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In this study we provide a new proof of C1* boundary regularity for finite
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CHAPTER 1
INTRODUCTION

This study is intended to provide a new proof of C*® regularity near non-
singular points for sets with a prescribed mean curvature on the boundary. This
approach to prescribed mean curvature surfaces has its origin with the work of Ennio
De Giorgi, who developed the theory minimal surfaces from the standpoint of sets of
finite perimeter. A deep result of his [9] shows that the sets of minimal perimeter, i.e.
those with zero mean curvature, enjoy C'*® regularity of the boundary except possibly
in a small singular set. Much effort has been made to provide analogous proofs of these
results in different measure theoretic settings, as instanced in works by Reifenberg
[27], Federer and Fleming [13], Almgren [2], and others. Also, much interest has been
placed on the dimension of the set of singular points. In [26] Miranda proved that if
the dimension of the surface is this singular set must have (n — 1)—dimensional Haus-
dorff measure 0. After stronger results by Almgren [1] and Simons [30], the existence
of a singular cone was provided by Bombieri, De Giorgi and Giusi [3] in R®. Finally,
Federer [12] showed that the singular set could have at most (n — 8)—dimensional
Hausdorff measure.

Along a different line of study, Massari extended De Giorgi’s proof to bound-
aries satisfying a variational mean curvature formula with mean curvature term
H € L*>(R) in [24] and later with H € LP(Q2) for p > n in [25]. More precisely,

he studied the boundary regularity of sets E which are local minimizers in 2 C R”



of a functional

Fu(E)=Po(E)+ | H(z)dw. (1.1)

ENQ

Here Pq(FE) denotes the perimeter of E in Q. The motivation for (1.1) is seen by
calculating the first variation of Fy in the case where OF is a C? surface and H is a
continuous function. Then Pq(FE) is the surface area of OF, and for x € F, we have
that —H(x)/(n — 1) is the mean curvature of OF. For the details of this calculation,
see Appendix A.2.

In 1993 Caffarelli and Cérdoba [6] presented a completely new proof of C'
boundary regularity for sets of minimal perimeter by reformulating the problem in
terms of viscosity solutions and using techniques from the theory of fully nonlinear
elliptic equations.

In this study we provide a new proof of C*® boundary regularity for finite
perimeter sets with flat boundary having variational mean curvature as in (1.1),
where the curvature term is H € L*(Q2). The proof is a generalization of Caffarelli
and Cordoba’s paper, and is strongly influenced by their philosophy and methods. It
involves a combination of techniques from geometric measure theory and the theory
of viscosity soultions which have been developed over the last 50 years, and thus
represents a complete departure from the techniques used in [24, 25]. As such, it
relies on the interplay between the local nature of sets which are minimizers of a
given functional, and the pointwise properties of comparison surfaces which satisfy
certain PDE. As a heuristic, in our proof we can consider the curvature as an error

term which is estimated and controlled at each point of the calculation.



CHAPTER 2
DEFINITIONS AND BACKGROUND

2.1 Sets of Finite Perimeter
and the Reduced Boundary

We refer to the standard references [17, 11] for the following definitions and

theorems.

Definition 2.1.1 ([17] p. 5, [11] p. 166). Let E be a Borel set and Q C R™™! be an

open set. Define the perimeter of E in ) as

PQ(E):/|DXE|=SUP{/divgd:p
Q E

If Q = R then we denote

g€ Ci(R"™) gl <1 } :

P(E) = Pao (E).
We say that E has finite perimeter in ) if Po(E) < oco. Similarly, we say that

E has locally finite perimeter in () if Py(E) < oo for each open set V. CC €.

Remark 2.1.2. Note that if OF N <) is smooth, then from the Gauss-Green theorem,
one can see that

Pao(E) = H*(OE N Q).

Thus Pqo(FE) measures the "surface area” of E in Q, and the term perimeter is justi-

fied. Here L™ denotes the n—dimensional Lebesque measure.

Remark 2.1.3 ([17], p. 6). Assume Ey and Ey are sets with finite perimeter. Then

the following properties follow from Definition 2.1.1:



]) ]le Q Qg, then

with equality holding when E CC §2;.

2) Po(E) =Pa(Q\ E).

3) If |E| = 0 then P(E) = 0.

Theorem 2.1.4 ([17], p. 172). If Ey and Ey are sets with finite perimeter, then

Pao(E1 U Ey) + Pa(Ey N Ey) < Po(Ey) 4+ Pa(E»),

with equality when dist(Ey, Es) > 0.

The next theorem shows that for each set E with locally finite perimter in
(), there exists a measure up that extends the definiton of perimeter to arbitrary

A CccC Q. It can be shown that for open sets U,

Py(E) = pe(U).

Also, there is a "normal vector” to JF, denoted vg which is defined ug a.e.. The

proof follows from the Reisz Representation theorem.

Theorem 2.1.5 (The Perimeter Measure [11], p. 168). Let E be a set with locally
finite perimeter in ). Then there exists a Radon measure pg and a pgp-measurable

function

vg : Q — R



such that
i) lvgl =1 pg ae., and
ii) [ divgdr = [, g vedug for all g € CH(Q;R™).

The next two theorems provide the means to prove the existence of minimal

perimeter sets.

Theorem 2.1.6 (Lower Semicontinuity of the Perimeter Measure [11], p. 172). Let

E and {Ey};- | be a sets with locally finite perimeter in Q. If
XE, = Xp i L (Q)

then

pne($2) < lim inf 15, (€2).
Theorem 2.1.7 (Compactness of Sets of Finite Perimeter [11], p. 176). Let 2 be
open and bounded with 02 Lipschitz. Suppose {Ej},—, is a sequence of sets with
finite perimeter in Q). Then there exists a subsequence {Ekj};il and a set E with

finite perimeter in €2 such that
XE, — X in LY(9Q).

The last topics of this section are the reduced boundary 0*FE and the gen-
eralized Gauss-Green Theorem for the reduced boundary. We will make use of this

version of the Gauss-Green theorem several times in the next chapter.

Definition 2.1.8 (The Reduced Boundary [11], p. 194). Let z € R™" We say

xr € O*F, the reduced boundary of E if



i) pp (BN (z)) >0 for allr >0,

- . ) . an+1(1') Vg d,uE
ii) the limit vp(z) = lgl%) 1o (B (2)

exists, and
iii) |ve(z)| = 1.

As we can see from the definition above, the reduced boundary consists of the
points of OF that have a normal vector defined with respect to pg. Furthermore, it
can be shown that the perimeter measure coincides with the Hausdorff measure on

the reduced boundary:

Theorem 2.1.9 ([11], p. 205). Assume E has locally finite perimeter in R"*'. Then
for any A C O*FE,

pe(A) = H"(A).

Finally, we can state the Gauss-Green Theorem. This is proved in an equiva-

lent, but slightly different form in [11].

Theorem 2.1.10 ([11], p. 209). Assume E has locally finite perimeter in R™**. Then
i) H'(O*ENK) < oo for each compact K C R"™ | and
ii) for H" a.e. x € O*E, we have

/dz’vgda::/ g-vpdH"
E O*E

for all g € C3(;R™).



2.2 Minimizers of Perimeter
and Variational Mean Curvature
The space of finite perimeter sets enjoys sufficient compactness to guarantee
that a minimizer of P(E) exists, and so it is natural to study minimal surfaces from

the perspective of minimizers of the perimeter functional as follows [17]:

Definition 2.2.1. Let Q C R™™! be open. Then a set E of finite perimeter has
minimal perimeter in () if

P(E) < P(X)
for all X such that EAX CC 2.

Definition 2.2.2. Let Q C R™"! be open, and let H € L*(). We say that a set E of
finite perimeter has variational mean curvature H in ) if E is a local minimizer
of the functional

Fu(E) =Po(E) + H(z) dz. (2.1)

ENQ

That 1s,

Fu(E) < Fu(X)

for all X such that EAX CC (2.

