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ABSTRACT

By first looking at the orthonormal basis:
I ={>",4%; : b; € {0,1}, finite sums }
and the related orthonormal basis:
5I'={53,4; : b; € {0,1}, finite sums }

we find several interesting relationship with the unitary matrix U, g arising from the
operator U : I' — BI'. Further, we investigate the relationships between U and the
operators Sy : I' — 4T defined by Spe, = eq, where e, = ¢*™* and Sy : ' — 4I' + 1
defined by Sie, = eqy41.

Most intriguing, we found that when taking powers of the aforementioned U, s
matrix that although there are infinitely many 1’s occurring in the entries of U, g only
one such 1 occurs in the subsequent higher powers UQ 5- This means that there are
infinitely many v € I' N 51", but only one such ~ in the intersection of I' and 5*T" for

k> 2.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

The general theme of this thesis is the scaling in a Fourier duality of certain
infinite Bernoulli convolutions. We will pay special attention to the scaling by %.
The Bernoulli measure ;4 (from now on referred to as just p) is supported on the
Cantor set obtained by dividing the line segment [0,1] into 4 equal intervals and
retaining only the first and third intervals. The process is repeated infinitely many
times. By [21], we know that L?*(u) has an orthogonal Fourier basis, {e) : A € '}
where T' = {lo + 41y + 4%l + --- : [; € {0, 1}, finite sums}. The pair (i, T') is called a
spectral pair. Its rigid structure will be studied.

In earlier papers we learned that scaling this spectral pair by 5 opens up
interesting spectral theoretic problems for the initial Fourier duality problem. It is
surprising that if we scale the set I' by 5, turning it into 5I" that it is once again an
orthogonal Fourier basis in L?(u). Therefore we can introduce a unitary operator U in
L?(u), such that U : T' — 5I". The aim of this thesis is to study this operator’s spectral
properties as they relate to ergodic theory of the initial spectral pair. Specifically,
if T'= {lp+ 4l + 4%y + -+ : [; € {0,1}, finite sums} = {0,1,4,5,---} (see [21]) is
the natural Fourier basis in L?(u), then the orthonormal property is preserved under
scaling by 5; meaning 5I" = {0, 5,20, 25, - - - } is also a Fourier basis (see [11]). This is

somewhat surprising since 51" seems ”“smaller” or more ”thin” than I



Although U is a unitary operator, it cannot be induced by a measure-preserving
transformation in the measure space (X, u). In fact, as it turns out, the spectral rep-
resentation, and the spectral resolution, for U is surprisingly subtle. There is a large
literature on spectral theory for affine dynamical systems. For example, we point to
related papers, by Jorgensen with co-authors, S. Pedersen, D. Dutkay, K.A. Kornel-

son; J.-L. Li and others; see the reference list.

1.2 Overview

In Chapter 2, we will review the definitions and basic operations of infinite
matrices. Although similar to the finite dimensional case, we must pay special atten-
tion to whether such operations are well-defined. Chapter 3 will expound upon the
orthonormal basis T = {lo+4l; +4%ly+- -+ : [; € {0, 1}, finite sums} = {0,1,4,5,--- },
focusing on the paper, [21], by P. Jorgensen and S. Pedersen. In Chapter 4, we will
introduce four operators Sy : I' — 4I', S; : ' - 4I'+ 1, M; : I' - I' + 1 and
U :T' — 5I' and discover relationships between their infinite matrix representations.
Finally, in Chapter 5, we will focus solely on properties of U. The big theorem we
will set out to prove is discovering where entries of 1 occur in the matrix U, g and

powers of U, UL 5.



CHAPTER 2
INFINITE MATRICES

In Chapters 4 and 5, we will be looking at U,gs, the infinite matrix rep-
resentation of the operator U : I' — 5I' with respect to the orthonormal basis,
I = {lo+ 4l + 4%y + -+ : I; € {0,1},finite sums}. This chapter presents the
definitions and lemmas needed to understand U, s.

Henri Poincaré is given the credit of originating the theory of infinite matrices
in 1884. The study was furthered by Helge von Koch (1893) and David Hilbert (1906).
Back in the nineteenth century, mathematicians thought of infinite matrices in terms
of determinants. Today, however, we think of these in terms of subspaces and linear

operators. [For more information on the history of infinite matrices see [30] and [4]].

2.1 Inner Product
Before we start performing operations with infinite matrices, we need to estab-
lish some basic definitions and lemmas that we will be using throughout the following
chapters. Let’s first have a reminder of some basic properties of the inner product.

The following definitions and propositions can be found in [24].

Definition 2.1. Let X be a vector space over C. An inner product is a map < -, - >:

X x X — C satistying, for x,y and 2z in X and scalars ¢ € C.

1. <z,y>=<y,z>

2. <xz,x>2>0with <z,z >=0if and only if x =0



3. <x+y,z>=<x,2>+ <y, z>
4. <cxr,y>=c<z,y>

The next Lemma is the Cauchy-Schwarz Inequality (see [7]), which we will use

in the proof of the major theorem of this thesis, Theorem 5.12.

Lemma 2.2. (Cauchy-Schwarz Inequality) If < -,- > is an inner product on a vector

space X, then for all x and y in X we have
|<zy>PP<<z,2><y,y>
The norm of an element x € X can be defined in the following way:
Lemma 2.3. (norm) If < -,- > is an inner product on a vector space X, then
|z]| =< z, 2 >/
s a norm on X.

Proof. Proposition 1.15 in [24] O

The following theorem (especially parts (2), (3), and (5)) will also be used in

the proof of theorems in Chapter 5.

Theorem 2.4. If {e,} is an orthonormal sequence in a Hilbert space H, then the

following conditions are equivalent
1. {e,} is an orthonormal basis

2. If h € H and hle, for alln, then h =0



3. For every h € H, h=>_ < e,, h > e,: equality here means the convergence in

the norm of H of the partial sums to h

4. For every h € H, there exists complex numbers a,, so that h =Y ane,

5. For every h € H, > | < h,e, > | =||h|]?

6. For allh and g in M, > < h,e, >< e,,g >=<h,g >

Proof. Theorem 1.33 in [24] O

With these properties in mind, we can now move on to defining infinite ma-

trices.

2.2 From Bounded Linear Operators to Infinite Matrices
This section covers the basic definition of an infinite matrix and serves as the
basis for all computation used in Chapters 4 and 5. To begin, in order to create a
‘nice’ infinite matrix (meaning one that is well-defined for such operations such as
multiplication), we first need a (bounded) linear operator and an orthonormal basis.
The following definitions from [27] and [30] describe a bounded linear operator and

the basic definition of an infinite matrix:

Definition 2.5. A linear operator A : X — Y with X and Y normed spaces with

norm

||A]] = sup{|[Az]| : 2 € X, ||| < 1}

is bounded if ||A|| < 0o



Definition 2.6. Given a bounded linear operator A on a Hilbert space H and {e;, }ner
an orthonormal basis for H, then the matrix that arises from A and the orthonormal
basis is denoted A, , = (amn) Where a,,,, =< e, Ae, >.

@11 Q12 - Ayj

Amn:

) G21 Q22 --- QAgj

where the inner product on L?(X, ) for a positive measure space (X, ) is

< f,g>= [y fodu

Remark 2.7. In this paper, we will denote operators with capital letters, such as A,
U or Sy. When referring to the infinite matrix that arises from these operators with
respect to an orthonormal basis, we will use capital letters along subscripts, such as
A; j, Uap, or Spa . This not only distinguishes the operator from the infinite matrix,
it has the added benefit of reiterating the importance of the orthonormal basis (which
i,7 or a, § come from). Finally, if we discuss a particular element of the matrix, we
will use lower case letters with subscripts, such as a;;, uag or spas. Again, ¢, 7 or o, 8

come from the orthonormal basis and refer to the (row, column) entry of the matrix.

