-
agement, 13:37-42.

Nam, H. S., Tang, Q., and Yang, F. (2011). Characterization of upper comonotonicity via
tail convex order. Insurance: Mathematics & Economics, 48(3):368-373.

Pollard, D. (1984). Convergence of stochastic processes. Springer Series in Statistics.
Springer-Verlag, New York.

Protter, P. E. (2005). Stochastic integration and differential equations, volume 21 of
Stochastic Modelling and Applied Probability. Springer-Verlag, Berlin. Second edi-
tion. Version 2.1, Corrected third printing.

Reiss, R.-D. (1989). Approximate distributions of order statistics. Springer Series in
Statistics. Springer-Verlag, New York. With applications to nonparametric statistics.

Rockafellar, R. and Uryasev, S. (2002). Conditional Value-at-Risk for general loss dis-
tributions. Journal of Banking & Finance, 26(7):1443—-1471.

Rockafellar, R. T. (1997). Convex analysis. Princeton Landmarks in Mathematics. Prince-
ton University Press, Princeton, NJ. Reprint of the 1970 original, Princeton Paper-
backs.

Rubinstein, R. Y. and Shapiro, A. (1993). Discrete event systems. Wiley Series in Proba-
bility and Mathematical Statistics: Probability and Mathematical Statistics. John Wiley
& Sons Ltd., Chichester. Sensitivity analysis and stochastic optimization by the score
function method.

Russo, R. P. and Shyamalkumar, N. D. (2010). Bounds for the bias of the empirical CTE.
Insurance: Mathematics & Economics, 47(3):352-357.

Shapiro, A. (1991). Asymptotic analysis of stochastic programs. Annals of Operations
Research, 30(1-4):169—186. Stochastic programming, Part I (Ann Arbor, M1, 1989).



117

Shorack, G. R. and Wellner, J. A. (1986). Empirical processes with applications to statis-
tics. Wiley Series in Probability and Mathematical Statistics: Probability and Mathe-
matical Statistics. John Wiley & Sons Inc., New York.

Silverman, B. W. (1986). Density estimation for statistics and data analysis. Monographs
on Statistics and Applied Probability. Chapman & Hall, London.

Tang, Q. and Yang, F. (2012). On the Haezendonck-Goovaerts risk measure for extreme
risks. Insurance: Mathematics and Economics, 50(1):217 —227.

Tierney, L., Rossini, A. J., Li, N., and Sevcikova, H. (2008). snow: Simple Network of
Workstations. R package version 0.3-3.

Tierney, L., Rossini, A. J., Li, N., and Sevcikova, H. (2009). Snow: A parallel computing
framework for the R system. International Journal of Parallel Programming, 37:78—
90.



APPENDIX

Here we provide source code for R-functions: HaezC and Hae zE, that are used in
Chapter 3.

HaezEmp<-function (alpha=0.95, epsilon=0.0001, mybeta=(1-
alpha) 0.5, Haz=function(x) {x"2}, Hazd=function(x) {2xx},
X=rexp (1000), display=0,NN=5, fast=1)

error<-0.001;

if(is.real (mybeta) !=1) {print ("mybeta needs to be a
numeric. i.e. \\Hazd"{-1} (l-alpha)");break}

if(is.vector (X)!=1) {print ("XX needs to be a vector");
break}

if (is.function(Haz) !=1) {print ("Haz needs to be a
function") ;break}

if(is.function (Hazd) !=1) {print ("Hazd needs to be a
function") ;break}

Haz<<-Haz

Hazd<<-Hazd

alpha<<-alpha

Epsilon<<-epsilon/3.5

mybeta<<-mybeta

lowsupport<<—--Inf;

upsupport<<—-Inf;

XX<<-=sort (X)

XH<<-XX[floor (length (XX) xalpha) +1]

# print (XH)

continuous<<-0; source ("Aux.r")

outbreak=0; #If outbreak==1, then out-algorithm breaks.

