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ABSTRACT

My research lies in the general area of functional analysis. I am particularly
interested in C*-algebras and related dynamical systems. From the very beginning
of the theory of operator algebras, in the works of Murray and von Neumann dating
from the mid 1930’s, dynamical systems and operator algebras have led a symbiotic
existance. Murray and von Neumann’s work grew from a few esoteric, but clearly
original and prescient papers, to a major river of contemporary mathematics. My
work lies at the confluence of two important tributaries to this river.

On the one hand, the operator algebras that I study are C*-algebras that
are built from graphs. On the other, the dynamical systems on which I focus are
symbolic dynamical systems of various types. My goal is to use dynamical systems
theory to construct new and interesting C*-algebras and to use the algebraic in-
variants of these algebras to reveal properties of the dynamics. My work has two
fairly distinct strands: One deals with C*-algebras built from irreversible dynam-
ical systems. The other deals with group actions on graph C*-algebras and their

generalizations.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Introduction

This dissertation describes two very different research projects. One is “com-
plete” in the sense that it is ready for publication and the whole project builds to
a single result, an isomorphism theorem, Theorem 2.6.9. Along the way, tools are
developed, which are of independent interest, but their purpose for this dissertation
is to yield Theorem 2.6.9. The second project contains many publishable results,
but in a sense they are more scattered. Their unity of purpose is less easy to detect
then that of the results in the first project. Therefore I want to begin with a bird’s
eye view of what I have done and I want to provide a road map to the various pieces.

Chapter 1 provides general information about the type of operators and C*-
algebras I study. It will also give the reader an idea of where my work fits in with
what has been done previously. Chapter 2 discusses group actions on labeled graphs.
Although Chapter 2 is self-contained, one may wish to read section 1.4 of chapter
1 to get an understanding of the general area and then return to it as necessary.
Chapter 3 discusses *-commuting local homeomorphisms in many different settings.
Although Chapter 3 is self-contained, one may wish to read section 1.3 of chapter 1
to get an understanding of the general area and for information that may help put

the results of Chapter 3 in perspective.

1.2 General Background
An operator algebra is an algebra of continuous linear operators acting on a
topological vector space with the multiplication given by composition of mappings.
The principle examples in the literature are algebras of operators acting on Hilbert
space. The algebras are assumed to be closed in the operator norm. An opera-

tor algebra on Hilbert space that is also closed under adjoints is called a concrete



C*-algebra. Such an algebra may be characterized abstractly, through the work
of Gelfand, Naimark, Segal and others, as an involutive Banach algebra with the
property that ||a*al| = ||la||* for all a. Nowadays, the distinction between concrete
and abstract C*-algebras is usually ignored, although at times it is important to
make a distinction, as we shall see.

The theory of C*-algebras is sometimes referred to as noncommutative topol-
ogy. The reason for this is that the commutative C*-algebras are precisely the alge-
bras of the form Cy(X), the space of continuous complex-valued functions vanishing
at oo on a locally compact Hausdorff space X. Further, these algebras transform
contravariantly under continuous (proper) maps. Familiar noncommutative exam-
ples are the n x n complex matrices and, more generally, the algebra of compact
operators on Hilbert space. The full algebra of operators on Hilbert space is of
course a C*-algebra, too. In a sense, the possibilities are endless, so I won’t give
examples other than the ones I consider in my research and certain relatives.

Many C*-algebras are built from generators and relations. For these, it is
best to think in terms of abstract C*-algebras. My first examples are, historically,
also the first examples that connect operator algebra to dynamical systems: so-
called crossed product or transformation group C*-algebras associated to groups
acting on compact spaces. Perhaps the simplest example among these occurs when
one takes a single homeomorphism, say «, acting on a compact space X. The C*-
algebra, denoted by C*(X, «) and C'(X) x4 Z, is a natural completion of C.(X x Z),
the space of continuous compactly supported functions on X x Z, under pointwise
addition and scalar multiplication, product defined by the formula

frglan) =" flx,k)gla"(x),n — k),

and involution defined by the formula f*(x,n) = f(a="(z), —n). This example is

generalized by replacing C'(X) by more general C*-algebras and by replaceing the

integers by other groups - possibly topological groups. For a second example that



is very important for my work, suppose E := (E° E' r,s) is a countable directed
graph, meaning that E° and E' are countable sets, called the vertices and edges
of E, and r and s are maps from E' to E, called the range and source maps.
Then in a very natural way, one can construct a C*-algebra, C*(F) with generators

{P,}vepo and {Sc}cepr subject to the following relations:
(CK1) The P, are projections (i.e., Hermitian idempotents) in C*(E).
(CK2) The S, are partial isometries in C*(E).
(CK3) SiS, = Py for all e € E'; and
(CK4) P, = 3", ()= SeS¢ provided the sum is finite and r~'(v) # 0.