2.2.1 Matrices and Unbounded Operators
Notice that in the above definition (Definition 2.6), we are defining how a
matrix arises from a bounded operator. Yet, it is possible to have an infinite x
infinite matrix that does not arise from a bounded operator (see [16],[1]).

The following is an example of such a case (see [1]):



Example 2.1. Consider the matrix where each (7, j)th entry is A; ; =1

1 11 1
1 11 1
(2.1)
1 11 1
Notice that if we take z = {1,0,0,-- -} we have that ||z|| <1 but
[Az|| = V12 + 124+ 412+ - 5 0
so the operator A is unbounded. H

Matrices arising from unbounded operators will cause problems in the area of

multiplication, as we will see later.

2.3 Boundedness of a Matrix

How can we tell if a matrix arises from a bounded operator? The answer is
not succinct. For instance, it is necessary for each row and each column of the matrix
to be square summable (in other words all rows and columns must be in ¢2). This
is because if we let ¢; = {0,0,---,1,0---0} be a vector with 1 in the i-th position,
then if A is a bounded operator, by Definition 2.5 ||Ae;|| < oo and Ae; refers to the
i-th column. So each column must be in ¢2. Similarly, if A is bounded then A* is
bounded, so each row is also in ¢2.

Although it is a necessary condition, it is not sufficient as we can see in the

following example from [16].

Example 2.2. Consider the matrix



1 00 0

0 20 0
A’L,]

00 3 0

where, for each row n, the only non-zero entry is n on the diagonal. Note that each row

and each column is square summable. If we let the vector f = (O, %, 0, }L, 0,0,0

’ %’ 0--- )7
where for m = 1,2,3, - -+ each 2™ term is 5, we have that || f|| < 1 but |[A;;f|| = oc.
H

Now that we have a necessary condition for a matrix to arise from a bounded
operator, what is a sufficient condition? In [16], a sufficient condition is stated that

for a matrix (a;;) to arise from a bounded operator A we must have Y. 3 |a;[? < .

To see this, consider a vector f with ||f|| < 1. We have that

15, < frey > [ < 3, lai PSR

for each ¢ and f. Then, by taking the sum over all the 7’s,

130205 a5 < freg > el < 30505 lagl? - 1117

Since we have that Y7, > [a;;|* < oo and || f|| < 1, we get that [|A|| < co. However,

this is not necessary as is seen in the identity matrix.

2.3.1 Hilbert Matrix
As we have seen, when given an infinite matrix, it is difficult to tell whether

it arises from a bounded operator or not. The Hilbert matrix



1 3 2 0
b0
R
RS

is probably the most famous example of a matrix that arises from a bounded operator.
In fact, it arises from an operator A with ||A|| < 7 (the details can be seen in [16]
and a different proof can be seen in [5]). Also of interest, is the matrix referred to as

the exponential Hilbert matrix.
Example 2.3. The exponential Hilbert matrix (as it is called in [16]) is an example
of a matrix with a bounded operator:

a; = 27(i+j+1)’ where 7,5 =0,1,2,---.

It is also a Hankel matrix of the form

n (a Hankel matrix is a matrix A4; ; = (a;;)
x

where a;; = ¢+ j). To find the norm of this matrix, consider that the rows, r;, of the
matrix are all multiples of ry = (27O++); = (3.4, %) Then Ar =2 <r,rg > g
and ||A[| = 2||ro||> =23 7= = 2 (see [16] for more information). H

With these basic definitions in hand, we are now ready to start making com-

putations with these infinite matrices.

2.4 Basic Operations on Infinite Matrices
The basic operations of infinite matrices that we will be using in the last

chapter are multiplication, inverse, and the conjugate transpose. Although we would
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like infinite matrices to work exactly like finite matrices, there are some complications

to consider such as existence.

2.4.1 Conjugate and Transpose
Remark 2.8. We will be using the notation Zi,j = (@;;) to represent the conjugate
of the matrix A;;, Aj; = (a;;) = Aj;; to represent the transpose of the matrix A;

and A7, to represent the conjugate transpose of A; ;, where A}, = (@j;).

Two other definitions that come up later on in this thesis are Hermitian and

symmetric matrices (both definitions are from [7]):
Definition 2.9. An infinite matrix A; ; = (a;;) is said to be symmetric if a;; = aj;

Example 2.4. An example of a symmetric matrix in infinite dimensions is the Hilbert

matrix. The infinite Hilbert Matrix is made up of reciprocals of natural numbers,

1
Qjj = ———— (2.2)
t+J+1
with i,7 = 0,1,2,---:
1 1
I 0
1 1 1
3 3 1 0
1 1 1
3 1 5 0
1 1 1
i5 & 0
i

An extension of symmetric matrices into C-space are Hermitian matrices.



11

Definition 2.10. A;; is said to be Hermitian if A}, = A, ;

Example 2.5. An example of a Hermitian matrix in finite-dimensional space is

1 1447 241
1—¢ 2 341
2—4 3—1 3
Notice that in the case of Hermitian, the diagonal entries must be real since they

must equal their own conjugate (a; = @;;). 58]

Example 2.6. The (infinite and finite) identity matrix is an example of both a

symmetric and a Hermitian matrix. H

2.4.2 Addition

The addition of infinite matrices is exactly like the arithmetic of finite matrices.

Let A;; = (a;j) where a;; represents the (i, j)th entry of the infinite matrix A;; and

B, j = (b;j) where b;; represents the (7, j)th entry of the infinite matrix B, ;, then we

can add component wise with matrix (A + B);; = (¢;;) can be determined in the
(i,7)th entry as

Cij = ij + bjj (2.3)

We do not have to worry whether or not A;; and B;; arise from unbounded or

bounded operators since if A;; and B;; exist then (A + B),;; exists. Here, exist

means that each entry is finite.
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2.4.3 Multiplication
Multiplication will be the operation we will use the most in discovering re-
lationships with the matrix U, g. Multiplying infinite matrices is done in a similar
fashion to multiplying finite matrices. Given the same matrices A, ; and B, ; as above,
multiplication can be defined component wise like multiplication of finite matrices

with the (7, j)th entry of matrix (AB),; as

Z ai,kbk,j (2.4)
k

Although this would seem to be just an extension of the finite multiplication oper-
ation, for infinite matrices we need to be concerned with multiplication being well
defined. It is possible that the matrices A; ; and B;; exist, but (AB); ; does not exist
(in other words ), a;by; diverges). The following example is an example of such a

case:

Example 2.7. Consider

1 11 1

1 11 1
Ai,j = BZ,] fd

1 11 1

Then (AB);; is not defined since the (7, j) entry (1,1) is

Zk aikbkj = Zk 1 — o0
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If both A;; and B, ; arise from bounded operators, then (AB);; exists. We
need to check for absolute convergence of the matrix product because when we have
convergent sums for each entry, then the matrix is well defined.The following lemma

from [20] details this added requirement:

Lemma 2.11. Let A and B be linear operators densely defined on (*(Ny) and A*
represent the conjugate transpose of A, such that Ae;, A*e;, and Be; are defined and
in (*(Ng) for every element of the standard orthonormal basis {e;}jen,. Then A;;
and B, ;, the infinite matriz representation of A and B respectively, are defined and

the matriz product (AB); ; is well defined.

Proof. [20] O

2.4.4 Inverse

Multiplication of infinite matrices leads to the question of how to tell whether
the matrix A; ; has an inverse. In finite dimensions, a square matrix A has an inverse
if det A # 0. In fact, determinants play a large roll in calculating the matrix A~! in
finite dimensions. Perhaps it is not surprising that back in the nineteenth century,
mathematicians thought of infinite matrices in terms of determinants. As time went
on, the study of infinite matrices became less about determinants and more about
subspaces and linear operators (see [4]).

In the case of infinite matrices, we can define (formally) one-to-one and onto

as stated in [5].

