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The purpose of this paper is to discuss the theory of the flow
of homogeneous m ixtures of solid particles suspended in liquid.
By the term “ homogeneous m ix tu re” is meant a suspension of
solids in liquid with the ratio of solid phase to liquid phase con
stant throughout the mixture. This rath er restricted definition
excludes those mixtures of solid particles in liquids in which the
rate of settling of the particles is great enough to cause an
appreciable solids-concentration gradient in the vertical direction.
The types of materials which fit the definition include sewage
sludge, sludge from lime-soda water-softening plants, m ud from
desilting works, rotary drilling mud, ceramic clays, some wet con
crete mixtures, and other similar materials.
I t has been known for some time th at a solid-liquid m ixture mov
ing in a pipe exhibits either one of two distinct types of flow
depending upon the mean velocity of flow. A t low velocities a
type of flow similar to lam inar flow of tru e fluids has been found
while at high velocities, the lam inar nature of the flow changed to
turbulent. Fig. 1 illustrates the two types of flow as obtained
experim entally [ l ] 1 in a %-inch pipe. The figure is a logarithmic
plot of head loss against the mean velocity of flow. I t will be
noticed at the higher velocities—i.e., above 20 feet per second—
that the relationships between the friction loss and the velocity of
flow for the various sludges tested plot as straight lines which are
approxim ately parallel to the line representing the flow of water.
This is in the tu rbulent region of flow and it is app arent that
the same laws govern the flow of a solid-liquid m ixture in this
region as govern the flow of water, a tru e fluid. As the velocity
of flow is decreased, a point is reached where the plotted line
1 References appear a t the end of the article.
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departs from the straight portion representing turbu lent flow.
The point of departure is called the critical velocity and is
analogous to the critical velocity occurring under similar condi
tions for a true fluid. The lower portions of the curve represent
the lam inar region of flow, which has been called by various
authors “ plug flow ” and “ plastic flow .”
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In the analysis of the phenomenon of plastic flow it is necessary
to investigate the various classes of m aterials which have been
classified according to their behavior while flowing. Fig. 2 rep
resents the four recognized classes of materials. Curve I represents
the flow of a true fluid, the slope of the line being proportional to

the coefficient of viscosity. The equation for the flow of this
class of m aterial in circular pipe is known as Poiseuille’s equation.
Curves II, I I I and IV represent the flow of plastic materials.
M aterial following the general form of Curve I I is known as a
pseudo-plastic material, while m aterial w ith a stress-flow diagram
similar to Curve I I I
is called a t r u e
plastic or Bingham
plastic. Curve IV
represents an in
verted plastic or
rheopactic material.
All classes of ma
terials represented
here, w ith the ex
ception of the tru e
fluids, exhibit v ari
able pseudo-viscosi
ty depending on the
rate of shear at
F i g . 2 .— M a t e r i a l s C l a s s i f i e d A c c o r d i n g t o
which the shearing
t h e ir B e h a v io r W h il e F l o w in g .
stress is measured.
F o r example, the apparent viscosity of the plastic at any point A
on Curve I I I if measured in the usual way for fluids is propor
tional to the slope of the line OA. I t is evident, therefore, why
the apparen t viscosity is not constant for different velocities or
rates of shear. I t is seen th at two different velocities A and B
correspond to entirely different viscosity lines OA and OB, the
slopes of which are proportional to the apparent viscosity.
I t has been found from the results of tests on different homo
geneous solid-liquid mixtures th a t in the m ajority of cases they
fall into Class I I I —i.e., many commonly-encountered m ixtures are
tru e plastics. The dictionary defines a plastic substance as any
substance capable of being continuously and perm anently deformed
in any direction without ru p tu re under a stress exceeding the
yield value. The yield value is defined as th a t shearing stress
under which deform ation is impending. R eturning to Fig. 2, the
point C is the yield value of the tru e plastic illustrated. A fter

deformation has started, equal increments of stress produce equal
increments in velocity of deformation or flow. The slope of the
line for the tru e plastic is, therefore, a measure of its resistance to
deformation and is proportional to the coefficient of rigidity in the
same m anner th at the slope of the tru e fluid line is proportional
to the coefficient of viscosity. Expressed mathematically, the equa
tion defining the flow of a true plastic may be w ritten

