FL O W ON A MOVABLE B ED
by
H. A. Einstein
Soil Conservation Service
Greenville, S. C.
Since the F irs t H ydraulics Conference three years ago, progress
in the field of bed-load transportation has consisted mainly of a
few revisions of existing formulas. These revisions have been made
either by using new “measurements or by attem pting to introduce1
into the formulas the latest developments in the theory of tu rb u 
lence. Although this progress is of theoretical im portance to the
bed-load problem, it does not seem of sufficient significance to
discuss it at this meeting. Instead, the discussion is confined to the
practical application of our knowledge of past experience, as
expressed by formulas and certain rules, to the calculation of bedload transportation in a n atu ra l stream. The accuracy with which
such an application can be made is shown by comparing calculated
rates of transportation with actual field measurements.
I f our present knowledge of the problem of flow over a movable
bed is correct, it is possible to select a reach of a stream and so
describe it by cross sections, slope, and physical characteristics of
the bed m aterial th a t the depth of flow and the rate of bed-load
transportation can be predicted for any particular discharge. The
application of a form ula is simplified if a uniform reach of the
stream is chosen and if the flow can be assumed as approxim ately
normal.
I t can be stated that, in general, the form ula with the widest
range of applicability affords the best possibility of including the
conditions as existing in n atu ra l streams. F o r illustrative p u r
poses, the
form ula [1] 1 represented by the semi-logarithmic
plot in Fig. 1 will be used in the following discussion. In connec
tion with the data shown in Fig. 1, it is of interest to note th a t for
the three smallest grain sizes in G ilbert’s experiments the slope
measurements are questionable. In only a few of these experiments
1 References appear a t the end of the article.
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was the slope of the w ater surface measured, and in those few in
stances it differed considerably from the bed slope which was used in
plotting Pig. 1. Since the energy gradient should be used and be
cause it is better approxim ated by the slope of the water surface
th an the bed, the data are very unreliable for these materials and
the systematic deviation of the plotted points from the curve in Pig.
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B e tw e e n ^ an d

(Reprinted from “ Form ulas fo r the Transportation of Bed-Load” [1 ]).

1 does not represent necessarily a change of the-true curve in that
region of the diagram. The tru th probably is more closely ap
proached if it is adm itted th at we do not know the location of the
tru e curve for values of </> > 1 th an if any empirical curve is draw n
through points plotted from G ilbert’s data. This fact is unfortunate
because in most rivers in this country the sediment characteristics
are such th at values of <j> are greater than 1 at the higher stages.
Careful measurements in this range, therefore, are urgently needed.
Although the i f o r m u l a appears rather formidable in its
complete form, m any of the term s are constants and its applica-
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tion to practical problems, therefore, becomes rath er simple. The
variable </> contains only the rate of transportation, the grain
diameter, and the density of the sediment. The <p term also includes
the size and density of the sediment, as well as the slope and the
hydraulic radius.
The rate of transportation is the rate with which m aterial is
moved along the stream bed and excludes all sediment in suspension.
The energy gradient should be used for the slope, and the hydraulic
radius is th at of the bed afte r the effect of side-wall friction has
been eliminated. F o r the density of the sediment, an average value
as determined from bed samples can be used.
Originally the
form ula was derived from experiments on
m aterials of uniform grain sizes, where the diameter of the particles
was the mean of the diameters of the two adjacent sieves. In the
application of the form ula to the movement of a m ixture, it is
necessary to introduce a representative diameter defined as “ that
diameter which gives for a certain discharge the same rate of
transportation on a bed of uniform m aterial as the m ixture does.”
I f close agreement between calculated and observed data over the