Definition 2.12. An infinite matrix A; ; = (a;;) is one-to-one if the trivial sequence



14
is the only sequence () such that >, a;;z; =0

Definition 2.13. An infinite matrix A; ; = (a;;) is onto if for each (y;) there exists

a (wg) such that >, a;;z; = y;

Not all books agree on the definition of inverse for infinite matrices (see [20]
vs [5] vs [30]). We will be using the following definition from [5] which is very similar

to the finite case.

Definition 2.14. An infinite matrix A;; has an inverse if there exists B; ; such that

(AB)Z] = (BA)Z] = [ija where Iz'j is the infinite 1dent1ty matrix,

1 ifi=j
Iij -

0 ifid;
There is no actual correlation between one-to-one, onto, and inverse (see [5])

as one can see in the following example of the infinite Hilbert Matrix from [5].

Example 2.8. The infinite Hilbert Matrix is made up of reciprocals of natural num-

bers,

1

Y B —— 2.5
S R A | (2:5)

with 7,7 =0,1,2,---. So, the matrix looks like

1 1 3 0
3 3 4 0
SRS
i35 s 0
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In [5] we discover that this matrix is formally one-to-one, meaning » ; aigoy; = 0 only
for the trivial sequence (;) and it is not onto since if A maps an infinite sequence
(by,bg,b3,-++) to (1,0,0,---), then A maps (0,by,bz,---) to (0,0,0,---), therefore
(1,0,0,---) is not in the range of A. Which also means that A does not have an

inverse. 28]

2.5 Unitary Operators and Matrices
In this section we will discuss the unitary matrices which we will use in dis-

cussing the matrix U, s.

Definition 2.15. An operator A is unitary if A*A = [ = AA* where A* is the

conjugate transpose of A

Another way to state this definition (as is seen in [30]) is that an operator

A: H — K is unitary if
< Ax, Ay >=<z,y > for all x,y € H.

From this definition we can see that A is unitary as an operator if and only if
its infinite matrix representation A; ; is unitary (see [30] and [20]
Since U : I' — 5I', both orthonormal basis, we have that U is unitary which

means that U, g is a unitary infinite matrix.

2.6 Hadamard Product
We will be looking at the results of the Hadamard product in relation to the

matrix U, g in Chapter 5.
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The Hadamard product, or Schur product as it is sometimes called, is a differ-
ent way for multiplying matrices that is by term. It is based on the fact discovered
by Schur in 1911 that if (a;;) and (b;;) are bounded matrix operators on fy then
| (aijbii)|] < [[(aij)|| - [|(bij)|| (see [29] for more details). We define the Hadamard

product as follows:

Definition 2.16. Given matrices A, ; = (a;;) and B; ; = (b;;) the Hadamard product

of the two is the termwise multiplication:

(Ax* B)ij = (aijbi)

To see the Hadamard product in action, consider a finite dimension example

first.

Example 2.9. Given the matrices

1 2 4 3
A= B = (2.6)
3 4 2 1
4 6
The Hadamard product A x B = H
6 4

The Hadamard product is commutative, associative, and distributive. Com-
mutative since (A x B);; = (a;;bi;) = (bija;;) = (B * A); ;. Associative since
((Ax B) xC);; = ((aijbij)cij) = (aij(bijei;)) = (A= (B C));,;. Distributive since
(Ax (B +C))iy = (a) = (bij + cij) = (ai;(by; + ¢i5)) = (aijbij + aijey;) = (Ax B)ij +
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The identity under the Hadamard product is different from the normal identity.
If we define the identity as E; ; = (e;;) such that for any matrix A; ; = (a;;) we have
that (Ax E); ; = (aije;;) = (a;;) and (E'x A); ; = (e;ja;;) = (ai;), then E must be the
matrix with 1 in all the entries. This means that the the matrix A;; has an inverse

iff it contains nonzero entries.

Example 2.10. The following is an example in the finite dimensional case. The

1 4 1 i

inverse of is H
2 3 1
3 7 2 7
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CHAPTER 3

INTRODUCTION TO ORTHONORMAL BASIS I'

In this chapter, we will look at I' = {>~. 4, : b; € {0,1}, finite sums }. Sum-
marizing parts of the papers [11] and [21], we will show that I" is an orthonormal basis
for L?(u) as described below. The goal of this chapter is to give all the background

necessary to understand
U:T — 50

where 5I" = {0, 5, 20,25, - - - } is an orthonormal basis for L*().

3.1 Measure

If 1 is a Lebesgue measure on I = [0, 1], then
{e,} = {€*™® : n € Ny}

spans the Hardy space, Hs, of analytic functions on T = R/Z and {e,} is an or-
thonormal basis for Ly(I) with normalized Lebesgue measure.

It is known (see [18]) that there is a special probability measure p such that

Jfdp=5(J £ (5)dp(x) + [ f (5 +3) dulw))

for all continuous f on R with compact support on the Cantor set obtained by dividing
the line segment [0, 1] into 4 equal intervals and retaining only the first and third

intervals. This chapter will focus on showing that

['={0,1,4,5,---} = {>_4%; : b; € {0,1}, finite sums }
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is an orthonormal basis for L?(u) (see [21]).

First, we will look into a more general case in v dimensions. In [21] a system
(R, B, L) is considered, where R is a real v x v matrix with integer entries and B
and L are subspaces of R”. The subset B is required to satisfy an open set condition,
namely that for z € R,

op(x) = R™'w +b. (3.1)

B is a subset of R” which is finite and the number of elements in B is N. Also,
RB C Z" and 0 € B. Further, the difference between any two elements, b; and b,
in B is not in Z” when by # by. L is another subset of R” where L C Z" and 0 € L.
The number of elements in L is the same as the number of elements in B. Finally,
the Hadamard matrix Hp;, = N~Y/2 (¢2™!) where b € B and | € L (with N being
the number of elements in B the same as the number of elements in L) is a unitary
complex matrix.

It is known, by [17], that there is a unique probability measure p on R” of
compact support such that

[tin=5 X [ 1) duto) 32

beB
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where o,(z) = R™'z + b, # € R” and N and B as defined above (see [21] for more
information). Further calculation leads to the following equality (see [21]):

[ rin=53 [ 1) dut

beB

1 ] (op(x
_ Nz/emt( @) ()

beB

_ %Z/eﬁﬂt'(ﬁ"_l”b)du(x)

beB

1 iﬂ*il-:v it
:NZ/(eQR te2 tbdu(l’)

beB

1 it 2Rt
:NZ€2 tb/€2R tdu(a:)

beB

If we set
ei(r) =¥ (¢ x € RY)

we get the following definition that defines what we mean by I" being orthogonal in

L2(p) (from [11]):
Definition 3.1. Let I' € R” be some discrete subset and let
ET) :={e,:veTl}

We say that T is orthogonal in L?(u) iff the functions in F(T') are orthogonal. That

is,

0 forall gy £ €l
L €y Cyy >=

lifyy =7 el
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where i is defined as the Fourier transform

i) = [ e du(a) 33)
where t - o = )" | t;xz;.
From [21], we have the following lemma introduces a set P such that
{ex: A€ P}

are mutually orthogonal in L?(y). This is the general case in v dimensions described

above. We will use it as a basis to introduce the orthonormal basis [' that we desire.
Lemma 3.2. With the assumptions introduced above for the (R, B, L) system, set

P:={lp+ Rl +---:1; € L, finite sums}

Then the functions {ex : X € P} are mutually orthogonal in L*(u1) where ey := €™

Proof. Lemma 3.1 in [21] O

In particular, we are interested in the case where N = 2, and (R, B,L) =
1
(4, {O, 5} {0, 1}> in R. Directly from the previous lemma, we get the following

corollary in which we introduce the orthonormal basis I':
Corollary 3.3. Let pu be the measure on the line R given by
[ fdp=35([f (&) du(z)+ [ f(%+3)du(x)) for all continuous f

with Hausdorff dimension dy = 1. (We have R = 4, B = {0,3} and L = {0,1})

Then
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U= {lo+4lL + 4%+ - : l; € {0, 1}, finite sums}
and {ey : X € T'} is an orthonormal subset of L*(1).
Proof. Corollary 3.2 in [21] O

Of course, this only shows that it is an orthonormal subset of L?*(p), but it is

proven in [21], that T" is indeed an orthonormal basis for L*(u).