Notice that (CK2) is redundant since (CK3) already implies that S, is a partial
isometry. It is traditional, however, to include (CK2) among the axioms.

The algebra C*(FE) is sometimes called a Cuntz-Krieger algebra out of homage
to Cuntz and Krieger who introduced the relations (CK1) - (CK4) [5]. The C*-
algebra C*(E) encodes the properties of E, but the relation between E and C*(E)
is not bijective: non-isomorphic graphs can give rise to isomorphic C*(E). Graph
C*-algebras are of interest, both for their theory and for their applications. What
makes them especially attractive is the simplicity with which they are constructed.
As a result, they make a marvelous environment in which to test questions about
arbitrary C*-algebras.

Of course, the connection between C*-algebras and dynamics is explicit in the
first example, but there is also a connection between examples of the graph sort
and shift dynamical systems: Indeed, if F = (E° E',r,s) is a finite graph then
the infinite path space E* := {(e1, €a,...) | s(e;) = r(e;+1)} is a compact subset of
(EY)Y with the product topology that is invariant under the map o defined by the

equation o(eq,es,...) := (eg,€3,...). The map o (restricted to E*) is called a shift



of finite type. Much of the theory of shifts of finite type has direct analogues in the
structure theory of the associated graph C*-algebras.
1.3 Dynamical systems

The theory of dynamical systems is a broad area of contemporary mathemat-
ics that includes subdisciplines such as chaos theory and ergodic theory, and has
applications to all the natural sciences and engineering.

My interests are closely aligned to the theory of discrete dynamical systems,
also called symbolic dynamical systems, which have been used, for example, to im-
prove deep space communication with satellites and also in the creation of compact
discs and DVD’s. To understand the connection, note that the bits on the surface
of a compact audio disk are written in a long sequence obeying the constraint that
between successive 1’s there are at least two 0’s but no more than ten 0’s. How can
one efficiently transform arbitrary data (such as a computer program or a Beethoven
symphony) into sequences that satisfy such constraints? What are the theoretical
limits of a transformation? We are confronted with a space of sequences having a
finite description, and we ask questions about such spaces and ways to encode and
decode data from one space (the space of arbitrary sequences) to another (the space
of constrained sequences). The study of symbolic dynamical systems tells us when
such codes are possible, and gives us algorithms for finding them.

Shift spaces are to symbolic dynamical systems what shapes, like polygons and
curves, are to geometry. Information is often represented as a sequence of discrete
symbols drawn from a fixed finite set. This document, for example, is really a long
sequence of letters, punctuation, and other symbols. A real number is described by
the infinite sequence of symbols in its decimal expansion. Computers store data as
sequences of 0’s and 1’s. Compact audio disks use blocks of 0’s and 1’s, representing
signal samples, to record Beethoven symphonies.

In each of these examples, there is a finite set A of symbols which we will call



the alphabet. Decimal expansions, for example, use the alphabet A = {0, 1,---,9}.
Definition 1.3.1. If A is a finite alphabet, then the full A-shift is the collection
of all bi-infinite sequences of symbols from A. The full A-shift is denoted by A% =
{x = (2;)iez - x;i € Afor all i € Z}.

A block (or word) over A is a finite sequence of symbols from A. Let F be
a collection of blocks over A, which we will think of as being the forbidden blocks.
For any such F, define yr to be the subset of sequences in A% which do not contain
any block in F.
Definition 1.3.2. A shift space is a subset X of a full shift A% such that X = yr
for some collection of F of forbidden blocks over A.

Quite generally, a dynamical system is a triple (X, G, «) where X is a space,
GG is a group, or semigroup, and « is an action of G on X. Shift spaces with the
associated actions of Z or Z, are the most prominent examples in my work, but
others arise as well.