When no confusion should arise, we will often drop the adjective 'variational’

simply refer to a set E satisfying Definition 2.2.2 as having mean curvature H.

Remark 2.2.3. The motivation for this definition is that if OE NS is smooth and H
is continuous, then by computing the first variation of Fy(E), we find that —L H ()

is the mean curvature of E at x € OFE N .



Remark 2.2.4. Later, we will make use of the blowup sets
ANE={ )z |ze€E}.

We note that

Fu(E) =Pqo(E) +/ H(z) dz

ENQ

1 1
- — 2.2
)\nPQ(AE)—i— pYEs] /A . H(z/)\) do (2.2)

_ % (pm(AE) + % /A _H(/Y da:) .

Thus we see that if H is a mean curvature for E in Q, then +H(x/\) is a mean

curvature for AE in \).

We will now begin to prove volume and density estimates for sets £/ with mean
curvature H in . To do this we will need the following classical theorems from real

analysis.

Theorem 2.2.5 (The Isoperimetric Inequalites, [11], pg. 190). Let E be a bounded

set with finite perimeter in Q C R"*1. Then
i) c|E|""t < P(E), and

ii) Relative Isoperimetric Inequality: For any ball B, C €,

min {|B, N E|, |B, \ E[}"/"" < CPy, (E),

for universal constants ¢ and C'.



Theorem 2.2.6 (The Vitali Covering Theorem, [11], pg. 27). Let G be a collection

of nondegenerate closed balls in R™ ' with
sup{ diam B| B € G } < oc.

Then there ezists a countable family A of disjoint balls in G such that

UBc B

Beg BeA
where B denotes the concentric ball with radius 5 times the radius of B.

It will be useful to have the following notation in the sequel:

Definition 2.2.7. We denote the volume which is §—flat in B**1(0) as
S, = B 0) N {|zpy1| <67}

Lemma 2.2.8 (The Boundary Density Estimate for Flat Surfaces). Let E be a set
with finite perimeter in Q C R"™, and let E have mean curvature H € L™(Q).

Also, assume that 0 € OF and OF satisfies
OF N B (0) C {|an] < 61}

Then

Pppet (B) < wn (1404 8 H s o) ) 7™

Proof. By comparison of E with E'\ S, s we see that

i)+ |

EQST,(;

H(z) dx < /as xe(x) dH". (2.3)
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Similarly, by comparison of ' with £'U S, ; we have

P (E) + /

ENS,.s

Hiz) dz < /

1 —xg(z) dH" +/ H(z) dx. (2.4)
657",5 Sr,&

Adding (2.3) and (2.4) and bounding the surface area of S, ;5 by the surface area of a

cylinder with radius r and height ér, we find

2 (PB;LH(E) —|—/ H(x) dx) §/ dH" +/ H(z) dz.
Eﬂsng 657’5 Sr,&

(2.5)
= 2w,r" + 20nw,r" + / H(z) dx.
S’r5
Thus from (2.5) and Holder’s inequality we have
PB?“(E) < wpr™ + dnwpr™ + ||HHLn+l(B:‘l+1) ((5wn7’n+1)"/n+l
= <wn(1 +on) + HHHL"“(B,’}“)(5wn)”/”+1> .
O

Lemma 2.2.9 (The Volume Density Estimate in Balls, [19]). Let E be a set with
finite perimeter in Q C R"™ | and let E have mean curvature H € LT (Q). Assume

that z € OF and, and suppose that for some ro with Bl (z) C Q,

HHHLW‘+1(B;’«LO+1(Z)) S 6/2,

where ¢ is the isoperimetric constant from lemma 2.2.5. Then there exist a universal

constant cqg > 0 such that
cor™ < |EN B (2)| < (w1 — o) ™

when

0<7’<7”0.
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Proof. Without loss of generality, we assume that z = 0. By comparison of £ with

E\ B'(0) we see that

Ppr1()(E) + /

ENBI(0)

Then by Holder’s inequality we have

n n/n+1 n
7DB?“(O)(E) - ||H||Ln+1(3g+1(o)) }E N BT+1(O)’ < / xe(x) dH".
aBr 1 (0)

The isoperimetric inequality (lemma 2.2.5) states that
n4+1 n/n+1 n+1
c|EnBIY0)] <P (ENB0)).

But

P (ENB*(0)) = Ppr+1(o)(E) + / xe(xr) dH"™.

aB; 1 (0)

Thus combining (2.7), (2.8) and (2.9) we find that

n n/n+1 n
(c— ‘|H“Ln+1(BlL+1(O)>> |[EnBH0) /mHt < 2/ xe(x) dH",

BT (0)

and the lemma’s assumption on ||H || L (B (0)) gives

c|En B O < 4 / \e(a) dH™,

aB; 1 (0)

for r < ry. Now define

g(r) == |EN B (0)].

We can see that for almost every r < ry,

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)



so that (2.10) can be written as

1S9 ) = (n+ 1) (g(r) )

Then by integrating from 0 to r for any r < ry we have

cr 1/n+1
_ — < |E BTL+1
D S IENETOIT,

which completes one side of the inequality in the lemma.

To complete the other side, we claim that E° is a minimizer of

Q(F) = PB;PH(O)(F) — / H(x) dzx.

FNBrL(0)

To see this, note that by definition of E, for any set A,

PBﬁH(o)(E) + /

ENBIT1(0) AcenBrtL(0)
But

'PBgH(O)(E) = ’PB;H—l(O)(EC) and 'PB;H—l(O)(A) = ’PB;zH(O)(AC),
so from (2.12) we see that

PB;‘H'I(O) (EC) - / H(l‘) df]: S PB;’H-l(O) (AC) +/

EcnBR(0)

< ’PB?'H(O) (A) — / H(SL’) d;l',

ANBrL(0)

which proves (2.11). It follows from a similar argument to above that
|E°N B (0)] > cor™ !

for some universal ¢y when

0<r<rg,

H(z) dv < Ppuei(g)(A°) —|—/ H(z) dx.

12

(2.11)

H(x) dw—/ H(z) dx
AenB(0) Br(0)
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which implies

EN B:}H(O)‘ < (Wnt1 — ) rt
in the same regime. O]

Corollary 2.2.10 (The Lower Boundary Density Estimate in Balls). Let E be a set
with finite perimeter in Q C R and let E have mean curvature H € L"1(Q).

Assume that z € OF and, and suppose that for some ro with Bfoﬂ(z) C Q,
||HHLn+1(B:LO+1(z)) <¢/2,
where ¢ is the isoperimetric constant from lemma 2.2.5. Then
PB;hLl(z) (E) Z Corn

for some universal ¢y when

0<7’<7”0.

Proof. Without loss of generality, we assume that z = 0. The proof follows from an
application of the relative isoperimetric inequality (Lemma 2.2.5) and Lemma 2.2.9.

Indeed, given the conditions described in the lemma statement, we have
er' < min {|B2(0) N E|, [BE0)\ B[} < CPpyi ) (E),
for some universal constants ¢ and C. O

The following proof unfortunately did not end up being used in this thesis,

but could be useful for later research.
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Lemma 2.2.11 (The Clean Ball Lemma). Let E be a set with finite perimeter in
Q C R"™ and let E have mean curvature H € L™ (Q). Assume that 0 € OF and,

and suppose that for some r with B"™(0) C Q,
||H||Ln+1(3g+1(o)) <c/2,
where ¢ is the isoperimetric constant from lemma 2.2.5. Then there exists a ball
By (y) cc En BrH0),
for some small universal ¢ > 0.

Proof. Consider an open covering of dE N Bf*(0) by balls B (x), where z €
JE N B"1(0) and

v << 1.