3.2 50
Throughout the rest of the paper we will working with the orthonormal basis

found in [21]. From this point forward it will be referred to as I':

D= {lp+ 4l +4%,+---:; € {0, 1}, finite sums}

= {Z 4'b; 1 b; € {0, 1}, finite sums }
=4{0,1,4,5,16,17,20,--- }
This thesis will look into what happens if we look at 5I"

50 : = {5(lo + 41y + 4%ly + ---) 2 I; € {0, 1}, finite sums}
= {0,5,20,25, -}
From the paper by D.E. Dutkay and P.E.T. Jorgensen, (see [11]) we know that 5"

is an orthonormal basis for for L?(u) for k = 1,2,3---. With this, we can create a

unitary operator

U:T'—5I.
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This operator is of interest as it illustrates what happens when mapping between two

different orthonormal basis (one is not a subset of the other).
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CHAPTER 4

MORE INFINITE MATRICES

This chapter is an extension of the orthonormal basis and system (R, B, L)

1
from [21] described in the last chapter: N =2/ and (R, B, L) = (4, {0, 5} , {0, 1})
in Rand I’ = {ly + 4l + 4%y + - - : [; € {0, 1}, finite sums}. Much of the work in

this chapter will be with the Fourier transform i from the last chapter (described in

[21]).

In the proofs throughout this chapter we will using the fact that
fi(odd number) =0
and
for v € I, fi(y) = 0 unless v = 0.
To see this, it is easier to use the definition for i as follows:
(1 + er> _ eind Ij[ocos <27”;n) (4.1)

The following lemma gives a short proof of why this is true.

at) =1]

n=0

N | —

Lemma 4.1. With the above, (R,B,L) and I', i(t) = 0 ift € I' = {0} ort €

{4F xnln € 2Z + 1,k ={0,1,2,--- }}

1
Proof. We have R =4, N =2, and B = {0, 5}, using the definitions in chapter 3
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we get that:

é )

By using the same process again, but this time for /l(fl) we get:

~+~

+ zwt)ﬂ<

N

1 : 1 : [t
— e ey (1)

Continuing this process infinitely many times, we end up with

[e.9]

1_[1 1+em/4

l\')

—imt/(247) | ei’”/(z"*"))

_ Heiwt/(2-4") (6 5
A t
e!/?m % T cos (27?471)
_ z7rt2/3 HCOS <2 4n)

So, it) =0ift eT — {0} or t € {4* x njn € 2Z + 1,k = {0,1,2,--- } }. O

Remark 4.2. Notice that by the definition of [i(t) (see Equation 4.1) we can both
take out powers of 4 and multiply by powers of 4 without changing /i(-). In other

words fi(4%t) = a(t).
Remark 4.3. We will be looking at three major operators:
SO:F—>4F, 51F—>4F—|—1

and U : I — 5I'. Before we start delving into the operators, it will be useful to make
note of the fact that since 4I" (and 4I" + 1) are subsets of I', an orthonormal basis, for

a, 8 € I' we have that
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1 ifdf =«
< €q, €48 >=

0 else

(follows similarly for 45+1). It is also know, by [11], that 5I" is an orthonormal basis.

In fact 5T is an orthonormal basis for k = 0,1,2,--- (see [11]).

4.1 Operators Sy, S; and U
Now, we will formally introduce our three major operators. Let (u,I") be a

spectral pair.

. t
a(t) = €Mt2/3 Cos T
0 Meos (57
and
finite i
r:{ fnit bi4|b2~€{0,1}}
We are going to be looking at three major operators. Again, we will refer to
the operators by capital letters (such as U) and to the infinite matrices by capital

letters and subscripts (such as U, ), and to the entries of the infinite matrices with

lower case letters (such as u,g). First, consider
So i L?(u) — L*(p)
be determined by
Soex = e

Notice that Sy : I' — 4I" and that 41" C I'. We can consider the infinite matrix

of Sy together with the orthonormal basis I' to be Spa3 = (Soas) Where

Soap =< €q,S0es >= (45 — «) (4.2)
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The matrix representation is:

Soa,s =

Similarly, define
Sy L2 () — L2 ()
to be determined by
Siex = €ant1

Notice that S7 : I' = 4"+ 1 and that 4I'4+ 1 C I'. If we combine this operator
with the orthonormal basis I', then we can create the infinite matrix Sy, 5 = (S108)
where

S1a8 =< €q, 5163 >= (46 +1 — «) (4.3)

The matrix itself looks like:

Sla,,B =
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Finally, we will introduce our last major operator, U. Let

U: L*(p) — L*(p)

be determined by

Uey = es)

and U, g = (uap) where

Uap =< €q, Ueg >= [1(50 — ) (4.4)

Notice that U : I' — 5I'. Unlike 4I" and 4I" 4 1, 5I' is not a subset of I'. For example
Ues = e95 but 25 =1+ 2 -4 + 42 and so is not in I'. Therefore, the matrix of Uap is
a bit more complicated than that of Sy, s or Sias. As we can see from the following

matrix representation, there are entries of the matrix that are neither 0 nor 1.
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4.2 Commuting between Sy, 3, Sia,s and U, g
Looking at the three infinite matrices Spa g, Siap and U, g, one of the first
questions that arises is whether these matrices commute. As the following lemmas

show, only one of the pairings actually commutes.

Lemma 4.4. The infinite matrices Soap and Siap as described in the above section,

do not commute.

Proof. First, consider (SyS1)a,s. For v € I', each entry in the infinite matrix can be

represented by

(5051)as = > 4y — ) (48 +1—7)

5

From Remark 4.3 we have that (48 +1—-) = 0 unless 43+ 1 = ~. This means that

1 if (a,8) = (168 + 4, 8)

0 else

On the other hand, for (51.50)a,s €ach entry can be represented by

(s150)as = Y {4y + 1 — a)i(48 —7)

S
From Remark 4.3 we have that fi(45 — v) = 0 unless 43 = 7. This means that
8081 ﬂ 165 +1-— Oé

= (168 + 1,5)

else

In particular, (s9s1)s,0 = 1 while (s150)4,0 = 0. Therefore, they do not commute. [
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Another way to look at the previous lemma is to look at the operators S
and S; and how they together act on an element in the orthonormal basis {e,}:
S0S1€y = So€ayt1 —+ €16y+4 While S1.Spe, — Siesy — €16y41.

When dealing with the operator U, we run into difficulties since U : I' — 5I

and 5l is not a subset of .

Lemma 4.5. The infinite matrices Uy g and Spap as described above with the or-

thonormal basis T = {lg + 41y + 4%ly + - - - : [; € {0, 1}, finite sums} commute

Proof. Let’s first look at (USp)a,s where each entry can be written as

(us)as = > UBY — a)ji(48 — )

Y

Since 4 and « are in I' by Remark 4.3 we have that

1if 46 =~
(48 — ) =

0 else

which means that

(us0)a,s = (1(5(45) — )
= (208 — o)
On the other hand, we have
(sot)a :Z (4y — @) (58 — )
g

We can use Lemma 4.1 and its following remark to get

—Zu 4y — @)fi(208 — 47)
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Again, by Remark 4.3 we have that ji(4y — «) = 0 unless 4y = . So,
(s00)ass = A205 — )
= (uS0)a,s
Therefore, U, 3 and Sy, s commute. O

Since U, g and Spa,s commute, one might assume that U,p and Siapg also

commute; however as the following lemma shows, this is not the case:
Lemma 4.6. The infinite matrices Sia,p and Uy g do not commute

Proof. Let’s first look at the infinite matrix (US}), s where each entry is:

(us1)as = Y _ (57 — a)ji(48 + 1 — )

v

By Remark 4.3 we have that:

a((4s+1) —a)

(208 +5 — )

At this point, we can tell that nonzero terms of (us;) occur when o € 4I" + 1.