I am interested in those C*-algebras that arise from universal constructions,
in particular, those which arise from dynamical systems (X, G, «). The action of G
on X is promoted to an action of G' on Cy(X) by transposition and the resulting
system is called a C*-dynamical system. From these, one builds in a functorial way
a C*-algebra denoted Cy(X) %, G and called the crossed product determined by the
dynamical system. Crossed products are ubiquitous in C*-algebra and, arguably,
constitute the most important examples.

The key general question is: How are the properties of the dynamical system
(X, G, a) reflected in the C*-algebra Cy(X) %, G7

A shift of finite type is an example of a local homeomorphism. Quite generally,
one can always build C*-algebras from local homeomorphisms in a fashion that
mimics the crossed product construction just described. However, now there are

competing possibilities. The one I have focused on in my research is based on



an idea of R. Exel and the resulting C*-algebras are called Exel crossed products.
Suppose that ¢ : X — X is a local homeomorphism of a compact space, and let
a: f+ foo is the associated endomorphism of C'(X). The problem, of course, is
that « is not invertible unless ¢ is a homeomorphism. How to deal with this has
been the subject of some interest in the literature. Exel’s key innovation [7] was to
use the transfer operator L : C(X) — C(X), defined by the equation
L@ = =y 2 )
o(y)=z

to define a C'(X)-valued inner product on C(X). Together with naturally defined
left and right actions of C'(X), the space C'(X) becomes what is known as a Hilbert
bimodule or C*-correspondence denoted M, over C'(X). Exel used this bimodule to
construct his crossed product, denoted C'(X) X, N. His construction was inspired
by the work of Pimsner [22], who constructed what have come to be known as
Cuntz-Pimsner algebras. However, Exel’'s C(X) X, N is not exactly a Cuntz-
Pimsner algebra. (For the precise connection between Exel’s work and Pimsner’s
see [4].) Cuntz-Pimsner algebras should be viewed as a common decendent of graph
C*-algebras and the crossed products described above.

My work concerning general local homeomorphisms focuses on the problem of
building C*-algebras from two (or more) commuting local homeomorphisms through
the construction of what is known as a product system. The precise definition is
somewhat technical and involved to present. Here is an imprecise but suggestive
definition that may help one to understand the precise definition:
Definition 1.3.3. Let A be a C*-algebra and let P be a semigroup. A disjoint
family X := {X;}icp of Hilbert bimodules over A is a product system over P if X
is a “semigroup under tensoring” and the map p : X — P, defined by p(z) = s if
r € X, is a semigroup homomorphism.

In a bit more detail, for every s,t € P, there is a map X, x &; — X, that

extends to an isomorphism from X, ® 4 &; onto Xy, in such a way that the resulting



product on isomorphism classes of the X,’s is associative.

If X is a product system of Hilbert bimodules over a C*-algebra A, then there
is a way to construct a C*-algebra C*(X') from X that mimics the construction of
Cuntz-Pimsner algebras. This construction is due to Fowler [10]. Actually, there are
several possibilities, but Fowler’s is the one of greatest current interest. Thus to con-
struct C*-algebras from two commuting local homeomorphisms it suffices to build a
product system over N2. The construction is possible, if the local homeomorphisms
commute.

If we assume that the local homeomorphisms x-commute one can obtain an
especially nice groupoid presentation of C*(X), placing the theory of *-commuting
local homeomorphisms into another framework that is well-developed for the study
of dynamical systems. This dissertation, however, will not discuss the groupoid
presentation. By definition, two local homeomorphisms, y and v, *-commute if they
commute and given (y,z) € X x X such that u(y) = v(z), there is a unique z € X
such that v(z) = y and p(z) = z. This somewhat strange-looking condition was
introduced by V. Arzumanian and J. Renault in [1]. However, it is very interesting
in special cases. For example, following up on some of Exel’s and Renault’s work [8],
I have identitfied all the continuous functions on £*° that x-commute with the shift,
0. These, in turn, are related to certain cellular automata, but the consequences of
this relation have still to be determined.