Let A, be the disjoint Vitali subfamily of this cover, given by Lemma 2.2.6. We
denote by
Asy = { Byl (o) | B (2) € A, }
The Vitali cover of 9E N B**1(0). Let N, be the number of balls in A,. Our first
goal is to show that
C

N, < o (2.13)

This follows from the disjointess of A, and an application of the lower boundary

density estimate, Lemma 2.2.10:

BrileA, (2.14)
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And by comparison of FE with £\ B""!(0) we have

PB;L+1(O) (E) S /

aBrt(0)

xe(x) dH" — / H(z) dz

ENBL(0)

) . 2.15
< O + ClH| s (gp1 (o))" o

< Cr".

Thus (2.13) follows from (2.14) and (2.15).
Now consider a finitely overlapping cover Bs, of E N 37%1 (0) by balls of the

form BQ;;I (y), where y € EN B:}/ng (0). Our next goal is to find an upper bound on

the number M, of balls B"* € Bs, such that
B"™™M N OE # 0.

To this end, note that for each Bg‘;;l € As,, by finite overlapping there exists a

constant C' such that Bgﬂ;;l intersects at most C balls from Bs,. Since As, covers

OEN Bf/zl(O), and

[Asy| = A ]

from (2.13) we see that
C
M, S ON, < . (2.16)

Finally we wish to find a lower bound on K., then number of balls in Bj,.

This follows from the volume density estimate, Lemma 2.2.9:

CE,(y)"'= Y B =| |J B> ’EnB:/gl(O) > o™t (2.17)

Bn+IEB57 Bn+IEB57

From (2.16) and (2.17) we can see that the number of balls in Bs, that do not

intersect OF is given by

11
K,—M,>C <7n+l - W) . (2.18)
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Clearly we can choose ~ universally so that the right hand side of (2.18) is greater
than 1. Thus there will exist at least one ball in Bs, that does not intersect 0. This

ball satisfies the conclusion of the lemma. O]
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CHAPTER 3
BOUNDARY REGULARITY

3.1 The Flatness Improvement Lemma

Lemma 3.1.1. Suppose g € CH1(Q) for some domain Q. Then D?*g(x) ewists a.e.
and

D?g(x) =0
almost everywhere in the set

{z]g(x)=0}.

Proof. Because g € C11(Q), g is semi-convex. Thus Aleksandrov’s Theorem ([11], p.
242) states that g is twice differentiable £ a.e in .

Let A denote the set of density points of { z | g(x) = 0 }. Recall that

[{2]g(x)=0}\ Al =0.

We first show that at any xy € A,

g(x) = of|x = o),

which implies that

Dg(zo) = 0.

Suppose that this is not the case. Then we can find a sequence of points x;

such that x; — ¢ as ¢ — oo and

g9(xi)

> c> 0. 3.1
2 — 0] (3.1)
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Because ¢ is Lipschitz, there exists a constant K such that
g9(zi) — K|z — z;] < g(z) (32)

for each i. Let

T — 2.

7!
= —_— xi
2K
Then from (3.1) and (3.2), we see that,

g(x) > g\xl — 29| >0 in B, (x;).

Since

K +c
|zi — @o| + 1y =2 Ti,
c

we can clearly choose a constant C' such that
Bn(ml) - BCTi(x())

for all 7. But then because

AN B, (x;) =10,
we see that for all ¢

Bon(e0) 1 A _ |Ben@) \ Butwl _, _
[Bor, ()] Bow ()

contradicting the fact that x( is a density point of A.

The argument above shows that Dg(z) = 0 at every point in A. Using the
Lipschitz continuity of Dg(z) and an argument nearly identical to the one given
above, we see that that D?*g(z) = 0 at every point in A. Thus D?g(x) = 0 almost

everywhere in { z | g(z) =0 }. O
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Lemma 3.1.2. Let f € LP(By) forp >n/2, and g € C(0By) with
g=>0.

If u € W2P(By) N C(By) is a strong solution of

loc
Au=f n B
u=g on 0B,
then

lull 5y < € (][ gdS+ ||f||Lp<Bl>) .

Proof. Let h be a solution of
Ah = 0 in Bl
h=g¢g on 0B;.
Then A is a nonnegative classical solution and we can use the mean value property

and harnack inequality for harmonic functions to derive

Il < € hds
0B,
Now let w be a strong solution of

Aw=f in B
(3.4)

w=0 on 0B;.

By Corollary 9.18 of [15], a solution w € W2P(Bg) N C(Bg) of (3.4) exists and is

loc

unique. Then from W?2? estimates,

lwllw2e(B, ) < CllfllLrs)-
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By the Sobolev embedding theorem, since p > n/2,

HwHLOO(Bl/z) < CHfHLP(Bl)'

We see that u = h + w is the unique strong solution of (3.3), and the conclusion

follows. L

The following lemma is a slight modification of the lemma from [6]. It provides
a means to improve the ”flatness” of a surface when restricted to a smaller ball. For
our purposes, f; and fo will be scaled upper and lower envelopes of 0F. The idea of
the lemma is to approximate f; and f, by solutions u* of a Poisson equation with
f1 and f, as boundary data. Then the goal will be to use the linear part of ut to

estimate f; and fy in the L®-norm.

Lemma 3.1.3 (The Flatness Improvement Lemma, [6]). Let fi and fy be functions

in B1(0) satisfying for i = 1,2,
fi € CVY(Bisp2(0), —1<fi<fr<l
Afi <K and —K<Afs in By g2(0),
f1(0) <0 < £5(0),
and
L" (By_ssi2(0) N{ f # fo }) < T6'2,

where K, T and § are constants with & small. Then there exists a linear function |
satisfying

10) =0
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such that

fi = ULy £ C (5#2 +7,l+a) ’

where

r<1/4, C=C(n,a,K,T)
and o is any positive number satisfying 0 < a < 1. In particular |Vi| < C.

Proof. Let

R<1-86"2
Define g* in Br(0) by

Afy in {fi=fo}

$K n {f1<f2}.

gt (z) =

Note that if x € Bp is a density point of {f; = fo}, then by Lemma 3.1.1,
Afi(z) = Afa().
Thus, for almost every x € Bp,
—K <g*(x) < K. (3.5)

In particular, g* € LP (Bg) for all p > 1.

We approximate f; and f in by solutions vt and u~ of the following equations:

(

Aut = gt in Bp
{ ut= f, on 0By (3.6)

u~ = fi on O0Bpg.
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By Corollary 9.18 of [15], unique strong solutions u* of (3.6) exist, and u* € W>*(Bg)N

loc

C(Bg) for every p > n/2. Also, we see that in the strong sense,

n _ .
2K X (fi<py S Alut —u™) <0 in Bp (37)
ut —u~ =fo—fi on 0Bpg.
Then by Lemma 3.1.2 rescaled and applied to u™ — u~ we have
1/p
" =l < Cf (=R as+or (f pRxeb ar)
8Br Br (3.8)

< C][ (f2 — f1) dS + C(K,T)R2"/pst/2p,
dBR
provided p > n/2.
Because

L" (B1_351/2 N { fl 7’é f2 }) < T51/2>

we find that
1-851/2
][ (fo—f1) dS s" 'ds = c/ (fa — f1) dz < CTSY2,
1/2 dBs 31_851/2\31/2

Then using the mean value inequality for integrals, it follows that there exists a t

such that
1/2 <t <1—86"2
and
]iBt(fz — f1) dS < CTs"2. (3.9)
If we set
R=t
and fix

p=n/2+1,



then from (3.8),
Hu*——uﬂhmaﬂﬂ)S(X71K3(55+5@>

< O(T,K)§7w+.
Now in Bg(0)

Au™ > Af; and Aut < Afy,

so by the weak maximum principle for strong solutions ([15] Theorem 9.1),
um < fi < fo <ut

in Bgr(0). Since

we see that in fact
u—ut < fi—(u" = (0) < fo— (uh —u(0)) < u(0) —u(0)
in Br(0). Therefore, for x € Br(0), we have

[fi(w) = (' (2) =u™(0))] < [’ — u [l (sp)-
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From (3.5) and Theorem 9.9 of [15] , we know that u® € W??(B;,4(0)) for every

p > 1. Thus from the Sobolev embedding theorem u* € C*(B;;4(0)) for every

0 < o < 1. Consider the linear function
I(z) = (Vu™(0),z).