where ?; is the coefficient of rigidity, r is the shearing stress, r „ is
the yield value, v is the velocity of flow, and k is a constant of
proportionality.
The reciprocal of the coefficient of rigidity has been term ed the
mobility by some authors. Mobility is analogous to the fluidity of a
fluid. The coefficient of rigidity becomes identical to the coeffi
cient of viscosity when the yield value becomes zero.
I t has been shown by the authors [1, 2] th a t the coefficient of
rigidity and the yield value are characteristics of a particular solidliquid m ixture ju st as the density and solids concentration are
characteristics of th at mixture, and th at all are constants for that
mixture.
Using Eq. (1) as a basis and applying it to steady flow in
straight circular pipe, the following equation has been developed

where V is the mean velocity of flow, I) the diam eter of the pipe,
g the acceleration due to gravity, rj the coefficient of rigidity, t„ the
shearing stress at the pipe wall, and t v the yield value. Neglecting
the last term of Eq. (2), it is possible to rewrite it as follows:
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When 8 V / D is plotted as abscissa and t„ is plotted as ordinate,
Eq. (3) is in the form of a straight line with a.slope of rj and an
intercept on the tp axis of 4/3 r„. Since rv and rj are constant for
a particular m ixture, the resulting straight line should represent
the plastic flow of a particu lar m ixture in a pipe of any diameter
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except when the ratio t v / t p approaches unity. Fig. 3 is a plot
of both Eq. (2) and Eq. (3) for a particu lar m ixture having a
yield value of 0.25 pound per square foot and a rigid ity of 0.00093
pound seconds p er square foot. The error in neglecting the last term
of Eq. (2) is thus shown graphically. The slope of the asymptote is
the coefficient of rigidity and the intercept of the asymptote on
the t p axis is 4/3 t v , as is readily seen from Eq. (3).
Fig. 4 shows some of the results of experiments made to verify
Eqs. (2) and (3). I t will be noticed th a t the experimental pipe
sizes varied from 1/2 inch to 3 inches and the sludges tested had
3/uc/ge //a Z (Bo// C/ay)'

C rjt/co/ Ve/oc/ty

- — S Judge A/a 3

(ë> o // C/ay)^

0.8

Turbu/ent r/o w
S/udge No.

O

ZOO

F

ig

200

.

300

400
ÔZ
D

D /a c A S fe e /
P /p e
x -jr -in c h

o -t -/neh
*-Z-/nch
a- 3-inch

500 600
â * V elocity
D /am eter

4 .— C o m p a r i s o n o f E x p e r i m e n t a l R e s u l t s
E q s. (2 ) a n d (3 ).