The reason *-commutivity is important for my work is this: When p and v
commute, their transfer operators also commute and the bimodules over C(X) have
the property that

My ®@cxy My ~ M1 ®cx) Mk.
That is, the bimodules “commute up to isomorphism.” This, in turn, implies that
if we set Xm) = (Mg)®" @cex) (Mp)®™ ..., then {X(m)}mnmen: is a product

system over the semigroup N2. If ;1 and v *-commute, then the product system



{Xnm) tnmyenz is compactly aligned— a condition that is very important for the
general theory of product systems and their C*-algebras. My current work on *-
commuting local homeomorphisms, which is far from complete, is focused on trying

to extract properties of C*(X') from the local homeomorphisms used to build X'.

1.4 Labeled graph C*-algebras

Let E = (E° E',r,s) be a countable directed graph and let A be a countable
set, which we call an alphabet. A labeling of E by A is simply a function £ : E* — A.
The pair (E, L) is called a labeled graph. In [3], Bates and Pask attach a C*-
algebra to a labled graph C*(E,L). It is constructed from generators consisting
of projections and partial isometries that satisfy relations similar to the Cuntz-
Krieger relations described above. However, the projections are no longer indexed
by vertices in E, but rather by subsets of vertices that form a Boolean algebra. The
projections constitute a sort of “spectral measure” defined on the Boolean algebra.
There are other complications as well that I will not dwell upon. But I do want
to point out that just as a graph C*-algebra is connected to a shift of finite type,
C*(E, L) is connected to a shift space - but no longer of finite type, in general. In
the work I am doing with Bates and Pask, we consider discrete groups acting on
(E, L). That is, each element of GG is associated to a triple of maps, one acting on
the vertex space E°, one acting the edge space E' and one acting on the alphabet
A in such a way that all the structure of (£, £) is preserved. The precise formula
need not concern us here. The action of G on (F, L) is free, if the only element of G
that fixes any vertex or letter in the alphabet is the identity of G. The Gross-Tucker
theorem for groups G acting freely on an ordinary directed graph E says that E is
isomorphic to a kind of skew product that is obtained from the quotient graph F/G
and a map ¢ from E'/G to G satisfying certain properties that allow one to identify
E' with (F'/G) x G and E° with (E°/G) x G. The function c is involved with

defining range and source maps, 7. and s., making the pair (E°/G) x G, (E'/G)x G



into a graph: r.([e], g) := ([e], gc([e])), and s.([e], g) := (s([e]), g), where [e] denotes
the image of e in E'/G. We are able to prove an analogue of the Gross-Tucker
theorem for labeled graphs. Using this analouge we show that when a discrete
group G acts freely on a labeled graph (E, £) then the action induces a natural co-
action d of G on C*(E, L) in such a way that the co-crossed product C*(E, L) x5 G
is naturally isomorphic to the C*-algebra of a certain skew product labeled graph
(Ex.G, L) determined by functions ¢ and d from E! to G. This analysis allows us to
obtain structure theorems for C*-algebras of labeled graphs with group actions that
parallel important results of Kaliszewski, Quigg and Raeburn [13]. In particular,
we are able to prove that under very general hypotheses, there is an action of G
on C*(E x. G, Ly) such that the crossed product C*(E x. G, Ly) x G is naturally
isomorphic to C*(E, L) @ K(¢*(G)), where K(¢?(G)) denotes the compact operators
on ?(G).
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CHAPTER 2

GROUP ACTIONS ON LABELED GRAPHS AND THEIR
C*-ALGEBRAS

The research described in this chapter was conducted in collaboration with Teresa

Bates and David Pask.

2.1 Introduction

Labeled graph algebras are C*- algebras associated to a labeled graph in such
a way that if the labeling is trivial then the resulting C*-algebra is a graph algebra.
We should, therefore, expect many results which hold for graph algebras to hold for
labeled graph algebras in a suitably modified form. One such result is the result of
Kumjian and Pask on free actions of groups on directed graphs: If « is a free action
of a group G on a directed graph E, then

C*E) xo G2 C*E/G) @ K(FA(Q)). (2.1)
Alternatively: C*(FE) x, G is strongly Morita equivalent to C*(E/G).

A key ingredient in this proof is the Gross-Tucker Theorem, which character-
izes those directed graphs which admit a free action of GG. In this chapter we set
out to prove an analogous result for labeled graphs.