Then

[(u™(z) — u™(0)) — I(z)] < Cla|"™ for z € By,



24

and we conclude

\fi(x) — I(z)] < C(67% + |a|"F*) for & € By, (3.10)
where
C=C(n,a,K,T).
Lastly, note that by (3.10),
l
|VI|| = sup le) <4(1+C)
0By /4 ’[B‘
m
3.2 Envelope Definition and Regularity
For the remainder of the text, we assume that OF satisfies
OE N B (0) C {lznn| < 0},
where

d <d(n)

is to be determined. We begin by defining the upper and lower envelopes of OF by
paraboloids of opening . Then we demonstrate that these envelopes are ! graphs

with estimates.
Definition 3.2.1. We say that P : R — R is a paraboloid of opening € whenever
2
P(z) = j:§|x| +l(x) + b,
where € is a postitive constant, b is a constant, | is a linear function and

r=(21,...,2,).
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Definition 3.2.2. We define the surface S~ (resp. ST ) as the lower (resp. upper)
envelope of the family of paraboloids of opening —1 (resp. 1). That is, the envelope

of all paraboloids of the form

1 1
Tpy1 = —5‘1‘ —c*+b (resp. Tpy1 = §|:c —c* + b)
which are tangent to OE N By from below (resp. from above).

Note that in the discussion and proofs that follow, we often focus on the lower

envelope S™; the details for the upper envelope St are similar.

Proposition 3.2.3. Assume that OF satisfies
OE N B 0) C {|zng] <0}, (3.11)

for some 6 < 6(n) small. Then S* N B} (0) are the graphs of continuous functions

%, which are Lipschitz on a subset of B1(0), satisfying the estimate

+ < 1/2
H-DSO HLOO<B17351/2(0)) >~ 25 .

Proof. The continuity of ¢ is clear from the definition. We focus on the second

assertion of the proposition. Let (Z,%,.1) € S~ satisfy

Then there exist constants c; and bz, and a paraboloid
1 2

P(z) = —§|$ —cz|” + bz,

such that

j}n-i-l - P(f)
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A simple geometric argument using condition (3.11) shows that
|7 — cz| <202
It follows that

IDP()| < |7 — s

< 252,

Since (Z, 1) is arbitrary, we can consider S~ to be the finite supremum of a family
of lipschitz functions with a fixed lipschitz constant 26'/2. Hence we can write S~ as

the graph of a lipschitz function ¢~ with the same constant. O]

We would like to show that, after a certain scaling, the envelopes p® satisfy
the conditions of Lemma 3.1.3, so that we can obtain the decay of flatness of OF
in dyadic balls. We do this in two steps. The first step is to show that ¢* are
CYY(B;_.(0)). This is accomplished in Proposition 3.2.7. It will be useful to have the

following definition and lemma in the proof of Lemma 3.2.7.

Definition 3.2.4. We denote the contact set of the graph of p~ with OF in
By_3512(0) by

C™ =By 35:20)N{z|(z,¢ (x) €OE }.

Similarly, the contact set of the graph of ¢t with OF in By_35/2(0) will be
denoted by

C* =By s520)N{z | (z,0"(x)) €OE }.
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Definition 3.2.5 (see [32]). For sets A, B C R""! define
A®B={(x,y) |y=vy1+ya for some (x,y1) € A and (z,y2) € B},

which we refer to as addition in the e,., direction.

Now consider

P

1
Tpt1 = §|$|2 } )

and let

I(z):=T((OENB) ® P) ()
denote the convex envelope of (OE N By) @ P;. We claim that

Da) = ¢ (@) + ool

Indeed, it can be shown that this is the case using the following three facts:
1) ¢~ (z) is the pointwise supremum of paraboloids of opening —1.
2) The convex envelope is the pointwise supremum of affine functions.

3) Addition of P; in the e, maps paraboloids of opening —1 to affine func-

tions.
Then we can see clearly that there is an equality of contact sets

This is of importance to us, because of the following heuristic: we find estimates

for the second derivatives of p*(x) only at points in C~. We then see that similar
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estimates hold for the function I'(z) = ¢~ () + 5 |z|?. Using convexity, we will be able
infer the same estimates for the second derivatives of I'(z) in all of B;_55/2(0) (in
a manner described below). Thus, because the second derivatives of 1|z|? are casily
computable, we have second derivative estimates for p*(x) in all of By_z5,2(0).

To clarify the comments above, we note some facts about convex sets and
functions. It follows from Caratheodory’s theorem and the definition of the convex
envelope that any point xg € B_z51/2(0) \ C~ belongs to a simplex S with at most

n + 1 vertices x1,...,x,41 (i.e. S is the convex hull of { z1,..., 2,1 }), where each

x; belongs in the ”contact set”, or set of extreme points of (0E N By) & P;:
zi€{z|(z,T(x)) € OENBy) & P }

for each ¢. Thus there exist A1, ...\, such that

n+1
> A=1 and 0<)\ <1

=1

n+1 n+1
=1 i=1

See [5], p. 25, for a proofs of the above facts. By an elementary geometric argument
using the flatness § of OF and the opening 1 of the touching paraboloids, we can

furthermore ensure that each x; above satisfies

x; € 3251/2 (ZL'()),

so that for each i,

ZT; € Bl—351/2 (O) .
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Now consider the second order differential quotient
1
A? T(g) = = [['(xo + he) + T'(zg — he) — 2T (xp)] ,
where g € By_551/2(0) \ C~. We can see that for x; as described above,

A7 D(z0) < N [T(wi + he) + Tw; — he) — 20(x7)]
i=1
Hence, the second order differential quotients of ¢~ (z) 4+ 3|z|*> at any point are a

convex combination of the differential quotients at points in C~. So it suffices to

prove the next two propositions at points in C~. We first need the following lemma.

Lemma 3.2.6. For a function (x) : R" — R, let

L+ |Dy*) Ay — (Dy)' D*(Dy)

2 (
M(D ¢7D¢) = (1 + |Dz/1|2)3/2

denote the mean curvature of ¥(x). If
Ap(z) =2 0
then
M(D*, DY) = Ay — C|D|*|D*|
for a universal constant C'.

Proof. We can use the inequality

L _,_ (L4 [DyP)2 -1 Dy 2
AT Do T s peEE 21T At Dy = LIV
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to find the lower bound for the mean curvature of ¢ as follows:

At (DY) D*(D)
MWD D0) = T DGR ~ (1 + [DURP™

> Ay — | DYPAv — [Dy*| Dy
> Ay — C|DyP|D*y).

]

Proposition 3.2.7. Let E be a set with finite perimeter in Q C R", let E have

mean curvature H satisfying

n
||H||Loo<3?+1(o)) < 97

and let o* be the envelopes of OF described above. Assume B (0) € Q, and 0 € OF.

Then there exists 0(n) such that if OE satisfies
0E N By (0) € {lzns| < 6},
for 8 < 6(n), then p= € CY (B, _g51/2(0)) with the estimate

<C

gl
ot (31,551/2(0)) -

I
for a universal constant C'.

Proof. We focus on the lower envelope ¢, as the calculations for ¢ are similar.
Because ¢~ is an envelope of tangent paraboloids of opening —1 touching OF from
below, an elementary calculation shows that the second order differential quotient

A?_p~(z) satisfies

1 [gp_(x + he) + ¢~ (x — he) — 2g0_(x)] > —1

Ai%e@_ (.T) - ﬁ
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for any x € B;(0) and unit vector e, so we easily have a lower bound a.e. on the

second order derivatives. Note that bcause
_ 1, 5
D) = ¢ (&) + 5l

is convex, Aleksandrov’s Theorem ([11], p. 242) states that I' is second order differ-
entiable £" a.e in B;(0), and hence ¢~ is also second order differentiable £™ a.e in
B4 (0).