w ith

yield values ranging from nearly 0 to 0.08 pound per square
foot. I t is evident from Fig. 4 th at the flow of the solid-liquid
m ixtures tested follows closely the theoretical equation for the
flow of a tru e plastic in circular pipe. Since the plotted points
for a p articu lar m ixture flowing in the pipes tested all fall on the
same curve, it is evident th at the magnitudes of the yield value and
the coefficient of rigidity for a particular m ixture are independent
of the diam eter of the test pipe. W hen 8 V / D is small, the plotted
points are seen to depart from the asymptote which is represented
by Eq. (3). Hence at these lower values of 8 V / D in order to de
term ine magnitudes of either the head loss or the velocity it is
necessary to use Eq. (2). However, for most practical purposes,
and for the common pipe sizes encountered, it is safe to use the
simpler form of Eq. (3). This is especially tru e near the critical
velocity and for sludges or m ixtures having a large coefficient of
rigidity. F o r small velocities and large pipe the value of the term
8 V / D becomes small and in these cases Eq. (2) m ust be used.
Various factors affect the yield value and the coefficient of
rigidity. Among these may be listed the concentration of sus
pended m atter, size and shape of the suspended particles, natu re
of the liquid phase, tem perature, agitation, and thixotropy.
The determ ination of the relation between the yield value and the
concentration of suspended particles in a m ixture has been the
object of m any recent investigations. The yield value is generally
fairly sharply defined when the particles do not exhibit too large
a Brownian movement and are not highly hydrated. Bingham [3]
describes a plastic m aterial as a suspension in which the particles
touch each other. H e states, “ Flow necessitates the sliding of these
particles the one over the other according to the ordinary laws of
friction, so long as their Brownian movement is negligible. I t is
by no means necessary th a t the particles be touching at the maxi
mum num ber of places according to ‘close packing’. As a m atter
of fact, close packing prevents flow from taking place. I t is merely
necessary th at particles touching each other form arches capable
of carrying the load.” I f B ingham ’s hypothesis is correct, the
appearance of a yield value should be noted at a volume concen
tration of suspended spherical particles of 52.36%. This concen
tration corresponds to “ open packing” or cubic packing of spheres
and is theoretically the concentration at which spherical particles
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would ju st begin to touch and form arches capable of carrying
stress. However, as observed by the authors and by Bingham [3]
and others [4, 5, 6], a measurable yield value is encountered at
concentrations of solids as low as 2 percent by volume. Fig. 5
has been prepared from the results of pipe-flow tests by the authors.
The m aterial represented on the figure was a colloidal-ball clay.
The figure indicates th a t the yield value varies logarithmically
w ith the concentration
of suspended m atter.
These results tend to
show th a t the existence
of a yield value might
be expected at very low
concentrations of sus
pended m atter. In di
lute lyophobic systems
the existence of a yield
value cannot be explain
ed on the basis of mu
tu al touching and inter
locking of the particles.
V arious
explanations
for this have been given
in the literature. These
may be grouped as fol
lows: (1) presence of a
F i g . 5 .— P i p e F l o w T e s t s o n a
sheath of adsorbed wa
C o llo id a l- b a ll C la y .
te r or other medium,
called the lyosphere, (2 ) presence of electrical forces between the
particles which cause them to assume a quasi-pattern arrangem ent,
and (3) production of networks of particles which are capable of
carrying stress by bridge action.
Some lyophobic particles are capable of adsorbing w ater mole
cules. U nder certain conditions the thickness of the adsorbed
sheath, called the lyosphere, can be calculated. The effect of the
lyosphere is to cause the particles to occupy more space than w ith
out the lyosphere. Norton and Hodgton [7] by experim ental in
vestigation on the water-adsorbing power of clay have shown that
the thickness of the w ater layer between the particles was of the

order of 103Á (one Á = 0.0001 m icron) when the m aterial exhibited
a yield value. In p articular they found a value of 3.1 X 10" Á for
brick clay. Houwink [8 ] has shown by calculation th a t the maxi
mum possible thickness of the lyosphere cannot exceed 25 Á. These
apparent contradictions suggest th a t the hypothesis of the existence
of a lyosphere does not adequately explain the existence of a yield
value at low concentrations of solids in a solid-liquid mixture.
Electrical forces acting between particles in suspension may
either attra ct or repel. A ttractin g forces which vary inversely as
the cube of the distance between the particles may be due to the
van der W aals [9] forces. The diffuse double layer first pro
posed by Gouy [10] may account for the repelling forces.
I t has been found th a t the yield value of clay suspensions in
water is affected by the addition of certain electrolytes. This can
be explained by the fact th a t the natu re of the diffuse double lay
er is greatly affected by the Zeta-potential. Hence anything af
fecting the Zeta-potential will affect the diffuse double layer.
Houwink [8] states, with respect to these repelling forces, “ W hen
two particles are very fa r apart, the electric charge of each particle
is largely neutralized by the charge of equal and opposite m agni
tude of the ionic cloud [diffuse double lay er] 1 around it. However,
as soon as the particles approach each other sufficiently near in
order th a t these clouds will m utually penetrate, a perfect neu tral
ization is no longer possible and m utual repulsion of the particles,
having charges of the same sign (in the case of clay: negative)
will become observable.” The net result of the attractin g and re
pelling forces between the particles is to create a quasi-struetural
arrangem ent which produces a yield value at concentrations fa r
below th at concentration at which the particles themselves are in
contact. F o r example, the yield value of clay was found by Wilson
and H all [11] to be reduced by the addition of OH.
I t is entirely possible th at a yield value may be developed at low
concentrations of suspended m atter as the result of the formation of
open nets of the particles capable of transm itting shear [12, 13].
Houwink [8 ] states, “ An im portant argum ent in support of such
a conception is th a t suspensions of carbon black, possessing a yield