It has been shown that graph algebras can be considered as C*-algebras of
shifts of finite type. In a similar way, labeled graph algebras can be considered as
the C*-algebras associated to the shifts which the labeled graph presents. These are
known in the literature as sofic shifts. The consequences of our results will therefore
be new results about labeled graphs, shift spaces, and their associated C*-algebras.

We begin by describing labeled graphs and their C*-algebras and give a new
formulation of the canonical C*-algebra associated to a labeled graph in Theo-
rem 2.2.16. In section 2.3 we then describe the automorphisms of a labeled graph

and group-actions on labeled graphs. In Theorem 2.4.18 we show that an action
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of a group G on a labeled graph induces an action of G on the associated labeled
graph algebra. We then describe those group-actions on labeled graphs which are
free and give a version of the Gross-Tucker Theorem for labeled graphs (see The-
orem 2.5.15). In the course of proving Theorem 2.5.15 we show that every labeled
graph which admits a free action of G is a skew-product labeled graph of a base
labeled graph which carries a pair of G-valued functions. In section 2.6 we show
that the C*-algebra of a skew-product labeled graph is isomorphic to the crossed
product of the base labeled graph by a coaction of G.

The version of (2.1) for reduced crossed products will now follow as in Corol-
lary 2.5 of [13]. The version of (2.1) for full crossed products will either follow from
an argument similar to that of Theorem 3.1 in [13] or by “proper action techniques”
as in [23].

We shall also explore the consequences of the Gross-Tucker Theorem in terms
of shift spaces which admit group-actions. We shall also consider other consequences
of Theorem 2.6.8 for the functions which take the value 1 € Z: The resulting crossed
product will be Morita equivalent to the AF-core of the C*-algebra associated to the
base labeled graph. This will also give us an alternative proof that labeled graph

algebras are nuclear.

2.2 Labeled Graphs and their C*-algebras

Throughout this chapter £ = (E°, E',r, s) will denote a countable directed
graph where 1, s : E' — E° are the range and source maps, respectively. A sink is a
vertex v € E° which does not emit any edges, that is s7'(v) = 0. A source is a vertex
v which does not receive any edges, that is r~!(v) = (. We shall assume throughout
this chapter that all directed graphs E have no sources or sinks. We let E™ denote
the set of paths of length n, so E™ = {(e1e2---€,)|s(e;) = r(ep1),i =1,2,--- ,n—1}.
Let E* := Un21 E™. Also, we fix an alphabet A and a labeling £ : E' — A. We will

assume that £ is always surjective, i.e. L(E') = A. Let A* be the collection of all
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words in the symbols of A. The map L extends naturally to a map L£* : E* — A*:
form>1and A= A --- N\, € E™ we set L5(A) = L(\)---L(\,), and we say that
A is a representative of L*(\). Note that £* is not injective in general and so £*(\)
can have many representations. If £"(F) is the collection of all labeled paths in
(E, L) of length n, then L*(E) = U,>1 L"(FE) denotes the collection of all words in
the alphabet A which may be represented by paths in the labeled graph (F, £).
Examples 2.2.1. 1. A directed graph is an example of a labeled graph where
we let A = E! and take the labeling to be the identity map £ : E' — E*.
Furthermore, if £ : E' — A is injective, then (F, £) becomes a directed graph

when we identify E! with A.

2. The following self-explanatory diagram illustrates another example of a la-

beled graph (£, £) with alphabet {0, 1}.

(E,L):=
1 v w
\T/
Definition 2.2.2. The labeled graph (E, £) is called left-resolving if for all v € E°
the map L restricted to r~*(v) is injective.

Evidently Example 2.2.1 (1) and (2) are examples of a left-resolving labeled
graph. The left-resolving condition ensures that for all v € E° the labels {L(e) :
r(e) = v} of all incoming edges to v are all different. In particular if A\, u € E™ satisfy
L*(N) = L5(p) and 7(X) = r(p) then A = p. Many of the results in this paper will
hold under the weaker hypothesis of weakly left-resolving as defined in [3, Definition
3.7]. However since we know of no examples which are weakly left-resolving but not
left-resolving we shall assume all labeled graphs (E, £) are left-resolving,.
Definition 2.2.3. For a € £L*(E) we put sg(a) = {s(\) € EY : £*(\) = a} and
re(a) = {r(\) € EY: L*(\) = a}.
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We drop the subscript £ on 7, and s, if the context in which it is being used is
clear.
Definition 2.2.4. Let (E, L) be a labeled graph. For A C E° and 8 € L*(F) the
relative range of B with respect to A is defined to be
r(A,B) ={r(\) : A€ E*,L*(\) = 5,s(\) € A}