FHEHAHAH AR A AR H RS

#1 Get Lower bound of Minimizer

XH1=XH+Epsilon; #0.001 is fixed number

myMean<-mymean (lowsupport, O0)

HAtMyquantileH=up_Orlicz (XH1l, (-Epsilon)) #Upper Bound of
H(myquantile),

XL=myMean-mybetax (HAtMyquantileH+XH-myMean) / (1-mybeta); #
Lower Bound of Minimizer XH1-->XH

FHHHHHHHH SRS HH S

FHAHHHHHH SRS E S

#2 Preliminary for Algorithm

orlicz=c (rep (mymean (XH, XH) /mybeta,7)) ;

num_iter=1;nu=0; j=7;

grid_pts=sort (XL+ (XH-XL)/ (6)*(0:6));
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HistN=c(0,0,0,0,0,0,0)

Activate=0; #Activate=1 if N<=5

L=1; H=7; #Index of x_1 and x_7

UBorliczAT_L=up_Orlicz(grid_pts[l]-error, error); #Upper
bound of H(X,x_1) #For calculation of N

RS LR EEE Rk

repeat {

if (display==1) {print ("Begin Roundx**x**kxkkkkkk*xk k%% k%% **
hkkkkkkkkkkkkkxkxxx") }

nu=0;

N=NN;

orlicz[7]=NRI_M(orlicz[7],grid_pts[7],num_iter); #Step 1

HistN[7]=HistN[7]+1; #Step 1

#Begin Calculation of N

if(L>1) {UBorliczAT_L=min (up_Orlicz (grid_pts[l]-error,
error), UBorliczAT L)} ##error is fixed 02/21

tempN=GetLocalN (grid_pts[7],UBorliczAT_L,grid_pts[1l],
orlicz[7], Epsilon)

if (tempN<=NN) {Activate=1; N=tempN};

#End Calculation of N

if (display==1) {print (paste ("Calculated N is", tempN, "But/
And we will use N=",N));}

if (fast==1) {

repeat {

if (ExpHaz_M(orlicz[jl+ (grid_pts[jl-grid_pts[j-11)-

Epsilon/100,grid_pts[j-1])< l-alpha) #Step 2a
{
1f(J==2){ #Step 3a
L=j-1;H=73; nu=0; #nu=1 means epsilon equivalent.

XL=grid_pts[L];
XH=grid_pts[H];
break;
}
if (HistN[j-1] < N) {orlicz[]j-1]=NRI_M(max(orlicz[j],orlicz
[J-11),grid_pts[j-1],num_iter) #Step 1
;HistN[j-1]=HistN[j-1]+1;}
j=7-1;nu=0; next; N=min (tempN,NN); ## 02/18/12
}
if (HistN[j-1] < N)
{
orlicz[j-1]=NRI_M(max (orlicz[j-1],0orlicz[J],orlicz[]]
+ (grid_pts[jl-grid_pts[j-11)),grid_pts[j-1]1, num_
iter); #Step 2b
HistN[j-1]=HistN[j-1]+1;
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}
if(orlicz[j-1] - (grid_pts[jl-grid_pts[j-1])-Epsilon/
100 >0) ##Step 2c 02.15 modified
{
if (ExpHaz_M(orlicz[j-1] - (grid_pts[jl-grid pts[j-11])
-Epsilon/100,grid_pts([j])< l-alpha) #Step 2c
{
L=j-1;
H=min (7, Jj+1+nu);
XL=grid_pts[L];
XH=grid_pts[H];
break;
}
}
if (HistN[j-1]>=N & HistN[]j]>=N) #step 2d and 3b
{
Equiv=1l; #Equiv=1 indicates that it is epsilon
equivalent for this step, while nu=1 means epsilon
equivalent at previous step

if (Activate==0) #Inspect whether it is really epsilon
close or not, Activate=0 means calculated local N
>5
{
Equiv=0;

if (ExpHaz_M(orlicz[j]l+Epsilon,grid pts[]j]) < l-alpha &
ExpHaz_M(orlicz[j-1]+Epsilon,grid_pts[j-1]) < l-alpha)
{Equiv=1;if (display==1) {print (paste ("Since n>5 do epsilon
Test and Then PASS at j=", 3, j-1));1}
N=min (tempN,NN); ## 02/18/12
} else {if(display==1) {print ("Since n>5, do epsilon Test,
but Failed: Keep testing until satisfied");}
N=N+1; ## 02.15 modified
}
}
if (nu== & Equiv==1) {H=7;L=1;XL=grid_pts[L]; XH=
grid_pts[H];outbreak=1l;if (display==1) {print ("Tag
Al");};break;}; #Step 3b

if(nu==0 & J!=2 & Equiv==1) { nu=1l;j=j-1;next; }; #
Step 3b
if (nu==0 & Jj==2 & Equiv==1) { H=min (7, j+1+nu);L=73-1;