From the discussion above, it suffices to prove the proposition at contact points.

So let x € C~. We choose coordinates so that
xr=0€C and I'(0) =0,
with the supporting hyperplane to I' at 0 as
[=0.
We want to show that

a(p) = sup I'(z) < Cp’
B,(0)

for some universal C' > 0 when p is small enough. Without loss of generality, assume
that

a(p) =T(pen).

Then the supporting plane to I' at re, has the form az, + b. So by the convexity of
L, for any o’ = (z1,...,2,_1),

I'(2',p) > a(p).
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Now consider the auxiliary function

Po) = "2 (4 2= 21 ) - Y

in the strip
R={z| |z <p, || <2vnp}.

We check that the following two items are true in R:
1) P(z) < ¢~ (z) on OR\{zn =p}.
2) P(0) > 0.
To see that 1) is true, note that when
Tn = =P,

we have
which implies

On the other hand, when

2’| = 2v/np,

we also have

1
P(x) + §|$|2 <0<T.

In order to compare the auxiliary function P(x) with ¢~ (z) we first show that

the mean curvature of P(x) is positive. To this end we we calculate the following
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equalities and inequalities in R for reference:
DP(z)=(—(n+3)z1,....,—(n+3)zp_1, (n(n+2)—1)z, +n(n+2)p).
IDP(2) = (n+3)* |2/ + [(n(n + 2) — 1) @, + n(n + 2)p]*

< dn (n+3)° p? +4n%(n + 2)%p?

< Cp?.
—(n+3) 0 0
D*P(a) = 0 —(n+3) 0
0 0 nn+2)—1
and

Let

(1+ |DP|?)AP — (DP)'D*P(DP)
(1+ [DP|2)3/

M(D*P,DP) =

denote the mean curvature of P. Since

AP(z) = —(n—1)(n+3) + (n(n+2) — 1) =2 >0,

we apply Lemma 3.2.6 to estimate the mean curvature of P in the strip R as follows:
M(D?*P,DP) > AP — C|DP]*|D*P|
> 2 — Cp2.

We wish the last expression above to be larger than 1. To achieve this we require p
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to be small enough that

Cp® < 1. (3.12)

Now suppose
1
P(pen) + glpeal” < alp)

for some p satisfying (3.12). We claim that this contradicts E being a set of variational
mean curvature H.

By the convexity of I'; we see that
P(a) + glaP <T(x) on {2, =p}.
It follows from the work above that then
P(z) < ¢ (z) on JR.
Now we denote the epigraph of P by:
G={(v,2n41) ER"™ | 2,41 > P(z) }
Also denote
U=E\G=En{(z,x,41) ER"™ | 2,11 < P(z) }

See figure 3.1 below for the configuration.
By translating P(z) downwards in the x,,; direction, we can assume that U
is small enough that

Proj. ., U CCR,



35

where Proj, . is the projection of R™™ onto e, ;. Furthermore, if we let doc(x)
be the signed distance function defined in (A.1), then by translating P(x) downward

enough, we can ensure that

where y € G such that
doc(z) = |z =y,
K1, ..., Ky are the principal curvatures of 0G at y, and M(y) is the mean curvature

of of G at y. In other words, we can ensure that U is small enough that

1

_ >
1-— Kidag($) o

1
2
for each ¢ and x € U. See Appendix A for the details on the relationship between M
and dag.

Then letting L C 2 such that U CC L, letting N denote the outward unit

normal to 0*U, and using Lemma A.1.2 and the Gauss Green Theorem (2.1.10), we

have

n " R
Ul—= </ - _dx
| |2 U ZZ_; 1-— /iida(;(fﬂ)
= —/ Adag(l‘) dx
U

= — Ddag(.ﬁlﬁ) -N d?‘[n
o*U (3.13)

= —/ Dda(;(fﬂ) - N dH" — / Ddag(l‘) - N dH"
o*ENU oGNU

< Pge(E) — Pr(G)

= PL(E) = PL(G).



Note that by minimality,
PL(E) = PL(G) < [[H||L=m)|U].

Combining (3.13) and (3.14), we see that

n

5 < | H || oo (1)

contradicting the assumptions on ||H||ze(p,). It follows that
1 2 2
a(p) < Plpen) + 5lpeal” < Cp7,
and in general,

sup I(x) < Cp?
B,(0)

for small enough p.

From (3.15) and the definiton of I', we have

1
—Slol? <97 (@) < Claf.
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(3.14)

(3.15)

(3.16)

This implies that there exists a universal rg such that ¢~ (x) has tangent balls of

radius 7y from above (and below) at 0. Since 0 is arbitrary, and the tangent balls

do not depend on the choice of coordinates, we see that ¢~ (z) has tangent balls of

radius 7o from above at every x € C~. We can then choose §(n), depending only on

70, so that the tangent balls contact the graph of ¢~ (z) only in a small cap. Finally,

we see that there exists a universal constant C' such that every point in the cap of

each tangent ball has a tangent paraboloid of the form

C
p(z) = §|x —c*+b
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Figure 3.1: Schematic diagram of barrier function and set E

for constants ¢ and b. It follows from the discussion before the lemma that for every

x € By_551/2(0), the second order difference quotient satisfies
Ay (2) < C.
O

Now we improve the result of the lemma above to obtain a slightly stronger
upper bound on Ap~(x) when restricted to the a subset of the contact set. Eventually
we will show that this upper bound holds in all of B;_gs1/2(0). This estimate is proved
in the context of integral averages; we recall that for a second order differentiable

function f, there exists a universal constant C' such that

lim — (7[ f(y) dS(y) — f(w)) = CAf().
OB, ()

Proposition 3.2.8. Let E be a set with finite perimeter in Q C R™ with mean

curvature H. Let ¢ be the envelopes of OE described above. Assume By'(0) C €,
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and 0 € OFE. Then there exists 6(n) such that if OF satisfies
OF (1 BI(0) € {wns| < 6},

for 6 <o(n), and
HH”Loo(B?H(o)) <9,
then for x € C~ N By_gs/2(0)

1 — _
e <]£Bp(z)90 (y) dS(y) — (a:)) < O,

where p < p(n) and C is a universal constant.

Proof. Fix xg € C~ N By_gs1/2(0). Without loss of generality, we assume
xg =0,
and
¢ (0)=0 (3.17)
For a given p, consider the solution u of

Au=0 1in B,(0)

uw= ¢ on 0B,(0).
We will approximate the average integral of ¢~ (x) by the average of a small pertuba-
tion of u, so we first collect some derivative estimates for ¢~ (z) and u. From (3.17)

and Propositions 3.2.7 and 3.2.3, the following holds for ¢:

o™ s,y < 26"2p+ Cp? (3.18)
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Thus if

p g 51/2’

we have the following interior estimates for w:

1Dl (s, ) < C6V2 4 p) < €5V o

1D%ull e (5, ) <

The first estimate for u follows from interior schauder estimates for harmonic func-
tions, the maximum principle and (3.18). The second estimate follows by applying

interior schauder estimates to the function
w(z) = u(z) - I(z),
where [(z) = (Dy~(0), z), because then
Aw =0 in B,(0)

and
Jwll s, < I~ () = 1(z)||L~(08,) < Cp.

Define v in B,(0) by
0(x) = u(z) + M(|af* — 2).

Then v is a solution of

Av =2nM¢ in B,(0)

v=1(" on 0B,(0).

We claim that we can choose § and M > 0 universally such that

v(0) < 7 (0) (3.20)
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for all
p < p(n).

To demonstrate this, assume by way of contradiction that
v(0) > ¢ (0) (3.21)

Then from (3.19) we have the following estimates for v:

DVl (5,,,) < C(82 + Mdp)
(3.22)
1D*0l| e (5,,,) < C(1+ M6).