whole range of measurement is found, the assumption of the exist
ence of a representative diam eter is justified. This appears true
as illustrated below for observations in Mountain Creek, near Green
ville, S. C. F o r the determ ination of the representative diam eter of
a mixture, a rule-of-thumb, for w ant of something better, is used.
This rule designates the representative diam eter as the grain size
at which 35 percent of the m aterial is finer.
In order to test the applicability of the ^-</> form ula to a
natu ral stream, field measurements of rates of bed-load tran sp o rta
tion were made in M ountain Creek by means of a portable m easur
ing device. This stream, which is a m ajor trib u ta ry of the Enoree
River above the Soil Conservation Service sediment-load labora
to ry [2], has a drainage area of approxim ately 11.7 square miles.
The drainage area is 58 percent woodland, 28 percent cultivated
and mostly in cotton, and 14 percent abandoned and urban land.
Fig. 2 shows the portable bed-load m easuring device in place on the
test reacli in M ountain Creek. Inasmuch as a full description of
the field observations is to be published elsewhere, the method of
conducting the experiments is not discussed. Instead, only a com
parison between calculated and observed values of depth of flow
and rate of bed-load transportation is given (Fig. 3). Because
both the portable m easuring device and the
form ula exclude
sediment in suspension and express the rate of transportation as
weight under w ater per u n it of time, the calculated and observed
results shown in Fig. 3 are directly comparable.
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The ip-<j> form ula is used essentially to determine the relation
ship between discharge and rate of bed-load transportation. Also of
importance in bed-load calculations is a form ula to express the
roughness of a movable bed, indicating the ability of the bed to
convert mechanical energy into turbulence. P ast experiments
suggest th a t this friction form ula should contain the rate of tran s
portation in one form or another because the bed friction appears to
change with the rate of movement. To the w rite r’s knowledge, no
previous attem pt has been made to develop a general form ula for
the bed friction in terms of rate of transportation, yet no analytical
solution of the bed-load problem appears possible without such
a formula. The formula, however, need not necessarily be theo
retically correct. Even a fully empirical equation will serve for
practical purposes, provided it covers the complete range of con
ditions involved.
The most obvious approach to the problem is to introduce a
special correction for transportation to an established friction
form ula for flow over a fixed gran ular bed. As a first approach,
von K a rm an ’s equation for flow along a rough wall was used.
This formula, which has proved very reliable for surfaces roughened
with sand grains, is

(1 )
where V is the average velocity, V To/p is the friction velocity
which can also be w ritten as \ZRi,Sg, Ri, is the hydraulic radius of
the bed, and D is the representative grain diameter of the bed.
This form ula can be adapted even to the transition cases from rough
to smooth walls by choosing the proper y-value which is a function
of D /S, where 8 is the thickness of the boundary layer. This latter
factor is determined from the equation

where v is the kinematic viscosity of the fluid. By introducing a
dimensionless correction factor, r , which is supposed to be a func
tion of the rate of transportation, Eq. (1) may be w ritten

To obtain inform ation on the change of this correction factor
for different rates of transportation, values of r are plotted against
values of <j>, which, it is recalled, is a dimensionless expression of the
intensity of the transportation. Fig. 4 shows a plot of these values
for the Zurich experimental data used in the establishment of the
relationship shown in Fig. 1. G ilbert’s data have not been
used in this plot because of the rath er wild scattering of points—
a scattering which is probably due to unreliable depth and slope
measurements. Instead of G ilbert’s data, however, the experimental
d ata on United States W aterways E xperim ent Station sand 2 are
used [3]. The smooth curve draw n through the plotted points in
Fig. 4 is used in the following discussion for determ ining the
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roughness of the bed. The scatter of the points about the curve
is random, indicating th at scatter is due to experimental errors
ra th e r than to the method of representation.
I t is of importance to note th a t the relationship between T and
<j>shown in Fig. 4 was obtained from experim ental data on materials
of uniform grain size. The application of the relationship to mix
tures requires another rule-of-thumb to determine the representa
tive diam eter of the material, because in describing the relative

roughness of the bed a characteristic diam eter different from that
for the transportation equation m ust be used. The rule is th a t for
the relative roughness the grain size at which 65 percent of the
m aterial is finer describes the m ixture with reasonable accuracy.
The choice of this diameter, however, is not critical, because its
logarithm, as entered in Bq. (3), changes very slowly.
F o r practical applications the von K arm an equation is ra th e r in
convenient to use. The question, therefore, is whether a more con
venient relation, such as the M anning formula, could be used
instead. A comparison between the two formulas [4] can be made
if the M anning form ula is transform ed into a slightly different
form. Thus the M anning formula,

v=

flftt Rb%

n

(4)

where all terms are expressed in feet and seconds, can be w ritten in
the form
V

_ 1.486

V to/p

n

where g is the acceleration of gravity. F o r the factor n the Strickler
form ula may be u s e d ; th a t is,