XL=grid_pts[L]; XH=grid_pts[H]; nu=l; break; }; #
Step 3b #Ahn: I have added nu=0,H and L
} #End of step 2d and 3b
if (HistN[j] < N) #Step 2e
{
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orlicz[J]=NRI_M(max (orlicz[j],orlicz[j-1] - (grid_pts
[J]1-grid_pts[j-1]1)),grid_pts[]j],num_iter);
HistN[j]=HistN[j]+1;
}
HH4HHHdddSA S
} #End of inside Loop;
FHAHHHHHHHHEE SRS
}

if (fast==0) {
repeat {
if (ExpHaz_M(orlicz[jl+ (grid_pts[jl-grid_pts[j-11)-
Epsilon/100,grid_pts[j-11)< 1l-alpha) #Step 2a
{
1f(J==2) { #Step 3a
L=j-1;H=3j; nu=0; #nu=1 means epsilon equivalent.

XL=grid_pts[L];
XH=grid_pts[H];
break;
}
if (HistN[j-1] < N) {orlicz[]j-1]=NRI_M (max(orlicz[]],
orlicz[j-1]),grid_pts[j-1],num_iter) #Step 1
;HistN[j—1]=HistN[j-1]+1;}
j=j-1;nu=0; next;N=min (tempN,NN); ## 02/18/12
}
if (HistN[j-1] < N)
{
orlicz[Jj-1]=NRI_M(max (orlicz[j-1],o0rlicz[]J]),grid_pts
[j-1],num_iter); #Step 2b
HistN[Jj-1]=HistN[j-1]+1;
}
if(orlicz[j-1] - (grid_pts[jl-grid_pts[j-1])-Epsilon/
100 >0) ##Step 2c 02.15 modified
{
if (ExpHaz_M(orlicz[j-1] - (grid_pts[jl-grid_pts[j-1])-
Epsilon/100,grid_pts[j])< l-alpha) #Step 2c
{
L=3-1;
H=min (7, Jj+1l+nu);
XL=grid_pts|[L];
XH=grid_pts[H];
break;
}
}
if (HistN[j-1]1>=N & HistN[j]>=N) {#step 2d and 3b
{
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Equiv=1l; #Equiv=1 indicates that it is epsilon
equivalent for this step, while nu=1 means epsilon
equivalent at previous step

if (Activate==0) #Inspect whether it is really epsilon
close or not, Activate=0 means calculated local N
>5
{
Equiv=0;

if (ExpHaz_M(orlicz[j]+Epsilon,grid_pts[j]) < l-alpha &
ExpHaz_M(orlicz[j-1]+Epsilon,grid_pts[j-1]) < l-alpha)

{Equiv=1;if (display==1) {print (paste ("Since n>5 do epsilon
Test and Then PASS at j=", 3, j-1));1}

N=min (tempN,NN); ## 02/18/12

} else {if(display==1) {print("Since n>5, do epsilon Test,
but Failed: Keep testing until satisfied");}

N=N+1; ## 02.15 modified

}

}

if (nu== & Equiv==1) {H=7;L=1;XL=grid_pts[L]; XH=
grid_pts[H];outbreak=1;if (display==1) {print ("Tag
Al");};break;}; #Step 3b

if(nu==0 & j!=2 & Equiv==1) { nu=1l;j=J-1;next; }; #
Step 3b

if (nu==0 & j==2 & Equiv==1) { H=min (7, j+1+nu);L=7-1;

XL=grid_pts[L]; XH=grid_pts[H]; nu=1l; break; }; #
Step 3b #Ahn: I have added nu=0,H and L
} #End of step 2d and 3b
if (HistN[j] < N) #Step 2e
{
orlicz[]j]=NRI_M(orlicz[Jj],grid_pts[]j],num_iter);
HistN[j]=HistN[j]+1;
}
FHHHHHHH AR S S
} #End of inside Loop;
R kL
}
#Calculation of Real Orlicz Norm for Reference (Start)
if (display==1) {
if (grid_pts[7]==upsupport) {temp7=0;} else {temp7<-NRI_
M(orlicz[7],grid_pts[7],100)} #Ahn: this is more
general
TempHaez=c (NRI_M(orlicz[1l],grid_pts[1],100),NRI_M/(
orlicz[2],grid_pts[2],100),NRI_M(orlicz[3],grid_pts
[3]1,100)
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,NRI_M(orlicz[4],grid_pts[4],100),NRI_M(orlicz[5],grid_
pts[5],100),NRI_M(orlicz[6],grid_pts[6],100),temp7)

#Calculation of Real Orlicz Norm for Reference (End)

FHHHHHHH A F SRS HHH AR AR

#Printing of Auxilarly Information (Start)