Now let M(D?v, Dv) denote the mean curvature operator. By Lemma 3.2.6 and

(3.22) we see that in B,
M(D?*v, Dv) > Av — C|Dv|?*| D*v|
> 2nM§ — C(8Y2 + Mép)*(1 + M) (3.23)
> 2nM§ — C(6 + M?6%p*) (1 + M§).
Now we employ an argument similar to Proposition 3.2.7 to get an upper

bound for

£ := M(D?v, Dv)(0).

Define

Gy =En{(z,2p11) € R" | 2y >v(z) =1},

(the supergraph in E of a translate of v) and denote

Uy,=E\G,=En{(z,z,11) eER"™ |z <v(z)—n}.
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By (3.21) we can choose
0<n<wv(0)—u(0)
so that the following two conditions hold
1) Proj,, . Uy, CC B,/2(0),
2) M(D*v, Dv)(x) >

for z € Proj, . Uy,

DO | ™

where Proj, ~ denotes projection in the e, direction. Then just as in Proposition
3.2.7, letting L C 2 such that U CC L, letting N denote the outward unit normal to

0*U, and using Lemma A.1.2, we have

g - K;
< M g
|U77|4 < /Uzzl 1-— I{idag(l‘) v

= —/ Adag(l') dx
Un

= — Ddag(x) -N dHn
o0*Uy

= —/ Ddag(l‘) - N dH" — / Ddag(fb) - N dH"
9*ENU, aGNU,

< PL(E) = Pu(G) < [[H[ oo (1) U-

By the assumptions on ||H||z(p,), we see that
e < 2. (3.24)
Thus from (3.23) and (3.24),
2nMé < 25 + C(6 + M?*6%p*) (1 + M),

or

2nM < 24 C(1+ M?5p*) (1 + MG6). (3.25)
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Then if we fix

M- 2(2 + C),
n
and assume
1
6 < E
we find from (3.25)
424+ C) <20 + wp? (3.26)

n

Clearly we can find p(n) such that (3.26) does not hold for p < p(n), a contradiction.

So assuming we have chosen p and 0 so that (3.20) holds, we have

1 ) 1 )
2 (]{)BP(O)w (z) dS(:c)) <% (in(o)go (z) dS(z) — v(O)) : (3.27)

We find an upper bound for the right hand side of (3.27) using the representation
formula for the solution to the dirichlet problem (3.2) (see for example [23], p. 13).

We have

_, . 0G
0= [ e wg v dsw s [ GOy, 329

where G(x,y) is the Green’s function for the ball, given at G(0,y) by

1 1 1
“&”‘n@—m%(WWQ‘WZ)

It can be calculated that

oG _op 1

so that (3.28) reads

2nM o 1 1
o (y dSy—UOZ——/ (—_——_) dy.
]gB,,(o) (v) dS(y) © n(2 —n)w, Jp,0) \ly[*2 pr2
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But then a simple calculation gives that

Mo
v~ (y) dS(y) —v(0) = P (3.29)
]<[93,,(0) (2—n)
Combining (3.27) and (3.29) we have the desired estimate. O

We are finally able to prove the upper bound on Ap~(z) in all of By_gs1,2(0).

This is accomplished in the next proposition.

Proposition 3.2.9. Let E be a set with finite perimeter in @ C R with mean
curvature H. Let ©* be the envelopes of OF described above. Assume By(0) C ,

and 0 € OE. Then there exists §(n) such that if OF satisfies
OE N BI*(0) C {|annl < 6},

for 6 <o(n), and
||H||L°°(B?+1(O)) S 6a
then

A(pi(l’) S 05 a.e. T E 317851/2 (0)

for a universal constant C'.

Proof. Recall from the previous proposition that for ¢ and p sufficiently small,

1 - _
= (]g%so () dS(y) — ¢ <x>> <o

for every z € C~ N By_gs1/2(0). So fix xg € By_gs1/2(0) \ C~. Also by the discussion

preceding Proposition 3.2.7, we can find at most n + 1 points z1,...,2,.1 € C™ N
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By _¢s51/2(0) and constants Aq, ..., A\,41 such that

n+1
D A=1 and 0<) <1
i=1
n+1 n+1
Z)\xl and ['(zg) = Z)\Fajz
=1

Then by the convexity of I' and the discrete Jensen’s Inequality,

1 1
2 (ﬁBP(mo) T(y) dS(y) — (:m)) = (]ng(O)F(xo +y) dS(y) — F(%))
1

n+1 n+1
=5 <][ T il +y)) dS(y ZAF@>
B,(0)

=1

<> (]ng(U) D, + ) dS(y) - m»)

i=1 P

n+1 Ai
=35 (]iw M(y) dS(y) - W)
<05+Z (iB( | ly* dS(y) — \x2|2>

Thus,

1 _ _
2 <7[339(z0) o (y)dS — ¢ (fco)>

<05+Z (faB (m)|y|2d8—|xz~|2> (3.30)

1
o (f P ds—lap).
2p (9Bp(a:())

If o~ is second order differentiable at xy, then the limit as p — 0 of the left side of

(3.30) exists and equals Ay~ (z0). On the other hand, since A (3|z|?) is constant,

after taking the limit as p — 0, the integrals on the right side of (3.30) cancel. Thus

Ay~ (x0) < CO.
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3.3 The Measure of the Contact Set
Our goal for this section will be to obtain an estimate on the measure of the
contact set C of the envelopes ¢* with E. To do this we will use a variant of the
Alexandrov Bakelman Pucci estimate, and the envelope regularity estimates from the

previous section.

Lemma 3.3.1 (The Measure of the Contact Set for Each Side). Let E be a set with
finite perimeter in Q C R™ 1 with mean curvature H. Let o* be the envelopes of OF
described in the previous section. Assume B} (0) C Q, and 0 € OE. Then there

exists 0(n) such that if
OE N BI*(0) C {|ann| < 6},
for 6 < d(n), and
1l g0y < 5
then the contact set C* satisfies
(1= C6) By ss2(0)] < |C7.
for a universal constant C.

Proof. Assume ¢ is at least as small as the §(n) specified in Proposition (3.2.9). We

define the function
y(z) = 2+ Dy~ (2),
which maps contact points z of ¢~ (z) to the center y(z) of the corresponding paraboloid.

Then the differential of y is

D.y =1+ D¢ (2).
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Because ¢~ has a touching paraboloid of opening —1 from below,

so that

Note that y is surjective from C~ onto Bj_gs/2(0). To see this, take a
paraboloid with center

9 € |Bi_s51/2(0)|

and opening —1, and then lift the paraboloid from —oo until it touches JF from
below. If (2, Z,41) € OF is the point of contact of the paraboloid with OF, then by

the defintion of ¢~, we must have
¢ (2) = Zns1.

A simple geometric argument using the opening of the paraboloid and the flatness of

OF shows that Z € B;_gs1/2(0). Thus Z € C~ and

7 =y(2).

Since ¢~ is CM', y(z) is certainly Lipschitz. So by the area formula ([11], p.
96)

/_ |detD,y| dz = / card (C™ Ny '(z)) dx > |By_g52(0)].
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Then by the arithmetic-geometric mean inequality, and Lemma 3.2.9, we have

IBy_g12(0)] < / detD.y| dz
.

S/ (trDzy> dz
Cc- n
1 - n
=/ (1+—A<,0 ) dz
Cc- n

g/(1+05)" d>

< (1+CH)|C|.
Thus
|C™[ > |By_g512(0)] /(1 + C9)
> (1 - 05) |Bl—861/2<0)| )
for 0 < 1/C. O

Using the previous lemma to we are now in a position to provide an upper

bound on the quantity

H" (Bl—861/2(0) N { T | o () # 90+(x) }) )
which is accomplished in the next proposition.