So the relative range of S with respect to A is the set of ranges of A where \ is a
path whose label is 5 and whose source is in A.
Definition 2.2.5. Let £(r, £) be the smallest collection of subsets of E° which
contains r(f) for all € L*(F) and is closed under finite unions and intersections.
Remark 2.2.6. For § € L*(F) and a € A by [3, Remark 3.9] we have

r(r(8), a) = r(Ba). 2.2
So E(r, L) is automatically closed under relative ranges for (E, £). Hence the triple
(E,L,E(r, L)) is a labeled space as defined in [3, Definition 3.6] . By Definition 2.2.5
we know that every A € &(r, L) is of the form A = (Ji_, (2, 7(B;) for some
Bij € L*(E).
Definition 2.2.7. For A C E® and n > 1, let L := {8 € L™(E) : Ans(B) # 0}
denote those labeled paths of length n whose source intersects A nontrivially.
Definition 2.2.8. Let (E, L) be a left-resolving labeled graph. A representation
of (E,L,E(r,L)) consists of projections {ps : A € £(r, L)} and partial isometries

{Sa : @ € A} with the properties that:
(Repl) If A, B € E(r, L) then papp = panp and paup = pa + DB — Panp Where py = 0.
(Rep2) If a € Aand A € E(r, L) then pas, = SaPr(aa)-
(Rep3) If a,b € A then s}s, = pr(q) and s;s, = 0 unless a = b

(Rep4) For A € E(r, L), if LY is finite, non-empty, and A contains no sinks we have

ba = Z Sapr(A,a)S:~ (23)

aEL%
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Notice that (Repl) says that A — py is a (weakened form of a) spectral measure
on £(r, L). (Rep2) is a kind of covariance equation. (Rep3) shows that each s, is a
partial isometry. (Rep4) is clearly an analogue of (CK4).

The following result can be found as [3, Theorem 4.5].

Theorem 2.2.9. Let (E,L) be a left-resolving labeled graph. There exists a C*-
algebra B generated by a universal represenation {t,,qa} of (E,L,E(r,L)). Fur-
thermore t, and qa are nonzero for alla € A and A € E(r, L).

Definition 2.2.10. Let (E, £) be a left-resolving labeled graph, then C*(E, L, E(r, L))
is the universal C*-algebra generated by a represenation of (E, L, E(r, L)).
Definition 2.2.11. Let (F, L) be a left-resolving labeled graph. A Cuntz-Krieger
(E, L)-family consists of commuting projections {p,g) : f € L*(E)} and partial

isometries {s, : a € A} with the properties that:
(CKla) For all 5,w € L*(E), prs)Prw) = 0 if and only if r(8) Nr(w) = 0.

(CK1b) For all f,w,x € L*(E), if r(8) Nr(w) = (k) then pyaprw) = Pr and if

r(B) Ur(w) = r(k) then p.s) + prw) = Pr(g)Prw) = Pr(x)-
(CK2) If a € A and § € L*(E) then p,g)Se = SaPr(3a)-
(CK3) If a,b € A then s}s, = p,(a) and s}s, = 0 unless a = b

(CK4) For g € L*(E), if Li(ﬁ) is finite, non-empty, and r(f) contains no sinks we

have

pr(g) = Z SaPr(Ba)Sq- (2.4)

1
)

Remark 2.2.12. Using relations (CKla) and (CK1b) we may now unambiguously
define p,(g)nr(w) = Pr(8)Pr(w) a0d Pr(g)ur(w) = Pr(8) T Pr(w) — Pr(8)Pr(w)-

If r(B)Nr(w) # 0, then we write p,(g)Pr(w) = Pr(8)nr(w), 50 (CK1) implies that py = 0.
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Theorem 2.2.13. Let (E, L) be a left-resolving labeled graph. There exists a C*-
algebra B generated by a universal Cuntz-Krieger (E, L)-family {sq, pr3)}. Further-

more s, and pyg) are nonzero for all a € A and f € L*(E).
Proof. This follows from the proof of Theorem 4.5 in [3] mutatis mutandis. O