FHAFHHHHH A A AR

print ("Grid_pts");

print (sort (grid_pts, decreasing=T)) ;

print ("pi[X,x]");

print (grid_pts[7:1]+TempHaez[7:1]); # Shyamal

print ("hat{pi} [X,x]");

print (grid_pts[7:1]+orlicz([7:1]); # Shyamal

print ("HistN")

print (HistN[7:1]); #Shyamal

print (paste ("Lower point=", L, "Upper point=",H))

print ("End ROUNd**x %,k xkkxkhkxkhkkhkkkkkkkk &k kk &k k k& &k * &k x kK
*xx")

print (" M)

print ( )

print (" M)

print (" M)

w w

FHAHHHHHHHS S H S #H
#Printing of Auxilarly Information (End)
44444 H S HS
#Redefine the grids and h{(); (Start)
if (outbreak==1) {break}; #TagAl
if(grid_pts[2]-grid_pts[l] < Epsilon) { print ("epsilon
small");break;}; #OutAlgo iii, Tag B1~B6
1if ((H-L)==1) {
grid_pts= sort (XL+ (XH-XL) /6% (0:6));
orlicz=c(orlicz[j-1],rep(orlicz[]J],6))
}
if ((H-L)==2) {
grid_pts= sort (XL+ (XH-XL)/6*(0:6));
orlicz=c(orlicz[j-1],rep(orlicz[]j],3),rep(orlicz[]
+1],3))
}
1f ((H-L)==3) {
grid_pts= sort (XL+ (XH-XL)/6*(0:6));
orlicz=c(orlicz[j-1],rep(orlicz[]j],2),rep(orlicz[]
+11,2),rep(orlicz[j+2],2))
}
HistN=c(0,0,0,0,0,0,0); j=7;
#Redefine the grids and h(); (end)
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FHHHHHH 4R EHH S
}#End of out side loop;
G i o o o o o o
#Find which Tag it has ended (start)
High=0;
Low=H-L;
if (HistN[5]==0) #TagBl
{
repeat {
if ( ExpHaz_M(orlicz[7]+Epsilon,grid_pts[7])< l-alpha )
{break; };
orlicz[7]<-NRI_M(orlicz[7]+Epsilon,grid_pts([7], 1)
}
est_haz=grid_pts[7]+orlicz[7];High=1;
} else { est_haz=grid_pts[H]+orlicz[H];} #TagB2~B6
if (nu==1 & HistN[4]==0) {High=1;} #TagB4
if (outbreak==1) {High=1;grid_pts[Jj+1]+orlicz[j+1];} #TagAl
#Find which Tag it has ended (end)
#Results (start)
HaezH=est_haz+tHighxEpsilon;
HaezL=est_haz-Low*xEpsilon;
MiniL=XL #grid_pts[1];
MiniH=XH #grid_pts[5+2xnu];
HaezendonckRow=c ( (HaezH+HaezL) /2, HaezL, HaezH)
OrliczRow=c ( (MiniH+MiniL) /2, Minil, MiniH)
DF <- data.frame ( HaezendonckRow,OrliczRow)
row.names (DF)=c ("Estimation", "Lower Bound", "Upper Bound")
names (DF) =c ("Haezendonck—-Goovaerts risk measure","
Orlicz Quantile")
return=DF

HaezConti<-function (alpha=0.95, epsilon=0.001, upquantile=
NULL, lowsupport=0, upsupport=Inf,mybeta=(1-0.95)"0.5,
Haz=function (x) {x*2}, Hazd=function(x) {2xx}, mydist=
function (x) {exp(-x)}, display=0, NN=5, fast=1)

error<-0.001;

if(is.real (mybeta) !'=1) {print ("mybeta needs to be a
numeric. i.e. \\Hazd"{-1} (1l-alpha)");break}