Proposition 3.3.2 (The Measure of the Contact Set). Let E be a set with finite
perimeter in Q C R"™ ' with mean curvature H. Let o be the envelopes of OF
described in the previous section. Assume B}T(0) C Q, and 0 € OE. Then there

exists §(n) such that if

OE N B (0) € {lans] < 6}
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for d < (n) and
1Bl e ) <
then

H' (By_soun(0) N { x| 7 () # o¥(2) }) < €672

Proof. We assume ¢ is at least small enough to satisfy Lemma 3.3.1. For simplicty of
notation, we set

r=1-—60"2

and

ry =1— 852
Note that

H" (31—851/2(0) N { T } 0 (v) # 90+($) }) =H" (Bl—861/2(0) \ (C_ N C+))

(3.31)
<w,ry —H'(C NCH).
Following (3.31), and using Lemma 3.3.1 and the obvious inequality
HH(C™ UCH) < Py (E),
we calculate
wyry —H"(C™NCY) < w,ry —H(C) —H"(CH) +H"(C UCH)
< Wyt — 2w (1 — C6) + H(C~ U CTH) (3.32)

< wpry — 2w, (1 — Co) + PB:L;—I(E).
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But by the density estimate, Lemma 2.2.8, for ¢ small enough depending on w,, 1,
'PB%-H(E) < wp, <1 +on + 5”/”+1HHHL”+1(B?2“)> rYy
= wy, (1 +on + w}lﬁ+1(52"+1/n+1r2> ry (3.33)

<wy, (1+dn+ drg) ry.

Combining (3.32) and (3.33), we see that
wary — HY(C™ NCH) < wpry — 2w,rP (1 — C6) + wy, (14 dn + dry) 1y
= 2w, (1) — 1) + 20677 + dnwnry + Swyri

< 2w, (ry — ) + Co.

It only remains to show that

i —rt < 52

for some universal C'. But this follows easily, since
n n o__ n—1 n—2 n—2 n—1
ry —rl = (ro—r)(ry T+ ry T b ey )

< O6V2.

3.4 Flatness Implies C'
Theorem 3.4.1. Let E be a set with finite perimeter in Q C R™! with mean curva-
ture H. Assume B (0) C Q, and 0 € OE. Then there exists 6(n) small such that
of

OE N B (0) C {lann] < 6},
for 6 < d(n), and

HHHLoo(B?“(o)) <9,
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then OF is CY* ot 0.

Proof. Fix

0<a<l,

and let

Then by the flatness of OF we have

-1<fi<fa <1,
and because 0 € OF, we see that

f1(0) <0 < £»(0).
From Proposition 3.2.8, it follows that

Afi(z) <K and —Afy(r) > K
for some universal K. Applying Proposition 3.3.2 to get a universal T such that
H" (317851/2(0) N { x | o (x) # ¢ (2) }) < T2,

we see that we are in the setting of Lemma 3.1.3. Thus there exists a linear function
[, satisfying

10) =0

such that for any 0 < g < 1,

Ifi = bllzes) < C (5#2 T r1+3>
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for
r<1/2
where
C=0C(n,pB).
Note that C does not explicitly depend on T" and K, because they are universal in
this context. We find
l* — 0l oo (B,y) < C (5%3 + 57“(1>+B>
< oryte

I

where we have chosen rg and a < 3 such that

1
OTéJrB < 57,(1)—&-04’

and

d=0(n,a)

small enough so that

1
Cow < gt
Since OF lies between the graphs of ¢*, we see that if v; is the normal to dl;, then
OEN BN 0) C {|z -] < édrgte}. (3.34)

Now we rotate coordinates so that dl; is the horizon in the new coordinate

system. In general, we will define the blowup sets
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so that in this notation, after the rotation (3.34) becomes
OF, N BH0) C {|z,| < 615}

Recall from (2.2) that E; is a set with prescribed mean curvature given in B*'(0)
by

H

To

(x) = roH (rox).
We note that
1Eoll e ) < T
Taking ¢* as the envelopes of the rescaled surface OE;, we can repeat the argument
above in general to find a linear function [, with normal v, to (5r(()k_1)alk such that

OB, N By (0) C {|z - v| < orf}. (3.35)

By the definition of 14, we see that

|l/k+1 — Vk| S ‘((57”}5&le+1, 1) — ((5T(()k_1)ale, 1)‘

(3.36)
< CéT(()k_l)a,
where DI denotes the gradient of [ in the first coordinate system. Thus
Vp —> Vs as k — oco.
Also from (3.36), we see that
Vg — Vso| < 0527“((]" De < To—a < Cla, r)drEe. (3.37)



Note that for z € Bf"*'(0) we have from (3.37)
|2 V] > |2 Voo — |+ Voo — @ - 1
> |- voo| = |2 [Vee — i
> |7 - voo| — Olar, 7o) 675>
Combining (3.35) and (3.38), we find
OB, N By (0) C {|x | < 57“'0“‘}
C {|z - veo| < Cla, )0y}

Rescaling, we find

OE N B:L,fl(O) C {|m Voo| < Cay, T0)5r§(1+a)} ,
0

which implies OF is CY* at 0 with normal v.
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(3.38)

(3.39)



54

APPENDIX A
THE SIGNED DISTANCE FUNCTION AND
FIRST VARIATION FORMULA

A.1 The Signed Distance Function
In this appendix, we collect some facts regarding the signed distance function,
following the exposition of [17] and [15].

For a bounded open set £ C R"! define the signed distance function

dist(x,OF) ifrekl
dop(z) = (A1)
—dist(z,0F) ifx ¢ E.
Also, define the set
I,={zeR"™| |dop(x)] <p},

which is the “tubular neighorhood” around OF of radius p.

Lemma A.1.1. Assume that E C R"*! is bounded with C* boundary for some k > 2.

Then there exists an Ry > 0, depending on E, such that dag(z) is C* in Tg,.

Proof. Because E has a C* boundary, at each point y € OF there exists a ball B C E
with

BNOoE={y}. (A.2)

Let R(y) denote the radius of the largest ball satisfying (A.2). Because OF is compact,

Ro = inf R(y) > 0.

yeOE

We see that R, ' gives an upper bound for the principal curvatures of OF.
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Now let yo € OF and let T'(yy) denote the tangent hyperplane to OF at ypo.

By rotating coordinates, we assume without loss of generality that

Yo=0 and T(yo) ={2n1=0}.

Then in a neighborhood U of 0 € R™, we can represent OF as the graph of a function

$n+1 - f(xla s 7xn>7
with
D(0) = 0.

By further rotation of E around the x,,; direction we can assume that D?f(0) is

diagonal. If we assume that F lies above the graph of f in the x,,, direction, then

D2f<0) = diag("ila s 7"€n)7

where kKq,...,k, are the principal curvatures of OF at 0. Here, the signs of the
principal curvatures are chosen to assign positive curvatures to convex (upwards)
surfaces.

In general, let

Y= (Y, Yn+1)

denote a point of R"*1. Given 3 € U, if

y=.fW)),



then the inner normal v(y) to OF at y will be given by

Dify) for i=1,....n
1+ |Df(y)|?
vi(y) =
1 )
for i =n+1.
LV I+[Df(Y)]?

Define the map g : U x R — E by

gy, d) =y +v(y)d.

Then g € C* (U x R). From (A.3) we calculate that for j =1,...

—0;k; for i=1,...,n
D;vi(0) =
0 for i =n+1.
So then
Dg(0,d) = diag(1 — rid, ..., 1 — k,d, 1).
Now, if
—Ry<d< RQ,
then

n

det(Dg(0,d)) = [J(1 — rid) > 0.

=1

7n+17

From the inverse function theorem, we see that in a neighborhood V' of

Tq = (O, d) S RnJrl,
y" and d can be written as C*~! functions of z. Writing (A.4) as

z —y(@) = vy(r))dop(r),

o6

(A.3)

(A4)



it is geometrically clear that

Ddap(x) = v(y(x)) = vy (z)).

