E F F E C T O F S H A P E ON T H E F A L L V E L O C IT Y OF
G R A V EL P A R T IC L E S
By
L. A l b e r t s o n
College, F o rt Collins, Colo.

M a u r ic e

Colorado

A & M

As man has been forced to cope with the processes of sediment
transportation and deposition — to protect himself and utilize the
processes to his advantage — he has slowly developed the science
of sediment engineering. A lthough this science has made trem en
dous strides, p articularly in the past few decades, there yet remain
m any areas which require fu rth e r study and research.
One of the areas in which considerable progress has been made
is in relation to the characteristics of the sediment particles and the
surrounding fluid, the susceptibility of the particles to erosion,
transportation, and deposition. Considerable evidence has been gath
ered which shows th a t the term inal fall velocity is of param ount
importance as a characteristic of the sediment particles. This fall
velocity, in tu rn , has been related to the properties of the sediment
and the surrounding fluid.
P

r e v io u s

I n v e s t ig a t io n s

M any scientists have made contributions tow ard relating the
properties of the sediment and fluid to the fall velocity of the p a r
ticles. The fall velocity in tu rn , has been related to the susceptibility
of the particles to movement. These include investigations by Rich
ards in 1908 [1], Zegrzda in 1934 [2], W adell in 1935 [3], Heywood in 1938 [4], Krum bein in 1942 [5, 6], S err in 1948 [7], Corey
in 1949 [8], and McNown and Malaika in 1950 [9].
Zegrzda attem pted to explain the variations in R ichards d ata by
introducing shape as a factor. W adell defined sphericity as the ratio
of the surface area of a sphere having the same volume as the p a r
ticle to the actual surface area of the particle. F o r sim plicity and
for practical considerations, W adell suggested using the ratio of
the diam eter of a circle having the area of the maximum projected
area of the particle to the area of the smallest circle circumscribing
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this m aximum projected area. By this criterion, however, spheres
and disks have the same sphericity. Heywood proposed a volume
constant to express shape, viz., the ratio of the volume of the particle
to the cube of the diam eter of a sphere for which the cross-sectional
area is equal to the projected area of the particle norm al to the di
rection of motion.
.
K rum bein proposed an expression for sphericity

*= v W °

\ A/ b
in which a, b, and c are the maximum, interm ediate, and minimum
m utually prependicular axes, respectively. S err suggested using the
ratio of the sieve diam eter to the sedim entation diam eter of the p a r
ticle.
Corey investigated several shape factors and concluded that, from
the viewpoint of sim plicity an d effective correlation, the following
ratio was most significant as an expression of shape
~ V ab
Q

McNown and M alaika also concluded th a t —= was of major
VaZ>
significance in expressing the shape of a p a rtic le ; they also added
a second shape factor a /b which expresses the relative length of the
particle.
A

n a l y s is o f t h e

P

roblem

W ith in the Stokes range of flow (R < 1.0), it is possible to de
velop m athem atical solutions which relate the fall velocity to the
properties of the particle and the fluid. I f w ater is the fluid, how
ever, gravel particles and most sand particles have a Reynolds num 
ber beyond the Stokes range. Therefore, if R > 1.0 it is necessary to
resort to em pirical solutions. The general function relating the fall
velocity to the p ertinent variables is
<f! (F , W , d„, sf, p, p.) = 0

(1)

in which V is the fall velocity, W is the weight of the particle, d n
is the nominal diam eter of the particle, sf is a dimensionless factor
describing shape, p is the density of the fluid, and /t is the dynamic
viscosity of the fluid. E quation (1) can be expressed in dimensionless form as
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(2)
or
*8 ( C D, R, s f ) = 0

(3)

in which C d is the drag coefficient and R is the Reynolds number.
Although Bq. (3) is a well established relationship, the shape fac
tor s f is not generally expressed in term s of measurable quantities
but rath er by names, like sphere, disk, and ellipsoid. Although shape
factors have been proposed by m any individuals, it is doubtful
whether any single factor will ever be a completely adequate expresQ