Now, let’s look at (S1U),,3 with entries:

(s1)ap = > iy +1—a)i(5y - B)

Y

By Remark 4.3 we have that nonzero terms only occur when 4y +1 = a. We can

rewrite (5y — ) as 20y — 483 by Remark 4.2. Also,

20y — 408 =5(4v) — 45

—5(4y+1) — 5 — 45
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With this notation, we can conclude that

(s11)ap = f(5(4y + 1) — 5 —40)

= ji(500— 5 — 46)

Since (us1);, = (5 —1) = 0 and (s1u); o = (5 —5 —0) = 1 then (USi)ap #

(51U )as [

4.3 Operator M

In this section we introduce a new operator
M,:T' =-T+k
for y € T'= {ly + 41y + 4%l + - - - : [; € {0, 1}, finite sums} such that
Miey = eyq

With this operator we can find even more relations between U, Sy and S;. First we
will look at M; : I' — I' + 1 where Me, = e,41 with respect to the orthonormal
basis I'. We define the matrix M, 3 = (m1ap) of the operator M; with respect to I'

to consist of entries
Miag =< €q, Mieg >= (f+1— «)

which has entries that are neither 0 nor 1 (unlike Sy, 5 and Sia ).
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The first thing we will consider is what happens when we take powers of the
matrix Mq 3. In the best of worlds, the powers of My, g, M, 5 will be the equivalent
to My, s where each entry of the matrix is myap = (8 + k — o). At first it looks

promising, as we look at the case when k = 2.

Lemma 4.7. Let My, : I' — I' + k where Mye, = e, with the orthonormal basis
I = {lo+4L+4%l+- - : I; € {0, 1}, finite sums} represent the matriz My, 5 = (Mkap)

where Myag =< €a, Myeg >= [i(f + k — ). Then we have that M7, 5 = Maa g
Proof. Each (a, ) element in the matrix (M}),p is
=Y a(y+1-—a)a(B+1-7)
Notice that ji(y+ 1 — a) =0 unless v € 4" + 1. Let v = 4¢ + 1 where £ € I'. Then
= (4 +2 - a)i(B - 4¢)
£

By Remark 4.3, (8 — 4£) = 0 unless § = 4£ where we have (8 — 4€) = a(0) =1
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Therefore, each (o, 3) entry of the matrix

= (B +2—a))
= (maap)

Therefore (M?) a5 = Maags. O

Unfortunately, although it works out in the case of k = 2, in general, (MF), 5 #

My p as is seen in the following lemma:
Lemma 4.8. With My, s as described in Lemma 4.7, (M3) a5 # Msas

Proof. By Lemma 4.7 we know that (M?)as = Maap, S0 we have that that each

(o, B) entry in the matrix (M3}), 5 is
= Z M2a,yM1y,8
¥

=> (v +2—a)u(B+1-7)

lify=8+1
Case 1: If g € 4" we have that by Lemma 4.1 (8 +1—~) = So,

0 else

we have that for § € 4T, m3 5 = (6 + 3 — @) = mgap.
Case 2: But, if 8 € 4I'+ 1 we have that by Lemma 4.1, v € 4" and (M3?), 5 =
>, 4y +2 —a)i(B+1—4y) and, therefore, for a € 4I" we have nonzero terms.
In particular, (m1)%,, = Y2 v(y 4 2)(2 — ), while ms1) = (143 = 0) =

0. [l

Now that we have established what Mfaﬂ looks like, we will now see how it

relates to S8, S1a,s and U, g.
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4.4 Relationships between Sy, 3, Siap and U,z and M,
First, we will look at which of the matrices Sy, g, S1a,5 and U, g commute with
M 5. This will give us insight into other ways that the first three operators relate.
Since M; : I' = I'+1 and I"' 4+ 1, much like 5I', is not a subset of I' we anticipate that
not all of the matrices will commute with M, g. However, it may be surprising that

none of them actually commute.
Lemma 4.9. The infinite matrices with respect to the orthonormal basis
L= {lp+4l; + 4%y + --- : [; € {0, 1}, finite sums},
S1a,8:50a,8, and Uy g, do not commute with M, g
Proof. For (S1Mj)a,p, the entries of the matrix will be:
D Staymiys = Y Ay +1—a)p(B+1-7)
v 2l

since [i(4y +1 — «) = 0 for all but a = 4y + 1, we get

fi(48 + 4 — 4y)

f(4p +4 = (a—1))

= [i(48+ 3 — a)
Now let’s consider (M;S1)a,3 Where each (o, §) entry in the matrix is:
D Miaysis =3 iy +1— )48 +1—7)
v v
Since (40 + 1 — ) = 0 except when v =45 + 1

— (48 +2 - )



36

In particular, we have that (symq)os = 0, while (my51)05 = 1(22) # 0

Next, let’s look at (SoMj)a s where each (o, 3) entry is:

D iy —a)p(B+1—7) = f(4B+4 - a)

since i(4y — a) = 0 unless 47 = a.

On the other hand, each (a, ) entry of (M7.50)a,s is:

D Ay +1—a)i(4B —y) = p(48 +1 - )

since f1(48—~) = 0 unless 48 = . Notice that this shows that (M;50)as = Sias. S0,

~

Soas and M, 3 do not commute since, in particular, we have that (somi)o1 = 1(2),
while (m150)o1 =0

Finally, let’s look at (M;U), s where each (a, 5) entry is:
> aly +1-a)i(56 — )
v
On the other hand, each entry of (UM;), s is
> a5y —a)a(B+1-7)
vy

In particular, (myu)io = >_ fi(y+1—1)a(0—~) = 1since I' is an orthonormal basis
and (myu)yo = . 457 — Dl — 7) = (5 — 1) = 0 a

Although none of the matrices commute, as we have seen in the proof of

Lemma 4.9, there is a relationship between Syq g, S1a,s and M, g:
Lemma 4.10. Given S1, So and M with respect to the orthonormal basis

U= {lp+4l; + 4%y + --- : [; € {0, 1}, finite sums},
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The matriz Si1ap = (M1S0)a,p. In other words, for each o, € I', we get siap =
Z'y Mia,yS0vy,8
Proof. Shown in the proof of Lemma 4.9 O]

Remark 4.11. Another way of looking at the above Lemma is to consider that for

any v € I', M1Spe, = Mies,. Since 4y € I', we get that Mies, = esyq1 = Sie,.

4.4.1 Block Matrix

Another interesting way to relate U, g, Soa,s and Siq g is where the zero and

nonzero entries occur in the block matrix:

SEMLSy  SiMyS
(4.5)

SiM.Sy SEMy S,

Before we start calculating the matrix, we will need the following lemma:
Lemma 4.12. Given Sy and S, with orthonormal basis
D= {lo+4l +4%y+--:1; € {0,1}, finite sums},

for the corresponding infinite matrices S, 5 = (sgaﬁ) and Siap = (S1a3) we have that

(5551)a.5 = (0)a,p the zero matriz.

Proof. For the infinite matrix (S;51)a,s each entry is

DD Staysies = D ilda = VA(AS +1— )
8l ol Y

— (4o — (48 +1))

I
o

since both 4o and 45 4+ 1 are in I’ O
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With the previous lemma in place, we can now discover where the zero terms

of the complicated block matrix, Matrix 4.5.

Theorem 4.13. The matrix
(SE;Mlso)aﬂ (Sngsl)awg 0 v
(SfMlso)a”g (STMlsl)a,ﬁ w 0

where v and w are nonzero.

Proof. First, consider (SgM1S5), 3 By Lemma 4.10 and Lemma 4.12 we have that
(SgM1.50) 05 = (5551) 0,5 = (0)ass.