57

(A.8)

Since v(y/(x)) is a C*~1 function, we conclude that dypg(r) is a C* function, provided

(A.7) is satisfied.

O

Lemma A.1.2. Assume that E C R"*! is bounded with C* boundary for some k > 2.

Let Ry > 0 be the constant from Lemma A.1.1. If x € 'y, and y € OF such that

dop(x) = v —yl,

then
Ad, _ N
where Ky, ..., Kk, are the principal curvatures of OF at y.

Proof. From (A.8),

D;D;dog(x) = D;i(vi(y(x))) = Z Dyvi(y(z))Diyx(z) fori=1,... n.
k=1

Without loss of generality, assume
y(x) =0 and T(y(z)) ={azns1 =0}.

Using (A.5) implies
Adyp(r) = — Z riDiyi().
i=1
By the inverse function theorem and (A.6),

1

Dz' i = T 7 A

fori=1,...,n,

and (A.9) follows.
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Corollary A.1.3. Assume that E C R™! is bounded with C* boundary for some

k> 2. Let Ry > 0 be the constant from Lemma A.1.1. Let x € I'g, and y € OF such

that
dop(z) = | —yl.

If K1, ..., K, are principal curvatures of OF at y, and

M(y) = % Z K
i=1

denotes the mean curvature at y, then

/

\

Proof. If x € E, then
d8E<m) > 07

SO

1 — kidyp(x)

regardless of whether ; is positive or negative.

On the other hand if # ¢ E, then
But then

1 — I-iidaE(ZL‘)

and (A.10) follows.

< —k; fori=1,...

> —k; fori=1,...

Adpp(z) < —nM(y)  for x € E

(A.10)

Adpp(z) > —nM(y)  for x ¢ E.
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A.2 First Variation of Perimeter
and Variational Mean Curvature

In this section of the appendix, we prove the assertion of Remark (2.1.2).

Lemma A.2.1 ([17], p. 115). Assume Q C R™™ and f € BVj,.(Q). Let F: R" —

R™* be a diffeomorphism. Then for every compact K C €,

[ D) | de = [ (Gra@)|Df @) da
F(K) K

where
Gp(x) = |det DF(x)|DF ()™,
and
DI
Y0 = D]

the Radon-Nikodym derivative of D f(x) with respect to |D f(x)].

Lemma A.2.2 (First Variation of Perimeter for Regular Sets). Assume that E C

R has C* boundary for some k > 2. For Ry as in Lemma A.1.1, let

K CC FRO/Q

and g € CY(K). Define a normal variation of E by

E;={x+tg(x)Ddsp(x) |z € E},

where we require

tg(x) < Ro/2
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forx € E. Then

d Py (E})
dt

_ /a _ nM(@)g(a) dH" (z),

t=0

where M(x) denotes the mean curvature of OE at x.
Proof. We define F} : R"*! — R"*! by
Fy() = o + tg(x) Do ().
Note that
F(K) =K and xp,(z) = xp(F ' (z)).
Then from Lemma A.2.1,
Pul(B) = [ |Dxal@)ldo = [ 1D (xo(F (@) | da
_ / Dxg(z)
K

GFt(x)m
N /KmaE |G, (x)v(z)] dH" (),

|Dxg(x)| dx

since

v(x) = Dxp(z) for a.e. = € OFE.

~ |Dxe(z)]

Taking derivatives of both sides gives

d Py (E;) :/ UGR@ @ . (A.11)
dt =0 KNOE dt t=0
Because
Gpg(x) =1 whent =0,
it follows that
d|Grv|| _ /dGr Y (A.12)
dt t=0 dt t=0
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Now we examine (A.12). Because

DF, =1+1tD(gv),

we see that for small enough ¢,

(DE)™' =1—tD(gv) + O(t?).

Also, for ¢ sufficiently small,

det(DF,) =1+t Tr(D(gv)) + O(t*) > 0. (A.13)
Hence
d d det(DF, d(DF,)™!
Cr | _ ddUDE) ool dPR)T G )
dt =0 dt t=0 dt t=0

=Tr(D(gv)) — D(gv).

So from (A.12) we find

d ’G V’ n+1
R = 1D Z viv;Di(gv;). (A.14)
at |, byt

The last expression is the tangential divergence of gv. To clarify the expression above,

consider the tangential gradient, defined for a function f : R*™! — R as follows:

Dsf=Df —v{(Df,v).

We can see that Dy is the projection of the gradient D onto the hyperplane perpen-
dicular to v. Hence,

V'DSfZO.
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We use the following notation for the tangential derivatives, which are components

of the tangential gradient:
l)Sf ::(lzljy"'712n+1f)'

Then the tangential divergence of gr may be written as

n+1 n+1

divg(gv) :=T Z viviDi(gvj) = ZQJ‘(QVJ‘)'
1,j=1 7=1
Note that the tangential derivatives satisfy the usual Leibniz rule. Thus we have
n+1

divs(gv) ZD qv;)

n+1

= Z v;D,(g) + gD;(v;) (A15)

=v-Dgf + gdivs(v)
= gdivg(v).

Finally, recalling the signed distance function (A.1), we note that

VvV = DdaE(ZL‘)

By differentiating
n+1
L=[vf =) (Didor)’

=1

we obtain
1 n+1

0 = §Dj|V|2 = ZDzdaE DjidaE-

i=1
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Using (A.5), it follows that for j =1,...,n

n+1
D;(vj) = Dyv; —v; Y viDw;
i=1
n+1
= Djjdor — Djdor Y DidorDyjdog
i=1 (A.16)
n+1

= Djjdor — Djdor Y DidopDjidor

=1
= Djjdop = Djv; = —Hj,
and for j =n +1,
D,(v;) = 0. (A.17)

Combining (A.11), (A.14), (A.15) (A.17)and (A.16) gives

n

dPk(Ey)
a8 Sl 7 g(x) Yk dH"(z)
at |, /KmaE j=1 (A.18)
- /KmaE nM(x)g(x) dH" ()
]

Proposition A.2.3 (The Equivalence of Classical and Variational Curvatures). As-
sume that E C R™™ has variational mean curvature H in Q2, where H € L'(Q)NC(Q).

Suppose that E has C* boundary for some k > 2. Then for x € OF,

where M(x) is the mean curvature of OF at x.

Proof. We first prove the proposition assuming H € C*(€2). For any open K CC )

and g € C}(K) we can define F; : R"™! — R by

Fi(@) = o + tg(x)v(a),
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and

E,={z+tglx)v(zx) |z € E} = F/(F),

as in Lemma A.2.2. Note that

Then since

Fu(Ey) = Pr(Ey) + H(z) dz

ENK

has a minimum at ¢ = 0, we see that

d

dFu(E) n %{ [ HE) dm} -0 (A.19)

dt

_ dPk(E)
dt

t=0 t=0

Changing variables, we see that

d d
—{ H(z) dx} :—{/ H(x) dac}
dt \J g =0 At Urenk) t=0

= % { . H(Fi(x))| det DFy(x)| da:}

t=0

n+1 ‘
_ /me {\ det DFy(2)] S jZ(Ft(x))%

i=1 1

+ H(FAx))W} . dx.

We observe

Fy(z) =z,

| det DE,(2)|—o = 1
d(Fy(x))i
dt

d|det DFy(z)|
dt

and using (A.13),
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so the expression above simplifies to

/E  9@)DH () - vla) + H)Tr(D(gu)(a)) de = / div(g(a) H(z)v(2)) da

ENK

= / gHv - N dH"
O(ENK)

= — / gH dH",
OENK

where N is the outward pointing normal of £ N K. By Lemma A.2.2 and (A.19),

—/ ngM dH”:/ gH dH".
OENK OENK

Since g is arbitrary, the result follows.

For H € L'(Q)NC(Q), the result can be demonstrated by approximation. [J
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