value, showed electrical conductivity, which was not observed as
soon as a yield value was absent. ’ ’
The size and character of the solid particles also greatly affect
the coefficient of rigidity and the yield value. F o r a given con
centration of suspended particles the yield value increases as the
size of the particles decreases. Bingham [3] states, “ There is
abundant evidence th at as the diameter of the particles is decreased,
the opportunity for the particles touching is increased, which en
hances the friction [yield value]1, but this effect reaches a limit
eventually when the particles are so small th at their Brownian
movement becomes appreciable and strains in the m aterial are not
perm anent.” The resu lt'o f stress relief by Brownian movement is
a stress-flow curve similar to Curve II, Fig. 2—i.e., a pseudoplastic material. The yield value is not well defined and the ap
plication of Eq. (2) und er such conditions may lead to serious
errors.
Both the coefficient of rigidity and the yield value, as well as
other factors, affect the critical velocity at which plastic flow
changes to turb ulent flow. From the results of a theoretical
analysis the authors have proposed the following equation for com
puting the critical velocity:

Vo =

fy D

where V c is the critical velocity, y is the specific weight of the mix
ture, and / is the friction factor in the Weisbach eq u atio n :

in which H is the friction loss in head of the flowing m aterial for a
pipe of length L and diameter D and V is the velocity of flow.
Table I presents some results of experiments which corroborate
Eq. (4). The last three columns show the observed and computed
values of the critical velocity together with the percentage error
between them. U nder field conditions the agreement between com
puted and observed values of the critical velocities cannot be ex-

TA BLE I
OBSERVED AND COMPUTED VALUES OF CRITICAL VELOCITY

Sludge
No.

Tn
V
lb. per lb. sec.
sq. ft. per sq. ft.

Vely Diameter Friction Critical
ocity, V c
lb. per of pipe
factor
cu. ft.
in.
/
ft. per■ sec.
(com
(ob
puted) served)

E rror
per
cent

1

0.90

0.00047

75.7

1
2
3

0.0216
0.0196
0.0172

17.4
16.4
16.6

17.5
16.0
15.5

- 0.6
2.5
7.0

2

0.60

0.00047

75.0

y2

i
2
3

0.0316
0.0220
0.0204
0.0180

14.0
14.9
13.5
13.8

14.2
14.7
13.5
13.8

-1 .4
1.4
0.0
0.0

3

0.44

0.00034

73.8

%
1
2
3

0.0324
0.0224
0.0208
0.0180

11.3
12.2
11.2
11.6

12.0
12.9
11.0
11.5

-5 .8
-5 .4
1.8
0.9

4

0.29

0.00031

72.5

1
2
3

0.0236
0.0216
0.0188

10.1
9.2
9.5

10.1
9.0
9.5

0.0
2.2
0.0

5

0.19

0.00025

72.0

%
1
2
3

0.0340
0.0240
0.0208
0.0176

7.5
8.0
7.6
8.0

7.7
7.9
7.6
7.7

- 2.6
1.3
0.0
3.9

6

0.082 0.00019

70.0

y2

0.0352
0.0264
0.0216
0.0192

5.2
5.2
5.1
5.1

5.4
5.3
5.1
5.1

-3 .7
-1 .9
0.0
0.0

i
2
3

pected to be so precise as in these tests, because, in general, the
friction factors for pipes in the field are not so precisely known.
In the use of Eqs. (2), (3), and (4) it is necessary to know in
addition to other factors the yield value and the coefficient of
rigidity of the solid-liquid mixture. These constants can be de
term ined in a modified Storm er viscometer, in an existing pipe
line, or by the use of an appropriate form ula relating the factors af