Next, we have that (S7M1S1), 5 = (0)as because each entry of (S7M;S1), 4
is:

DY e+ 1=y +1-y)aAs+1-¢) Zuéla—i-l— f(48 +2 —7)
SANNS
since 4/1(48 4+ 1 — €) = 0 unless 43 + 1 = £. So each (a, 3) entry becomes
= il +1—49)i(48 + 2 — 4y)
= ild(a =) + DM +2—4y) =0
y
Also, (S;M;S1), 5 has nonzero entries since
ZZu (Ao —NAE+1 =B +1— &) = 4 — )i +2 - )
y
= (48 + 2 — 4a)

A

which is nonzero since (SFM1S1)11 = [1(2).

Finally, ST M5 is nonzero because (S7M150), 5 = (5751)4.5 = las O
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When considering powers of the above matrix, we will have

2

0 SIMLS S My Sy S7 M S, 0
SiMS, 0 E 0 ¥ My Sy S My S,
Sg (M1)*So 0
) 0 St (M:)2 5y

From the above lemma 4.10 we have that M;Sy; = S; so that Sng“SO = SSM{“Sl

Lemma 4.14. For k € Z, the infinite matriz (SO*MfSl) with respect to the or-

a?ﬁ
thonormal basis T = {lo+4ly +4%lo + - - : I; € {0, 1}, finite sums} is equivalent to the

zero matriz,(0)q5 if k is even and(So*MfSl)aﬁ # (0)a,p if k is odd.

Proof. For the case where k is even, consider first the case when k =2 M? = M, we

have
(SoM{S1)as = (S5M2S1)as
Each entry (o, 5) will be

=3 ) o — )il +2 = )iAB + 1 — )

772

So we have that 48 + 1 = 49 and 4a = 7; so each entry in (S§M7S1)as is = (48 +
3 —4a) = 0 since 403 + 3 — 4a is odd.
In general, (SzM?*S1)as = (S;M§S1)as, so each entry (o, 3) will be

= Y e =yt +2 =) +2 = 72) - (e +2 = W) (48 + 1 — Yeg)

Y1725 V41
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. Therefore, any nonzero terms will occur when 4a = 71, so we get

= ) et 2-40)i(ys +2—%2) - ik +2 = W)AAB + 1 — ip)

V2,73, Vk+1

This means that v, € 4I' and 3,74, 7%+1 € 41", But, then since ;.1 € 4" we get
(48 + 1 —vk41) = 0 by Lemma 4.1.
We have already shown in Theorem 4.13 that (S§M;51)a s has nonzero entries.

For the general case, consider (S M7*t15)),.5. The entries (a, 3) will be:

= Y o=y + 1= m) - f(aree + L= Y2er) (48 + 1 = Yors2)

V1,725 Y2k 42

since this is nonzero only when 4a = v, we get:

= Y e+l —d0)i(ys 1= y2) - f(Yakea + 1= Yorpr) (48 + 1 = Yapga)

V25 V2k+2

This is nonzero only when ~, € 4I' 4+ 1, so we get that

= ) e +2—40)i(ys —49) - f(vaese + 1 — Yarr) (48 + 1 — Yakt2)

Y25 V2k 42

This means that v3 = 45 in order for nonzero terms. Continuing on in this manner,

we get:
= Z a(dys +2 —4da)u(dys +2 — 4vya) - - 1(48 + 2 — dyop12)
V2,745 V2k+2
which has nonzero terms. O

4.4.2 Hadamard Product

Previously, we have been viewing the results normal matrix multiplication.

In this section, we will look at what happens when we use the Hadamard product
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to multiply the matrices. Recall that the Hadamard product, unlike regular matrix
multiplication, multiplies just the entries together. In this case, when a 1 occurs in
the Hadamard product, that means that since |fi(-)| < 1, that both matrices have a 1
in the exact same spot. It is an interesting way to examine where the related nonzero

terms of the matrices are located.

Lemma 4.15. Given the matrices U,z and Syap the Hadamard product of the two
18

1 at(0,0)
(U % S0)a.s = (UapSoas) where tunsSoas =

0 else
Proof. wasoaps = (55 — a)1(48 — «). Since sgop = 0 for all (a, §) except when

a = 44, then

(u* 50)a,s = (56 — a) (46 — a)

(58 — 4p)

e

)
1 when 8 =0
0 else |
)

So, the only nonzero entry is (a, 8) = (0,0 O

Remark 4.16. The conjugate transpose entries of So, g are sg, 5 = fi(4a — 3) and

the conjugate transpose entries of Sy, 5 are s7, 5 = fi(4a +1— )

Lemma 4.17. Given the matrices Uy s and S, 5 the Hadamard product of the two

is (U % S5)a, = (UapSys) where
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1 at(0,0)
uaﬁsgaﬁ =

0 else

Proof.
UagSoap = (50 — a)i(da — 3)

Notice that fi(4a — §) = 0 unless 4o = [ in which case fi(4a — ) = 1. So, we have
B = 4a which implies that uassy,s = (19a). If o is odd, then f(19a) = 0. But, if
a # 0 is even, we get that a = Y, 4%a; where ag = 0. Considering (19", 4a;), by
Remark 4.2 we can take out the smallest power of 4, leaving us with (19", 4'a;)

where ag = 1, which means /1(19a) = 0. So, we have that

1 ifa=0
fi(190) =
0 else
So, when («, #) = (0,0), we get 1 -1 = 1, otherwise we get 0. O

Lemma 4.18. Given the matrices Uy g and Siap the Hadamard product of the two

is (U * S1)ap = (UapS1ap) where

1 at(51)
UaBS108 =

0 else
Proof. Each entry uagsiap = (58 — a)ii(45 + 1 — «). The only time s1,4 is nonzero
is when o = 48 + 1, which means u,ss1a5 = (58 — (46 + 1)) = (58 — 1). Since
1el, p(f—1)=1for B =1 and is zero everywhere else. Since « =45+ 1 =5, the

only nonzero entry is at («, 5) = (5,1). O
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So far, these results have not been too exciting. The last Hadamard product
we will take is Uyg and S}, 5. Surprisingly, unlike the previous results, the Hadamard

product of these two has infinitely many nonzero terms:

Lemma 4.19. Given the matrices Uy g and S7, 5 the Hadamard product of the two

is (U % S7)a,p = (UapSiag)- (U x SY)as has infinitely many nonzero entries.

Remark 4.20. For the following proof we will be making use of the fact that since
I'={>,4", : b; = {0,1}, finite sums } every v € I" can be written in base 4 notation
with only zeros and ones occurring. For example, 20 € I and 20 = 4? + 4 = (110),.

If a number, x has a 2 or 3 occurring in its base 4 representation, then x ¢ I'.

Proof. The entries in (U * S}),,5 are

UapSTap = (O — a)i(da+1—=F) (S7)ap =1
if = 4a + 1 and zero otherwise. So, (U * S7)ap = a(5(4a+ 1) —a) = 4(19a + 5),
which is zero is « is even. However, if a is odd, 19 = (103)4 multiply by a number
that ends in (01), the last two numbers are (03)4 If we add 5 = (11), we end up with
a number ending in (20), which is not in I". Since there are infinitely many v € T’

that end in (01), there are infinitely many nonzero entries in (U * S )q 3. O

Now that we have clarified the relationships between Soq g, Sia,g, Mia,pg and

Ua,p we will turn our attention in the next chapter solely to U, g.
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CHAPTER 5
THE U, ; MATRIX

In this chapter, we will look in depth at the matrix U, g and the subsequent
powers, Ug’ﬁ. In doing so, we will also be discovering what v € I' N 5T for k =

1,2,3--

5.1 The 1’s of U, p

An interesting question is where do 1’s occur in the entries of the infinite
matrix U, ; in detail, given U, g = (uqag), for what (row , column) = (a, ) does
Uap = 1. Since uns = (56 — «) if uap = 1, then 55 = a. In other words, we are
finding v € I' such that v € 5I' N I". The answer to this question is complicated by
the fact that U : I' — 50" and 5" Z T (as is seen by Ues = ey5 and 25 ¢ ).