sion of shape. The shape factor —= [8, 9] is relatively simple to
V a~b
determine, as is the ratio a / b as already mentioned.
Prom the foregoing discussion, it is reasonable to assume th a t as
a first attem pt the m utually perpendicular axes should be used to
express shape. Refinements m ight be made by devising some means
of expressing the texture of the particle surface.
According to McNown and Malaika [9], the stability of particle
orientation while falling in a fluid depends upon the m agnitude of
the inertial effects relative to the viscous effects. F o r Reynolds num 
bers within the Stokes range, any orientation is stable so th a t a p a r
ticle will retain its initial orientation as it falls. As the Reynolds
num ber is increased beyond the Stokes range a single stable posi
tion generally becomes evident. This position is one w ith the m axi
mum projected area norm al to the direction of fall. A t high Rey
nolds numbers the forces acting on the particles become unbal
anced, the particle becomes unstable, and an oscillating motion de
velops ; although the fall orientation is variable, the shortest axis
tends to be parallel to the average direction of fall.
In the following pages, a description is given of recent investiga
tions which have been conducted in an attem pt to determ ine simple
and yet significant factors expressing the shape of sand and gravel
particles.
E

q u ip m e n t a n d

P

rocedure

The purpose of this study was to determ ine the relationship be
tween shape factor, Reynolds num ber, and drag coefficient for
gravel particles. Therefore, because of the very irreg u lar shapes of
such particles, the entire study was based on the selection of random
samples. To accomplish this, samples were taken from various
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sources and sieved into fractions. Each of the sieve fractions were
then quartered to obtain a sample of about 10 particles to be used
for testing. Once the individual particles had been obtained, each
particle was subjected to a series of measurements. The lengths of
the three m utually perpendicular axes a, b, and c were determined,
the maximum projected area was m easured in some cases, the vol
ume or submerged weight was determined, and finally the fall ve
locity in w ater was measured.
In deciding what methods should be used for each of the meas
urements, the principal considerations were th a t the equipment
should be simple, inexpensive, as precise as necessary, and flexible,
and th a t the system should perm it ra p id measurements on a massproduction basis.
To accomplish these ends, a microscope was devised for the p u r
pose of m easuring the projected area and the a and b axes of the
smaller particles. A grid system with a spacing of 25 microns was
placed in the field of the microscope; the nearest 5 microns could be
estimated. Initially, a dial type of micrometer, reading to onethousandth of an inch, was used for m easuring the c dimension.
However, the use of this micrometer was slow and occasionally a
particle was crushed by its weight. Therefore, another system was
devised, using the microscope. I t was first focused on the top of the
particle and then on the base on which the particle was resting. By
reading the m icrometer on the microscope at each of these settings,
it was possible to determ ine the c dimension. To sim plify the proc
ess, it was assumed th a t while resting on the table a particle would
assume a position w ith its center of gravity as low as possible and
w ith the maximum projected area norm al to the line of view of the
microscope.
The three axes, a, b, and c, of the larger particles were measured
to the nearest 0.01 cm with an ordinary vernier micrometer. The
maximum projected area of the larger particles was determined by
placing each in a p a ir of tweezers immediately below a sheet of
translucent cross-ruled paper. A light was arranged below so th a t a
shadow was cast on the paper and the projected area could be de
term ined by counting the squares. The arrangem ent of the particle
in the tweezers was adjusted so th at the maximum projected area
was cast on the screen.
The particles were weighed on an analytical balance. To obtain
the specific weights, the particles were suspended with a fine wire
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and also weighed submerged in still water. A pproxim ately 200 p a r
ticles were used.
To measure the fall velocity, a plastic cylinder 10 in. in diam eter
and 10 ft. high was filled with w ater or w ith oil. As shown in Fig.
1, the cylinder was lighted so th a t the particle could be seen clearly
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as it fell. The curvature of the cylinder magnified the size of the
particle, thereby increasing its visibility. Because the larger p a r
ticles fell at rates which were too fast to time w ith a stop watch, a
photographic procedure was adopted. A disk w ith fo ur holes near
the perim eter was m ounted vertically on the tu rntable of a phono
graph. A camera was placed behind the disk in line with the holes
and the shutter was opened at the time the particle was dropped.
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The holes in the revolving disk perm itted an image to shine on the
film at exact intervals of time as the particle fell. A graduated re f
erence scale was placed beside the tube and photographed with the
falling particle. The negatives were placed in a photographic en
larger and measurements made directly from the image.
The oil was Texaco white m ineral oil A, a light colorless fluid
having an S.A.E. ra tin g of approxim ately five. The velocity of p a r
ticle fall in the oil was slow enough th a t the photographic method
was not necessary and the particles could be tim ed with a stop watch
over a distance of 100 cm. To obtain Reynolds numbers between
I those from oil and those from water, a m ixture of kerosene and oil
j was used.
D