if(is.function(Haz) !=1) {print ("Haz needs to be a function
") ;break}

if (is.function (Hazd) !'=1) {print ("Hazd needs to be a
function") ;break}

alpha<<-alpha
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Epsilon<<—-epsilon/3.5
mybeta<<-mybeta
lowsupport<<-lowsupport
upsupport<<-upsupport
mydist<<-mydist
if (length (upquantile)==0)
{
approxquantile<-function (fff2)
{
abs (integrate (mydist, lower=fff2[1], upper=upsupport,
abs.tol=0.0000001*«Epsilon) Svalue - (l-alpha))
}
tempXH=nlm (approxquantile, c(1,1))
XH<<-min (tempXH$estimate[l]+error, upsupport)
} else {XH<<-upquantile}
if (abs (integrate (mydist, lower=lowsupport,upper=upsupport,
abs.to0l=0.0001) Svalue-1)>0.01) {
print ("Either lowsupport or upsupport or mydist are wrong
Prrmy;
break;
}
Haz<<—-Haz
Hazd<<-Hazd
continuous<<-1;source ("Aux.r")
outbreak=0; #If outbreak==1, then out-algorithm breaks.
SRS L LR EEEE LR L L L
#1 Get Lower bound of Minimizer
XH1=XH+Epsilon; #0.001 is fixed number
myMean<-mymean (lowsupport, O0)
HAtMyquantileH=up_Orlicz (XH1, (-Epsilon)) #Upper Bound of
H(myquantile),
XL=myMean-mybeta* (HAtMyquantileH+XH-myMean) / (1-mybeta); #
Lower Bound of Minimizer XH1-->XH
#H4HHHHHEH S
HH4HHHHdEd St
#2 Preliminary for Algorithm
orlicz=c (rep (mymean (XH, XH)/mybeta,7)) ;
num_iter=1;nu=0; j=7;
grid_pts=sort (XL+ (XH-XL)/ (6)*(0:6));
HistN=c(0,0,0,0,0,0,0)
Activate=0; #Activate=1 1f N<=5
L=1; H=7; #Index of x_1 and x_7
UBorliczAT_L=up_Orlicz(grid_pts[l]-error, error); #Upper
bound of H(X,x_1) #For calculation of N
#H4HHHHHH SR
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repeat{

if (display==1) {print ("Begin Roundx**x**kxkkkkk k& * k%% k%% % *x %
hkhkkkkkhhhkhkrxkkhhhkhkxkkhkhkxxxxx%x") }

nu=0;

N=NN;

orlicz[7]=NRI_M(orlicz[7],grid_pts[7],num_iter); #Step 1

HistN[7]=HistN[7]+1; #Step 1

#Begin Calculation of N

if(L>1) {UBorliczAT_L=min (up_Orlicz (grid_pts[l]-error,
error), UBorliczAT L)} ##error is fixed 02/21

tempN=GetLocalN (grid_pts[7],UBorliczAT_L,grid_pts[1l],
orlicz[7], Epsilon)

if (tempN<=NN) {Activate=1; N=tempN};

#End Calculation of N

if (display==1) {print (paste ("Calculated N is", tempN, "But/
And we will use N=",N));}

if (fast==1) {

repeat {
if (ExpHaz_M(orlicz[jl+ (grid_pts[jl-grid_pts[j-11)-
Epsilon/100,grid_pts[j-1]1)< 1l-alpha) #Step 2a
{
if (§==2) { #Step 3a
L=j-1;H=3j; nu=0; #nu=1 means epsilon equivalent.

XL=grid_pts[L];
XH=grid_pts[H];
break;
}
if (HistN[Jj-1] < N) {orlicz[]j-1]=NRI_M(max(orlicz[7J],
orlicz[j-1]1),grid_pts[j-1],num_iter) #Step 1
;HistN[j-1]=HistN[j-1]+1;}
J=7-1;nu=0; next; N=min (tempN,NN); ## 02/18/12
}
if (HistN[j-1] < N)
{
orlicz[j-1]=NRI_M(max (orlicz[j-1],orlicz[]j],orlicz[]
] + (grid_pts[jl-grid_pts[j-1])),grid_pts[j-11,
num_iter); #Step 2b
HistN[j-1]=HistN[j-1]+1;
}
if(orlicz[3j-1] - (grid_pts[jl-grid_pts[j-1])-Epsilon/
100 >0) ##Step 2c 02.15 modified
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if (ExpHaz_M(orlicz[j-1] - (grid_pts[Jjl-grid_pts[]
-1]1)-Epsilon/100,grid_pts[]j])< l-alpha) #Step 2c

L=j-1;

H=min (7, Jj+1l+nu);
XL=grid_pts[L];
XH=grid_pts[H];
break;