To get a sense of how this question can be answered, let’s first look at the
entries of the infinite matrices Spa,3 and S 3. These should be easier to find since,
for example, spap = 1(45 — ). Therefore, if we find where spos = 1 we are finding
v € I" such that v € 4I' N T'. Since 41" C T', we can already know the answer to this

question.

Lemma 5.1. For o, €T, Spap = (1(458 + 1 — «)) has infinitely many entries of 1.

These 1’s of the matriz Spas occur at entries (row, column)= (45, B).

Proof. This can be easily seen as each entry, spag, of the infinite matrix Sy, g is

S0aB = /}’<4ﬁ - Oé)



45

Since 45 —a € T', i(45 — a) = 0 unless 45 = «, in which case (45 — a) = 1. Since

40 € T for all B there are infinitely such («, 3). O

Remark 5.2. The 1’s of the matrix Sy, s occur at (0,0), (4,1), (16,4), etc. A1
occurs once in every even row. All other entries are 0. Again, another way of looking

at these points («, ) is that we found all values of « such that a € T' N 4TI

Lemma 5.3. For o, €T, Siap = (1(45 + 1 — «)) has infinitely many entries of 1.

The 1’s of the matriz Sya,p occur at entries (45 + 1, 5).

Proof. Very similar to the previous lemma, we have that each entry of Si, s is
31(1,6’ = /AL<4B + 1— Oé)
which is zero unless 45 + 1 = «, in which case i(48 +1—«a) = 1. Since4dI'+1 C T

there are infinitely such entries (a, ). O

Remark 5.4. The 1’s of the matrix S}, g occur at (1,0), (5,1), (17,4), etc. In other
words, a 1 occurs once in every odd row. Again, by looking at all these points (o, ),

we have found all values « such that « € I' 40" + 1.

Finding the entries of 1 in these infinite matrices was made easier by the fact
that these operators map I' back into I'. Now, let’s take a look at what happens with

the infinite matrix U, g.

Theorem 5.5. Let (u,I") be a spectral pair.

4 t
0(t) = imt2/3 T
a(t) =e ||COS(2.4n
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and
= {20’“‘“ bidi[b; € {0, 1}}
Let U : L*(p) — L*(n) be determined by
Uey = es)

For a,B €T, Uyp = (u(58 — «)) has infinitely many entries of 1’s and they occur
at (v, B) where o = 53 when for ¢; =0 or 1, § =Y, c;4" such that if ¢; = 1 then

Cit1 = 0.

Proof. 1f (56 — ) = 1 then 55 = «. It might be more helpful if we look at it more
generally as: 53 € I’

Then we have that since § € T,
Since we want 56 € T', we need >, c;d’ + 3, ¢4 = 37 a;4 where a; = 0 or 1.

Notice that Y, ;4" + >, 4™ = g + 4(co + 1) + 4%(c1 4+ ¢2) + -+ + 4% (k-1 + ).

This is in I' if ¢; = 1 then ¢;;1 = 0. Now we will look at o = 53. As stated above
o = Zj aj4j = (O -+ 4(00 + Cl) + 42(01 + CQ) + -t 4k(0k_1 + Ck)

where if ¢; = 1 then ¢;;; =0 for¢v=20,1,2,3,--- ,nand 5 = 0,1,2,3,--- ;m such
that if ¢, = 1, then ap = 1 and a1 = 1, otherwise a; = 0. (One way to see this is to
consider that if 1 = 3, then ¢y = 1. We would then have ay = 1 and a; = 1, so that
a=14+4-1=5 and so we would haveji(55 — «) = 1). By construction, there are

infinitely many such entries («, (). O
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Remark 5.6. Some of the («, ) such that u, g = 1 are (0,0), (5,1), (20,4), (80, 16),
etc. We asked earlier what v € I' are also in 5I'. The answer is the a described in

the proof of Theorem 5.5: o € I' N 5I" (notice that 0,5,20,--- € 5I'NT).

5.2 Powers of U, 3
The next question to ask is where the 1’s occur in the powers of the U,

matrix, U 5 - This question is more complicated than it may first appear.

5.2.1 Hadamard Product
It is not as easy as it would be looking at, say, the Hadamard product. By

construction of the Hadamard product, (U % U)as = (Uaptap) = 1 when u,z = 1.

Consider the case of (U * U*), 3.
Lemma 5.7. The Hadamard product of Uy g and U 5, (U xU*)ap =1 only at (0,0)

Proof. uap * wis = ji(56 — a)iu(5a — B) = 1 iff both i(58 — a) and ji(5a — 3) are 1
(since fi(y) < 1 by definition). This happens only if 5 = 5 and 58 = «. So, when

253 = [ which happens only at g = 0. m

Remark 5.8. It is not nonzero for all other entries. For example for all entries (o, )

we get that the entries of U x U* are

sty = fi(240) = ju(6a)

which is nonzero for all «

5.2.2 Squaring Spa s and U, 3

Now, let’s go back to regular matrix multiplication and look at Sga’ 5
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Lemma 5.9. Sga,ﬁ has infinitely many entries of 1, occurring at (164, 3).

Proof. Each entry of S, ; can be represented by spas = > iy — a)fu(4B8 — ).
Since 4,403, a, 8 € T', the only nonzero terms are when 4y = o and 43 = ~. In other
words, when 423 = a. When this happens ji(4y — «) = ji(43 —) = 1. Since 168 € T’

for all 3, there are infinitely such entries. O

What worked out nicely in this case is that 48 and 4y were elements of an
orthonormal basis I" (see remark 4.3). We cannot use the same quick solution in the

case of U2 5 = (u2ap) since

Usa,p = D (57 — @) i(58 — )

and 5y and 55 may or may not be in I'. Before we can use a similar method to

discover where the 1’s of the matrix UF ; = (ugqg) we will need a way to check when

Z f(5v1 — a)fi(5yy — 1) - - (5B — Y1) = 1

Y1572, V-1

First, though, we will need the following lemma:

Lemma 5.10. Gien I' = {}°,4'b; : b; € {0,1}, finite sums } and the set 25T =

{255, 4%, : b; € {0,1}, finite sums } = {0,25,100,125,---}, 3 € TN 25T iff 8 = 0.

Remark 5.11. From [11] we know that 5*T" is an orthonormal basis of L?(y) for all

k=0,1,2,3,---.

Proof. Note that 0 € T" and since 25-0 = 0, 0 € 25T If we break down 52 into >, 4¢;

form we get:
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52 =4244-2+1
First, since 8 € I' then § =Y, 4'c; where ¢; = 0 or 1. Therefore, we have that:
8= (4+4-2+1)8
= (42 +4-241)) el
=) 4 42 ol Y i

where each of the ¢; = 0 or 1. We want this to be in I so we want

24”201' + 2 Zciél”l + Zélici = Z4jaj for a; =0 or 1. (5.1)

If we rewrite the left hand side of the equation by expanding the sums, we get

=4%co + 2 - deg 4+ co 4+ 43¢y + 2 - 4%¢) 4+ 4oy + ey + 2 - 43cy + 4%y - -
= co +4(2w0 + 1) + 4%(co + 2¢1 + o) +4%(e1 +2¢o +c3) A - - -

= Cy + 4(200 + Cl) + Zé‘:i(ci_g + 261‘_1 + Ci)
=2

Let’s first consider the case where ¢y = 1. This means that 2¢q +¢; = 2 + ¢;.
Since ¢; =0 or 1, 24 ¢; = 2 or 3. Conflicts with equation 5.1. So, ¢y # 1.

Next, consider the case where ¢ = 0. Then, 2¢q 4+ ¢; = ¢1, 80 ¢ = 0 or 1. If
¢y = 1, then as in the first case we get that ¢y +2c; +co =2+ ¢y =2 or 3. So ¢; # 1.
If c; =0, then ¢g + 2¢1 + ¢ =co =0 or 1.