is c u s s io n

of

R esults

In an analysis of the drag coefficient as a function of the Reynolds
num ber, w ith a shape factor as a th ird variable, there are two indi
vidual term s which m ust be studied — the area in the drag coeffi
cient and the length in the Reynolds number, as well as their com
bination in the shape param eters. The area associated with the drag
coefficient for spheres and disks is th a t projected norm al to the di-
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rection of the flow. Therefore, it is logical to assume th a t the pro
jected area of the particle norm al to its direction of fall would be
the area to use in its drag coefficient. Because most particles falling
outside the Stokes range align their short axes parallel to the direc
tion of flow, the projected area would logically be the maximum.
This area was initially assumed to be the one most useful in the
drag coefficient. Later, however, it was decided th a t the direct meas
urem ent of the projected area was an additional step which perhaps
was unnecessary if it were possible to obtain a correlation between
the maximum projected area and the product of the long and in te r
mediate axes.
A plot of these param eters was made as shown in Fig. 2. I t can
be seen th at the correlation is reasonably good. F o r purposes of
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comparison, the lines for spheres and cubes (with one face perpen
dicular to the direction of motion) are included in the plot. Obvi
ously, the particles do not approach the cube. Because the projected
area of the cube when oriented to present the maximum projected
area is almost coincidental with th a t of the sphere, it was not plot
ted. The data are scattered reasonably well about the projected area
for spheres which means the projected area is approxim ately 0.75
ab. The standard deviation of the variations from the mean was
found to be 7.7 percent. In view of this ra th e r close agreement, the
product ab was considered a satisfactory substitute for the maxi
mum projected area of the particle. This substitution simplified to
a considerable degree the problem of obtaining data for each p a r
ticle.
The process of weighing each particle was time consuming. F u r 
thermore, it was difficult to obtain an accurate determ ination of the
weight of the smaller particles, even with a micro-balance. There
fore, considerable advantage would be gained if the p roduct abc
could be correlated with the volume of the particle. F igu re 3 is a
plot of this relationship and shows th a t the scatter is considerably
greater than in the plot of area vs. ab. I n fact the stan d ard devia
tion from the mean is 15.8 percent. Because of this ra th e r large
deviation, the correlation was not considered sufficiently good for
use in the analysis of sediment samples.
F igure 4 is a plot of the drag coefficient (containing the product
ab in place of the area) plotted against Reynolds num ber (con-

__

Q

taining Va& as the length term ) with the shape factor —=

as the

Vab

th ird variable. F rom this plot it can be seen th a t the smaller values
of the shape factor give the higher values of the drag coefficient.
There is considerable scatter in the data, however, and in some cases
as much as a 50 percent variation in the drag coefficient for two p a r
ticles having the same shape factor and Reynolds number. In spite
of the scatter, however, the data show very clearly th a t the larger
values of the shape factor plot nearest the line for spheres and the
smaller values of the shape factor plot progressively fa rth e r from
this line. I t is interesting to note th a t all the data approach the line
for spheres as the Reynolds num ber drops below approxim ately 100.
Evidently, for low values of the Reynolds num ber, the product ab
is adequate to describe the shape of the particle. In other words, the
thickness of the particle seems to have only a m inor effect on the
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resulting drag. This observation is in accordance w ith the findings
of other experimenters.
As the Reynolds num ber is increased, however, the effect of p a r
ticle thickness becomes significant because of the im portance of the
point of separation and the character of the zone of separation in
the wake behind the particle. There is considerably more scatter of
the data in this region of higher Reynolds num ber, due, at least in
part, to the fact th a t the unstable natu re of the orientation of the
particles results in oscillations which cause continual changes in
both the horizontal and the vertical accelerations.
Because Malaika [10] and Corey [8] had suggested the use of
nominal diameter in the drag coefficient to replace the projected
area, a plot was made utilizing the nominal diam eter (the diam eter
of a sphere having the same volume). This plot had the effect of
spreading the data considerably, thereby perm itting an easier cor
relation. Because the nominal diam eter is zero for a disk which does
not have thickness, the limit, as the shape factor goes to zero, is a
drag coefficient of infinity. This problem, however, is not serious
because the shape factors are seldom less th an about 0.3. F igure 5
is a plot for gravel taken from the Poudre River near F o rt Collins.
The drag coefficient includes d n2 and the Reynolds num ber includes
d n as the length term. This system of plotting spread the Reynolds
numbers more uniform ly, and the drag coefficients were distributed
over a greater distance from the curve for spheres. C areful exam ina
tion of the data reveals th a t the lines of constant shape factor are
more easily defined if the nominal diam eter is used th an if the two
axes a and b are used. Because the drag coefficient now includes
only the nominal diam eter and no indication of shape, the lines of
constant shape factor do not ra pid ly approach the line for spheres
at low Reynolds number.
F igure 6 is a plot of the drag coefficient versus the Reynolds num 
ber, using the nominal diameter, for a sample taken from a rockcrusher plant. These shape factors correlate ra th e r well b u t the lines
of constant shape factor result in higher drag coefficients th an for
the river gravel. F igure 7 is a plot of several n atural, water-borne
gravels as compared with the m aterial from the crusher plant. In
this figure, it is p articu larly noticeable th a t the drag coefficients for
a shape factor of 0.7 agree ra th e r well for the rounded n a tu ra l p a r
ticles, whereas the particles from the crusher p lan t are considerably
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higher, in fact as much as 30 percent higher, th an the rounded
gravel.
In an effort to reduce the scatter of these data to a minimum, an
attem pt was made to bring in the second length factor a / b . A plot
was made of the drag coefficient vs. the shape factor w ith a / b as
the th ird variable. The Reynolds num ber was held constant. F o r
small values of the drag coefficient there was an indication th a t the
larger values of a / b tended to give a larger drag coefficient for partid es having the same shape factor —= . A lthough there was a
■\/ab