}
if (HistN[j-1]>=N & HistN[j]>=N) #step 2d and 3b

{

Equiv=1l; #Equiv=1 indicates that it is epsilon
equivalent for this step, while nu=1 means
epsilon equivalent at previous step

if (Activate==0) #Inspect whether it is really
epsilon close or not, Activate=0 means calculated

local N>5
{
Equiv=0;
if (ExpHaz_M(orlicz[j]l+Epsilon,grid_pts[]j]) < l-alpha &
ExpHaz_M(orlicz[j-1]1+Epsilon,grid_pts[j-1]) < l-alpha)
{Equiv=1;if (display==1) {print (paste ("Since n>5 do epsilon
Test and Then PASS at j=", 3, Jj-1));1}
N=min (tempN,NN); ## 02/18/12
} else {if(display==1) {print ("Since n>5, do epsilon Test
, but Failed: Keep testing until satisfied");}
N=N+1; ## 02.15 modified
}
}

if (nu== & Equiv==1) {H=7;L=1;XL=grid_pts[L]; XH=
grid_pts[H];outbreak=1;if (display==1) {print ("Tag
Al"); };break;}; #Step 3b

if (nu==0 & j!=2 & Equiv==1) { nu=1l;j=j-1;next; }; #
Step 3b

if(nu==0 & j==2 & Equiv==1) { H=min (7, j+1l+nu);L=7j-1;
XL=grid_pts[L]; XH=grid_pts[H]; nu=l; break; }; #
Step 3b #Ahn: I have added nu=0,H and L

} #End of step 2d and 3b

if (HistN[j] < N) #Step 2e
{

orlicz[Jj]=NRI_M(max (orlicz[j],orlicz[]j-1] - (grid_pts
[§J]-grid_pts[j-11)),grid_pts[j],num_iter);

HistN[j]=HistN[j]+1;

}



128

i EE R L EE R L E
} #End of inside Loop;
FH4HHHHHH SRR #
}
if (fast==0) {
repeat {
if (ExpHaz_M(orlicz[Jj]l+ (grid_pts[j]l-grid_pts[j-11)-
Epsilon/100,grid_pts[j-1]1)< l-alpha) #Step 2a
{
if (§==2) { #Step 3a
L=j-1;H=73; nu=0; #nu=1 means epsilon equivalent.
XL=grid_pts[L];
XH=grid_pts[H];
break;
}
if (HistN[j-1] < N) {orlicz[Jj-1]1=NRI_M (max(orlicz[]j],
orlicz[j-11),grid_pts[j-1],num_iter) #Step 1
;HistN[j-1]1=HistN[j-1]1+1;}
j=J-1;nu=0; next;N=min (tempN,NN); ## 02/18/12
}
if (HistN[J-1] < N)
{
orlicz[]j-1]=NRI_M(max (orlicz[j-1],orlicz[]]),grid_pts[]
-1],num_iter); #Step 2b
HistN[j-1]=HistN[j-11+1;
}
if(orlicz[3j-1] - (grid_pts[jl-grid_pts[j-1])-Epsilon/
100 >0) ##Step 2c 02.15 modified
{
if (ExpHaz_M(orlicz[j-1] - (grid_pts[jl-grid_pts[]
-1])-Epsilon/100,grid_pts[j])< l-alpha) #Step 2c

L=3-1;

H=min (7, Jj+1+nu);
XL=grid_pts[L];
XH=grid_pts[H];
break;

}
if (HistN[j-1]>=N & HistN[j]>=N) d#step 2d and 3b
{
Equiv=1l; #Equiv=1l indicates that it is epsilon equivalent
for this step, while nu=1 means epsilon equivalent at
previous step



129

if (Activate==0) #Inspect whether it is really epsilon
close or not, Activate=0 means calculated local N>5
{
Equiv=0;
if (ExpHaz_M(orlicz[j]+Epsilon,grid_pts[j]) < l-alpha &
ExpHaz_M(orlicz[j-1]1+Epsilon,grid_pts[j-1]) < l-alpha
)
{Equiv=1;if (display==1) {print (paste ("Since n>5 do
epsilon Test and Then PASS at j=", 7j, J3-1));}
N=min (tempN,NN); ## 02/18/12
} else {if(display==1) {print ("Since n>5, do epsilon
Test, but Failed: Keep testing until satisfied");}
N=N+1; ## 02.15 modified
}
}
if (nu==1 & Equiv==1) {H=7;L=1;XL=grid_pts[L]; XH=grid_pts
[H] ;outbreak=1;if (display==1) {print ("Tag Al"); };break
;}; #Step 3b
if (nu==0 & j!=2 & Equiv==1) { nu=l;j=j-1;next; }; #Step 3b
if (nu==0 & j==2 & Equiv==1) { H=min (7, j+1+nu);L=7-1;XL=
grid_pts[L]; XH=grid_pts[H]; nu=l; break; }; #Step 3b #
Ahn: I have added nu=0,H and L
} #End of step 2d and 3b
if (HistN[j] < N) #Step 2e
{
orlicz[Jj]=NRI_M(orlicz[]j],grid_pts[]j]l,num_iter);
HistN[j]=HistN[j]+1;
}
FHH4HHHHHHHE SR HH
} #End of inside Loop;
FHH4H4HHHdHEES S HHS