Definition 2.2.14. Let (E, L) be a left-resolving labeled graph, then C*(E, L) is
the universal C*-algebra generated by a Cuntz-Krieger (E, £)-family.
Remark 2.2.15. By Remarks 2.2.6 and 2.2.12 a Cuntz-Krieger (E, £)-family gives
rise to a representation of the labeled space (E, £, &(r, L)) in the sense of [3, Defi-
nition 4.1], and conversely. Hence we may identify C*(FE, £) with C*(E, L, E(r, L)).
From [3, Theorem 4.5] we can assume that if {s,, pr()} is a universal Cuntz-Krieger
(E, L) family and 8,w € L*(E) are such that r(3) C r(w) then p,s) # Pr(w)-
If {S., P.s} is a Cuntz-Krieger (E, £)-family in a C*-algebra B, we denote by
mg,p the homomorphism 7gp : C*(E,L) — B which satisfies 7g p(s,) = S,, and
7s,p(Drs)) = Pr(s)- Let {sa,pr(s)} be the universal Cuntz-Krieger family of (E, L)
which generates C*(E, L). For z € T, a € A, and § € L*(E) let

YzS8a = 284 and VaPr(8) = Pr(6); (2.5)
then the family {zs,,pr5} € C*(E, L) is also a Cuntz-Krieger (£, £)-family. A
routine €/3 argument shows that « extends to a strongly continuous action

v: T — Aut C*(E, L)
which we call the gauge action.
Theorem 2.2.16. Let (E,L) be a left-resolving labeled graph, let {s.,pr3)} be a
universal Cuntz-Krieger (E, L)-family, and let {t,,qa} be a universal representation
of (E,L,E(r,L)). Then the map ¥ : C*(E,L) — C*(E,L,E(r, L)) determined by
U(sa) =ta and Y(pys) = qr(p)

18 an isomorphism.

Proof. For a € A, set S, = t,, and for 8 € L*(E) let P.g = qp-. It is
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straight forward to check that {S,, P,s} form a Cuntz-Krieger (E,L)-family in
C*(E,L,E(r,L)). By the universal property of C*(FE, L) there exists a homomor-
phism ¥ = 7g p from C*(E, L) to C*(E, L, E(r, L)) such that

U(sq) =S and  U(pyg) = Pr).

For a € A, set T, = s,. For A = UL, N2 r(Bi) € E(r, L), let Qa =
> ic1 L2 pr(syy)- 1t is a routine calculation to show that {75, @4} is a representa-
tion of (E,L,&E(r,L)) in C*(E, L). By the universal property of C*(E, L,E(r, L))
there exists a homomorphism & : C*(E, L, E(r, L)) — C*(E, L) such that

O(t,) =T, and D(ga) = Qa.

Since ®(gr3)) = Qr) = Prp) and @(t,) = T, = s, we see that Vo & is

the identity map on C*(E, L, E(r, L)) and similarly ® o ¥ is the identity map on

C*(E, L) so the result follows. O

Remark 2.2.17. Since we shall be working almost exclusively with labeled spaces
of the form (F, L, E(r, L)) we shall only consider Cuntz-Krieger (£, £)-families and
C*(E, L). The following is a restatement of the Gauge Invariant Uniqueness Theo-
rem for labeled graphs.

Theorem 2.2.18 (cf.[2]). Let (E, L) be a left-resolving graph and {S,, P.(s)} be a
Cuntz-Krieger (E, L) family on Hilbert space. Take mg p to be the representation of
C*(E, L) satisfying ms,p(Sa) = Sa and ws p(prp)) = Prp). Suppose that whenever
r(B) C r(w) we have P,g) # Py, and that there is a strongly continuous action (3
of T on C*({Sa, Pr)}) such that for all z € T, B.omgp =7mgpory.. Then mgp is
faithful.