Suppose that ¢ is the first ¢; # 0. As we have shown, k > 2. So we have
AF(cr) + 4" (20 + crer) + 4 (cr + 20041 + Cog2) -

But, this means that 2¢ + cxi1 = 24 ¢ 1 = 2 or 3, which cannot happen. Therefore,

the only time 5?8 € I' is when § = >, 4'¢; = 0. O



50

Theorem 5.12. Given the operator U along with the orthonormal basis
D= {lo+4l +4%y+--:1; € {0,1}, finite sums},

the (o, B) entry of the infinite matriz U§,5 represented by

> i — )5y — ) - (5B — ) = 1 (5.2)

Y1572, V-1

iff each p(-) = 1.

Proof. One way is trivial since if each i(5\; —&;) = 1 then 5\; = &; for each i and we
get that 1-1---1=1.

For the other direction, assume > _ _ ~ fi(5y1 — @)fi(5v2 —7) -+ i(58 —
Vk-1) = 1 Since T is an orthonormal basis we have that Y. [i(t — §)[> = 1.

Let’s first look at the case when k = 2.

By Cauchy-Schwarz inequality (Lemma 2.2) we know that since we have an

orthonormal basis,

=
Bl

[usasl® < ) (158 = I°)* (Ia5y = a)?) (5:3)

We want to find when an entry in |ug,s|? is 1, so we want the above inequality
to be equality. In order for equality to occur in Cauchy-Schwarz the vectors need to

be aligned. This means that

5y — @) = capft(56 =) (5.4)

for all v € I where «, § are fixed and ¢,3 depends on «, 8 € I' and |c,5| = 1.

Substitute back into Equation 5.11 to get
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[U20s* = 3, cap (258 — 7))’

Since ¢ does not depend on v we can take it out of the sum:

|20 —caﬁz (56 —7)) (5:5)

Notice that we no longer have the right hand side depending on « so
Cap = Cg.

We can rewrite Equation 5.12 as
< €q, 5y > = Cg < €y, 653 > (5.6)

where |cs| = 1.
The question is: Is there more than one term that is nonzero? If there is not,
then the theorem is true.

Let’s look at the case when vy = 0 in Equation 5.6:
< €q,€0 > = Cg < €p, €53 >

Since < eq,€9 >= 0 unless a = 0, and < ey, e53 > = 0 unless =0, thena =3 =0
is the only nonzero term.

Now, let’s look at the case of v;. Then < e,,e5 > = 0 unless a = 5 and
< esg,e1 > < 1so there are no nonzero terms.

Let’s consider the general case of v € I'. Let v be the first v € I" such that

both

[A(5y — a)] < Land |a(56 —v)[ < 1. (5.7)
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where the equation
(57 — a) = capfi(58 — ) (5.8)

holds. So, we have multiple v; : 71 < 72 < 3 < --- such that

esp = Aey, + Bey, + -+

€a = Cp (A€571 + B€572 + - )

Therefore, we have the equation

Uesp = cpeq (5.9)
which means that
B — 58 = a— da (5.10)
which implies that
250 =«

But since a € I', by Lemma 5.10 we know that this only happens when g =0 = a.

Now let’s return to:

(5 — a) = cpa(58 — )
< €y €5y > = C3 < €4,€53 >

Ch < €q €5y > =< €4,€55 >

es = CEZ < €qs €5y > €y
v

Cgetsg = Z < €q, €5y > €y
il
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Notice that the left side is only dependent on  and the right side is only
dependent on « and since there is only one nonzero term and fi(5y — ) (56 —v) =1
only when fi(57y —a) =1 and (56 —v) =1

Now, suppose that for k, Ufﬁ has an entry of one iff each fi(-) =1 of

UkaB = D oy o F(OB = ) W57k — 5Yp—1) - U571 — ).

Looking at k + 1:
For Uf}gl = Ui% U,..5

By Cauchy-Schwarz inequality (Lemma 2.2) we know that since we have an

orthonormal basis,

[NIE
N

ugeenasl® < 3 (ks ) ? (15— 0)]?) (5.11)
Y

We want to find when an entry in |ugy1)as/* is 1, so we want the inequality
to be equality. In order for equality to occur in Cauchy-Schwarz the vectors need to

be aligned. This means that

ko, = Cashi(58 — 7) (5.12)

for all v € I where «, § are fixed and c¢,3 depends on «, 8 € I' and |c,5| = 1.

Substitute back to get

N 2
|u(k+1)o¢5’2 = ZW Cap (M(55 - 7))
And so, we end up with the same scenario we had for Uiﬁ. So in order for |u(k+1)as| =

1, we must have that (58 — ) = (5 — -1) = -+ = (51 —a) = 1. u

Now, finally, let’s find the 1’s of the matrix Uéfﬁ for k =2,3,4,---
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Theorem 5.13. Consider the infinite matriz UL’f’ﬁ with respect to the orthonormal

basis
D= {lo+4l +4y+ - :1; €{0,1}, finite sums}.
Each (a, B) entry of UY 3 = (ugag) will be represented by upap. For k > 2, upas =1
if and only if (o, ) = (0,0)
Proof. To begin, let’s look at the case where k = 2: Let o, 8 € I'. Since
Ua3 =< €q,Ueg >= 3 i(53 — ) then each entry of UZ 4

will be

ey = X2, (57 — @)(58 — 7)

If (a, 3) # (0,0) then 526 € I since in order for U2 5 = >~ u(5y — a)u(56 — )
by Theorem 5.12 we need 5y = « and 58 = 7. This means that 5(55) = «. By
Lemma 5.10 we know this happens only when g =0 = a.

Now, let’s look at the general k:

If (ar, B) = (0,0) then the entry of U} ; is:

= > iy —a)i5re —n) - il58 = i)

Y12, V-1

= Y BBy — ) 51 — Ye2)f(Yi1)
Y1525y Yk—1

Since v, € I', in order for ji(vy,_1) # 0, then 1 = 0. In a similar fashion,
Y1 = 0= 0= Yp—2 = Yh—3 = Yh—a = -+ = 71. S0 that the (o, 3) = (0,0) entry of
Uk 5is 1.

Suppose there is a k such that an element of the matrix UY 5, uges = 1, then
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UkaB = Doy e ey POV — @)U(By2 = 71) -+ - [1(5B — Yi—1)
Using the results from Theorem 5.12 we have that all () = 1, which means that
(58 — vk—1) = 1 so that 58 = ;1 and (5v,—1 — Yk—2) = 1 which means that
5y1 = Yk_2 then we have that 255 € I'. Based on , Lemma 5.10, § = 0. If § = 0, then

0 =508 =1 and since 7,1 = 0, then 7, =0 and soon untilyy =0 = a =0. [
This somewhat surprising result. It means that there are infinitely many ~

such that v € I N5, but only 0 € I'N 250, In fact, only 0 € I' N 5*T for all k& > 2.

5.3 Conclusion

By first looking at the orthonormal basis found in [21]:
I'={>,4; : b; € {0, 1}, finite sums}
and the related orthonormal basis found in [11]
5I'= {54, : b; € {0,1}, finite sums }

we found several interesting relationship with the unitary matrix U, s arising from
the operator U : ' — 5I'. Investigating the relationships between Sy : I' — 4T,
Si:I'—=4'+ 1, and M; : I' = I" + 1 we discovered that U, g commutes with Sy, g
although it does not commute with Si, g nor M, g.

Most intriguing, when we searched for 1’s in the infinite matrix Ug 5 we have

found that given

Ukap = Z%%...%_l 15y — a)f(5y2 — v1) - - (58 — Yr—-1)
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in order for u; = 1, we must have each ji(-) = 1. Although there are infinitely many
1I’s occurring in the entries of U, g, only one such 1 occurs in the higher powers of
U*. This means that there are infinitely many v € I' N 5T, but v € I'N5*T = {0} for

k> 2.
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