}

#Calculation of Real Orlicz Norm for Reference (Start)
if (display==1) {
if (grid_pts[7]==upsupport) {temp7=0;} else {temp7<-NRI_M/(
orlicz[7],grid_pts[7],100)} #Ahn: this is more general
TempHaez=c (NRI_M(orlicz[1l],grid_pts[1],100),NRI_M(orlicz
[2],g9rid_pts[2],100),NRI_M(orlicz[3],grid_pts[3],100)
,NRI_M(orlicz[4],grid_pts[4],100),NRI_M(orlicz[5],grid_
pts[5],100),NRI_M(orlicz[6],grid _pts[6],100),temp7)
#Calculation of Real Orlicz Norm for Reference (End)
FHAHHHAH AR H A A AR A AR H AR HHA
#Printing of Auxilarly Information (Start)
HHAHHHHH A
print ("Grid_pts");
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print sort(grld pts, decreasing=T));
print ("pi[X,x1");
print grld pts[7:l]+TempHaez[7:l]); # Shyamal

(
(
(
(
(
('
(
(

print ("hat{pi}[X,x]");
print (grid_pts[7:1]+orlicz[7:1]); # Shyamal
print ("HistN")

print (HistN[7:1]1); #Shyamal

print (paste ("Lower point=", L, "Upper point=",bH))

print ("End RoUNdx* sk xkkkkkhkkhkxhkxhkx kA kkkkkkkkk k& k& ok xkxkxk*
kkKkkkkkxAx")

print (" ")

print (" ")

print (" ")

print (" M)

FHAHHHHEHAH A H S AR AR A AR RS H
#Printing of Auxilarly Information (End)
FHHHFHHAHHHFH A FHAFH A A AR SHHA
#Redefine the grids and h{(); (Start)

if (outbreak==1) {break};
#TagAl
f(grid_pts[2]—-grid_pts[l] < Epsilon) { print ("epsilon
small"™) ;break; }; #OutAlgo iii, Tag Bl~
B6

if ((H-L)==1) {
grid_pts= sort (XL+ (XH-XL) /6% (0:6));
orlicz=c(orlicz[]j-1],rep(orlicz[]],6))
}
if ((H-L)==2) {
grid_pts= sort (XL+ (XH-XL) /6% (0:6));
orlicz=c(orlicz[j-1],rep(orlicz[]j],3),rep(orlicz[]j
+11,3))
}
1f ((H-L)==3) {
grid_pts= sort (XL+ (XH-XL) /6% (0:6));
orlicz=c(orlicz[j-1],rep(orlicz[]j],2),rep(orlicz[]
+1],2),rep(orlicz[]j+2],2))
}
HistN=c(0,0,0,0,0,0,0); 3j=7;
#Redefine the grids and h(); (end)
SRR R LA AR R L
}#End of out side loop;
LSRR EEEEEEEE
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#Find which Tag it has ended (start)

High=0;
Low=H-L;
if (HistN[5]==0) #TagBl
{
repeat {
if( ExpHaz_M(orlicz[7]+Epsilon,grid_pts[7])< l-alpha

) {break;};
orlicz[7]<-NRI_M(orlicz[7]+Epsilon,grid_pts[7], 1)

}

est_haz=grid_pts[7]+orlicz[7];High=1;
} else { est_haz=grid_pts[H]+orlicz[H];} #TagB2~B6
if (nu==1 & HistN[4]==0) {High=1;} #TagB4
if (outbreak==1) {High=1;grid_pts[j+1]+orlicz[j+1];} #TagAl
#Find which Tag it has ended (end)
HaezH=est_haz+tHighxEpsilon;
HaezL=est_haz-LowxEpsilon;
MiniL=XL #grid_ptsl[l];
MiniH=XH #grid_pts[5+2*nu];
HaezendonckRow=c ( (HaezH+HaezL) /2, Haezl, HaezH)
OrliczRow=c ( (MiniH+Minil) /2, MiniL, MiniH)
DF <- data.frame ( HaezendonckRow,OrliczRow)
row.names (DF)=c ("Estimation", "Lower Bound", "Upper Bound")
names (DF) =c ("Haezendonck—-Goovaerts risk measure","