21.3

(6 )

or the slightly modified form, which seems to fit most bed-load
experiments slightly better, may be used
D%
24

(7)

where D is the grain diameter. By substituting Eq. (7) into Eq.
(5) and expressing all terms in foot and second units, we obtain
7.66 ( ! ) *

( 8)

V To/f>

This equation is compared with von K a rm a n ’s equation in Fig. 5,
and it is seen th at for practical purposes either equation can be
used for a very wide range of (R t / D ). The Strickler equation,
n = Z>y“/ 2 1 . 3 , gives reasonably good results over the wide range

R
4 < -j j < 2000, which covers most n atu ra l streams of small and
medium size. The form ula n = D 1/o/2 4 gives good results for the
R
range 20 < -j j < 200, which covers most bed-load experiments.
W ithin those limits both the von K arm an and the M anning formula
are practically identical and a choice between the two, as to general

applicability, would have to be based on measurements with
~

> 10,000. This range is found only on very large streams with

fine sediment.
By introducing the correction factor T into the transform ed
M anning-Strickler formula (Eq. (8 ) ) , we obtain
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(9)

Fig. 6 shows a plot of r , as obtained by this formula, against </>,
and it is noticed th at the points group around a curve sim ilar to
Fig. 4. F o r practical purposes, both the von K arm an and M anning
formulas apply equally well w ithin the above-mentioned limits;
however, the M anning form ula is generally preferred because of the
ease of calculation with a slide rule.

That p art of the energy of a stream which is transform ed into
turbulence along the side walls will not be available for tran sp o rt
ing bed load. This was practically emphasized in the analysis of
the M ountain Creek data, where the banks were assumed to have a
roughness of n = 0.056 and were therefore several times more
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effective in dissipating the stream ’s energy than was the bed, which
had a roughness of approxim ately n = 0.0134. A ra th e r narrow
strip of relatively rough bank surface, therefore, will be as effective
as a much wider strip of the sand bed. In the analysis of the
Mountain Creek data, as well as in the preparation of Figs. 4 and
6, the effect of side-wall friction was eliminated by the method
employed in determ ining the f-<j> bed-load formula [1].
The practical application of the foregoing formulas in calculat
ing the curves of discharge and rate of bed-load transportation in
a certain reach of a stream, such as th at of M ountain Creek (Fig.
2 ), requires a few simply-observed field data and a few basic
assumptions. The field work consists of measuring a set of cross
sections in a straight reach and gathering representative composite
bed samples. The time required for these observations consists of

only 2 or 3 hours for a two-man party. The office work involves
only a few simple calculations when the roughness factor for the
stream banks is assumed. As was done in preparing the calculated
curves in Fig. 3, uniform flow is assumed to prevail. The computa
tion of the curves of rate of bed-load transportation and water
depth in terms of discharge requires about two h o u rs’ time for an
experienced engineer. The whole process, therefore, requires but
little more time than the hydraulic computations for a certain cross
section where the overall friction factor is assumed. The method
is definitely more reliable, though, and gives not only the discharge
capacity of a cross section bu t also the rate of bed-load transp or
tation.
No attem pt will be made to elaborate on the importance of a
strictly analytical method th at perm its the stream capacity for
both w ater and bed load to be computed. W hile other methods
may perm it the determ ination of the discharge and rate of bed-load
transportation from certain observed factors in an existing stream,
the analytical method is the only one th at permits a prediction of
the consequences of proposed changes in the conditions of a stream.
The method makes a systematic planning of river correction works
possible. Its full value, however, lies in the planning of soil-conservation and flood-control program s when the watershed as a
whole is considered. I t also provides a method of tracing sediment
down a stream and locating zones where dam aging sedimentation
may occur. U nfortunately still more field measurements are re
quired to extend the known data into the region for <£ > 1. W ith
out such inform ation the application of the method is confined
to small rivers and coarse sediment.
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