fecting the yield value or the coefficient of rigidity. These methods
are described by the authors in B ulletin 319 of the University of
Illinois Engineering E xperim ent Station [1], A rap id method of
determ ining the yield value of a m ixture is to observe the depth to
which a thin metallic strip will sink, due to its own weight, into
the mixture. The yield value is obtained by equating the down
w ard and upw ard forces acting on the metal strip. The downward
force is the weight of the metal minus the buoyant force of the
sludge on the submerged portion, and the upw ard force is the fric
tion on the sides of the strip due to the yield value of the sludge.
A t equilibrium these forces are equal and can be equated, and the
yield value computed.
The turbulen t flow of sludge follows closely the same laws th at
govern the tu rbulent flow of true liquids. F rom the results of
about 900 tests on 8 different solid-liquid m ixtures [2] it has been
found th at the viscosity of the dispersion medium can be used in
the Reynolds num ber to obtain a friction factor for use in Eq. (5).
The practical result of this observation is th a t any friction-factor
chart designed for use in computing friction losses in the turbu lent
flow of liquids may be used in computing the head loss due to the
turbulent flow of a solid-liquid mixture.
In practical applications it has sometimes been found more ad 
vantageous to use an approxim ate exponential type of form ula for
predicting head loss due to the flow of liquids such as water. An
example of an equation of this type is the one devised by Kessler
[ 14] for the flow of w ater in black steel p ip e :
V = 80.2 7)

(6 )

I f the liquid phase of the solid-liquid m ixture is water, Eq. (6)
can be used to comjrate the velocity of flow or friction loss of a
liquid-solid m ixture when the flow is turbulent. Table I I presents
data taken from B ulletin 323 [2]. The d ata show the degree of
precision with which a formula of this type may predict friction
losses for the flow of sludge. The yield value of the sludge in this
example (sludge No. 2) is of such m agnitude th a t the critical
velocity in the 1-inch black steel pipe was computed and observed to
be 14.9 feet per second.
I t cannot be emphasized too strongly th a t the foregoing con-

TA BLE I I
C o m p a r is o n o f H e a d L o s s e s C o m p u t e d b y K e s s l e r ’s F o r m u l a
w it h

O b s e r v e d H ea d L o s ses f o r S l u d g e F l o w i n g i n a 1- i n c h
B la ck S t e e l P ip e

t y — 0.60 lb. per sq. ft. ; i] = 0.00047 lb. sec. per sq. ft. ;
y = 75.0 lb. per cu. ft. ; V c = 14.9 ft. per sec.
Velocity
ft. per sec.
15
18
20
22
24
26
28
30
32
34
36
38
40

Head Loss
ft. per 100 ft.
(computed by
Eq. (6) )
86
117
145
175
200
232
265
300
339
380
420
465
510

H ead Loss
ft. per 100 ft.
(observed)
87
120
145
175
200
232
270
310
349
390
430
475
520

P e r Cent
V ariation
+ 1.32
+ 2 .6 5
0.00
0.00
0.00
0.00
+ 1.88
+3.33
+ 2.95
+ 2.65
+ 2.38
+ 2.15
+ 1 .9 6

elusions apply only so long as the flow is turbulent. The critical
velocity should in all cases first be computed by Eq. (4). If the
actual velocity is below the computed critical velocity, then the
plastic-flow relationship of Eq. (3) should be used in computing
friction loss. I f the actual velocity is larger th an the critical ve
locity then a friction-factor chart and Eq. (5) may be used.
I f the settling rate of the particles in suspension is appreciable
as compared to the mean velocity of flow, then it is necessary to
take account of the energy required to keep them in suspension.
Wilson [15] has shown th a t the following theoretically-derived
equation fits observed data when the rate of settling of the particles
is appreciable :

where p is the weight of solids per u n it weight of solid-liquid mix
ture, K is a constant associated with the efficiency of settling,
V s is the rate of settling of the particles, and the other term s have
been defined elsewhere in this paper. I t will be noted th a t in this
equation the last term may be neglected when the value of V s is

small or the value of V is large. In either case the m agnitude of the
first term is much larger than the m agnitude of the second term.
Here again let it be pointed out th at Eq. (7) is valid only when
the flow is turbulent.
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