Orlicz Quantile™)
return=DF

NRI_M<-function (iter,thetal,n)
{
if (iter==0) {iter=mymean (thetal,thetal)}
if (iter==0) {iter=0} else {
if (continuous==1) {
fl<-function (x)
{
Haz ( (x-thetal) /iter) *mydist (x)
}
f2<-function (x)
{
Hazd ((x—thetal) /iter) * (x—thetal) /iter*mydist (x)
}
for (i in 1:n){
templ=(integrate (fl, lower=thetal,upper=upsupport, abs
.t0l=0.000001+Epsilon) $value - (l-alpha))
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temp2=integrate (f2, lower=thetal, upper=upsupport, abs.
t0l=0.000001+Epsilon) Svalue

iter=iter + iter » templ/temp2;

}

}

if (continuous==0) {
for (i in 1:n){
templ=mean ( Haz (pmax (XX-thetal,0)/iter) ) - (l-alpha)

temp2=mean ( Hazd (pmax (XX-thetal,0)/iter) x (XX-thetal) /
iter )

iter=iter + iter » templ/temp2;

}

}
if (continuous==2) {

iter=NRI_MM (iter, thetal, n)

}

}

return<-iter;

}

ExpHaz_M<-function (iter,thetal)
{
if (continuous==1) {
fl<-function (x)
{
Haz ( (x—thetal) /iter) *smydist (x)

}
ret=integrate (fl, lower=thetal, upper=upsupport, abs.tol

=0.000001*Epsilon) $Svalue

}
if (continuous==0) {

ret=mean ( Haz (pmax (XX-thetal, 0)/iter) )
}
if (continuous==2) {
ret=ExpHaz_MM(iter,thetal)

}

return<-ret;

}

mymean<-function (z, z1)
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if (continuous==1) {
fmean<-function (x) { (x—z1) *xmydist (x) }
ret=integrate (fmean, lower=max(z, lowsupport), upper=
upsupport, abs.tol=0.000001+«Epsilon)S$value

}
if (continuous==0) {

ret= mean ( (XX—-z1) % (XX>=z))

}

if (continuous==2) {

ret=mymeanM(z, z1)

}

return<-ret;

}

up_Orlicz<-function (XHH, error) ##Need to be GENERALIZED

{
temp=mymean (XHH, XHH)/mybeta

if (temp==0) {temporlicz=0} else{
temporlicz<-NRI_M (temp, XHH, 1)
repeat {

if (temporlicz-error>0) {
if (ExpHaz_M(temporlicz-error , (XHH+error))< l-alpha)

{break; }

}
temporlicz=NRI_M (temporlicz, XHH, 1) ;

}

ret=temporlicz

GetLocalN<-function(grid7, orliczl, gridl, orlicz7, Epsilon
) ##Need to be generalized
{

if(orlicz7==0) {Chat=1-(l-alpha)"3+Hazd (mybeta) /Hazd
mybeta/ (1-alpha)); } else {
if (continuous==1) {

FF<—function (x)

{
Hazd ((x-FC1l) /FC2) = ( (x-FC1) /FC2) *mydist (x)

}
FCl=grid7;
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FC2=orliczl;
TEMPnumerator=integrate (FF, lower=FCl,upper=upsupport,
abs.tol=0.000001+Epsilon) $Svalue
FCl=gridl;
FC2=orlicz7;
TEMPdenominator=integrate (FF, lower=FCl, upper=upsupport
, abs.tol=0.000001%Epsilon) $value
}
if (continuous==0) {
FCl=grid7;
FC2=orliczl;
print (paste (FC1,FC2))
TEMPnumerator=mean (Hazd (pmax (XX-FC1,0) /FC2) » ( (XX-FC1) /
FC2))
FCl=gridl;
FC2=orlicz7;
TEMPdenominator=mean (Hazd (pmax (XX-FC1,0) /FC2) » ( (XX-FC1)
/FC2))
}
if (continuous==2) {
FCl=grid7;
FC2=orliczl;
TEMPnumerator=meanPsiX.X (XX,FC1l,FC2)
FCl=gridl;
FC2=orlicz7;
TEMPdenominator=meanPsiX.X (XX, FC1l,FC2)
}
Chat=1l-orlicz7/orliczl+TEMPnumerator/TEMPdenominator;
}
NN=max (ceiling (log (Epsilon/ (orliczl-orlicz7))/log(Chat))
1)
return=NN;

}