slight tendency for a correlation in this plot, the scatter was so great
that the length factor a / b was not considered sufficiently im portant
to be used, especially in view of the degree of refinement involved in
this study.
Because of the possibility of a particle falling with different ori
entations, several runs were made to determ ine w hat m anner of
fluctuations in fall velocity occurred if one particle was dropped
a large num ber of times. This study showed only a small variation
for Reynolds numbers less th an approxim ately 100. F o r larger
Reynolds numbers, the fluctuation rap idly increased. Associated
with this difference is the fact th a t R = 100 is approxim ately the
point at which the orientation of the particles becomes unstable and
oscillations develop. I t was found th a t the stability of a particle de
pended upon both the shape factor and the Reynolds num ber. If
the particles were unsym m etrical b ut had large shape factors, there
was no stable position for Reynolds num bers above 100. These p a r
ticles would change their orientation continuously while falling. P a r 
ticles having small values of the shape factor but an approxim ately
symmetrical shape, were stable up to relatively high Reynolds nu m 
bers, 10,000 or more.
Since one of the prim ary causes for unsteadiness of motion is lack
of symmetry in the particle, it is probable th a t no single shape fac
tor could evaluate both the relative flatness of the particle and the
degree of symmetry.
Summary

and

C o n c l u s io n s

This study involves the investigation of the effect of shape upon
the fall velocity of n atu ra l gravel particles and crushed rock. I t
shows th a t the projected area is ra th e r closely approxim ated by ab,
the product of the long and interm ediate axes. I t also shows th at
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the volume cannot satisfactorily be represented by the product of
Q

all three m utually-perpendicular axes. The shape factor — =

ap-

\/'a b

pears to be satisfactory as a single param eter to express shape at
least for the degree of refinement which now exists on this subject.
The additional refinement of adding the length factor a / b , which
expresses the relative length of the particle, did not reduce the scat
ter sufficiently to make its use advisable at the present.
Although moderately good correlation is achieved by using the
product ab for the area in the drag coefficient and V ab as the length
term in the Reynolds number, better correlation was obtained by
using d n2 in the drag coefficient and d„ in the Reynolds number.
By means of curves such as those of Fig. 5, it is possible to im
prove to a marked extent the laboratory evaluation of the fall ve
locity of particles from simple data involving the physical p roper
ties of the particles. There is still considerable scatter in the data
and much to be desired in regard to the expression of the shape fac
tor. However, the correlation which is obtained can be regarded as
a considerable improvement over the inform ation previously avail
able.
A
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Mr. McNown expressed his interest in the results presented by the
author, particularly because his own work w ith Malaika and P ramanik had been restricted to regular shapes. F rom his earlier work
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on the effect of shape McNown emphasized two points. The first was
the fact th a t the motion of particles which are approxim ately sym
m etrical w ith respect to three m utually perpendicular planes is
essentially the same as th a t for an ellipsoid of the same proportions,
if the Reynolds num ber is less th an unity. The second point dealt
w ith stability of orientation. The lim iting Reynolds num ber below
which one position is stable and above which no stable position
exists is definitely dependent upon particle shape. F o r thin and
sharp-edged particles values as low as 100, the value cited by A lbert
son, were found, but for well-rounded particles the lim iting values
approached 1000.
Mr. Jo h n Dawson commented on his experiments at Oklahoma
A & M College which were conducted in order to determine the ef
fects of surges on drilling rates and the capacity of drilling mud to
tran sp o rt particles.
In answer to a request by Mr. Mitchell, South Dakota School of
Mines and Technology, Mr. Dawson stated th a t marbles had been
used to calibrate his equipment.
Mr. Posey expressed his interest in the fact th a t Mr. Albertson
had found the nominal diam eter useful in the attainm ent of con
sistent results.
Mr. B on d u ran t said th a t the fall-velocity method now being used
by the Corps of Engineers does not give accurate results for sizes
greater th an I mm. Microscopic measurements have indicated that
the average values for the two methods differed so much th a t the
fall-velocity method was no longer thought to be reliable.
Mr. Howe asked if the proxim ity of the particles to the boundary,
which he had observed in the photographs, m ight not have affected
significantly the fall velocities. Mr. Albertson replied th a t the p a r
ticles sometimes struck the wall and th a t there was surely some ef
fect, although he could not say how much. Mr. McNown commented
th a t the effect of the boundary was surely very much less for the
com paratively large Reynolds num bers employed in these experi
m ents th a n it would have been for motion in the Stokes range.
Mr. Baines recommended the use of an independent param eter
which does not contain the fall velocity in place of the Reynolds
num ber. A combination of C d and R in which V is eliminated [11]
results in the param eter F / ( p v 2), or tt/(8 C j>R~), which is depend
ent only on the properties of the pebble and the fluid. A pparently
the clearest way of plotting the data is with C d as ordinate and
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F / ( p v 2) as abscissa. F ig ure 8 is a plot of Co against this param eter

for the sphere and disk. The curves thereon are sim ilar in shape to
those given in the paper so th at they should be as easily interpreted.
The advantages of using such a plot are th a t prior to perform ing
experiments the range to be studied can be predicted, and th a t the
fall velocity of a particle can be very quickly obtained if the weight
of the particle, its shape factor, and the fluid properties are known.
Otherwise, using the plots given in the paper, the method of suc
cessive approxim ation is necessary.
Mr. Albertson, in closing the discussion, said the orientation of
a particle depends upon the forces acting on it. As an extreme ex
ample, the flow p attern and pressure distribution around a disk
falling outside the Stokes range are unsym m etrical except in the
two cases where the disk is oriented either norm al to the flow or
parallel to the flow. The disk in each of these orientations is subject
to a torque if the flow p a tte rn is changed in the slightest. I n each
case, however, such a torque tends to orient the disk norm al to the
flow — which is evidently the most stable position. A n atu ra l, u n 
symmetrical particle, such as most gravel particles, is subject to
unbalanced forces almost w ithout exception regardless of orienta
tion. Hence most n atu ra l particles oscillate and move from side to
side as they fall. The average orientation, however, remains th at
with the maximum cross section norm al to the direction of flow.
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B y using the nom inal diameter, the disk becomes a special, lim it
ing case because it has zero thickness. Thus the nominal diameter
and the drag become infinite and the fall velocity goes to zero.
The suggestion made by Mr. Baines is excellent. In the limited
space perm itted for this paper, however, it was necessary to consider
only the question of whether a simple shape factor could be found
which would improve the correlation between the fall velocity of
the particle, the weight of the particle, the size of the particle, and
the properties of the fluid.
F rom the practical viewpoint, a plot of the drag coefficient versus
the Reynolds num ber is useful only if the weight of the particle is
the single unknown to be determined. I f the fall velocity is desired,
a direct solution is obtained by the method pointed out by Mr.
Baines. I f a direct solution for the nominal diam eter is required,
it is necessary to employ a param eter not containing d n, such as
V p

in which Ay is the difference between the specific weights of

the particle and the fluid. F inally, for compact usage these p ara
m eters can be shown conveniently on a single plot in a m anner simi
la r to th a t used by Rouse [11].
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