Remark 2.2.19. Note that the hypotheses of Theorem 2.2.18 differ from those of
[3, Theorem 5.3]. This is due to the revision of the Gauge-Invariant Uniqueness

Theorem given in [2].
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2.3 Automorphisms of Labeled graphs and their C*-algebras
We begin by defining what a graph morphism is, and use the definition to define
a graph automorphism. We then define a labeled graph morphism and use the
definition to define a labeled graph automorphism. Then in Theorem 2.3.7 we show
that a labeled graph automorphism of (£, £) induces an automorphism of C*(E, L).
Definition 2.3.1. Let E, F be a directed graphs. A graph morphism is a pair of

maps ¢ = (¢°,¢') : E — F such that for all e € E' we have

¢ (s(e)) = s(¢'(e)).
If ¢ = (¢° ¢') is bijective, then ¢ is called a graph isomorphism. If, in addition
F = E, then ¢ is called a graph automorphism. For A C E° we define ¢°(A) =
[6°) v € A}.
The set
Aut(E):={¢: E — E : ¢ is a graph automorphism}
forms a group under composition.

Example 2.3.2. Let E' and F' be the following directed graphs.

€2

€1 v1 v2 €3

F:= f3 w1 w2 'Qfl

Define ¢' : E* — F* by ¢°(v;) = w; and
¢1(61) =f3, ¢1(€2) = f2, ¢1(€3) = /1.
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Then ¢ is bijective. Notice that

thus ¢ is a graph isomorphism.

FExample 2.3.3. Let E be the directed graph below.

g

Define ¢° : E° — E° be the identity map and ¢! : B! — E! be defined by
¢'(e) =e, ¢'(f) =g, and ¢'(g) = f.

f
We see that ¢ is bijective. Notice that
¢(r(e)) = v =r(¢'(e))
¢ (r(f)) =w=r("(f))

¢"(r(9)) =v=r(¢(9)

thus ¢ is a graph automorphism.

Definition 2.3.4. Let (E, £) and (F, M) be labeled graphs over alphabets Ag and
Ap respectively. A labeled graph morphism is a triple ¢ := (¢°, ¢*, ¢%) : (E, L) —
(F, M) such that

1. (¢° ¢') is a graph morphism from F to F and

2. ¢*% . Ap — Ay is a map such that Mo ¢! = ¢4 o L.
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If (¢°,¢') is a graph isomorphism and ¢“# is a bijection, then the triple ¢ :=
(8°, @', ¢"7) is called a labeled graph isomorphism. 1If, in addition F = E and
Ag = Ap, then ¢ is called a labeled graph automorphism.
Let (E, L) be a labeled graph over the alphabet A. Then the set

Aut(E L) :={¢: (E,L) = (E,L) : ¢ is alabeled graph automorphism}
forms a group under composition. In particular ¢ belongs to Bij(A), the group of
bijections from A to A.
Ezample 2.3.5. Let (E, L) be a labeled graph. If ¢° : EY — EY and ¢! : E' — E!
are the identity maps and ¢ = £ then the triple ¢ = (¢°, ¢, ¢F') is a surjective
labeled graph automorphism.
Before stating the main result of this section, Theorem 2.3.7, we collect some useful
facts about a labeled graph automorphism.
Lemma 2.3.6. Let a be a labeled graph automorphism of (E,L). Then for all
B,w € L*(E), and a € A we have

1. A°(r(B) Ur(w)) = ar(B) Ua’r(w) and a°(r(B) Nr(w)) = a®r(B) N a’r(w)
2. r(a’(a)) = a’r(a)
3. r(a"(r(8)), a4(a)) = a®r(Ba)

1 _ ATl
4- Loopg) = " Lygg)-

0 is a bijection. For (2) we see that for e € E!

Proof. Property (1) holds since is «
with L(e) = a, we have L(al(e)) = a*L(e) = a(a). Thus we have

r(at(a)) = {r(a'(e)) : L(e) = a} = {a’r(e) : L(e) = a} = a’r(a).
For (3) notice that

r(@®(r(B)), a"(a))

(r(a4(8)), a(a))
r(a(8)a(a)) by [3, Remark 3.9]
r(a*(Ba))

= % (fa).

r
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Finally, we want to show that
1 _ A7l
Laorp) = @ Lyg)-
Suppose a € L(lxor(ﬂ) and we want to show that a € aAL}n(B). Then it suffices to show
that (o)™ (a) € L. Notice that
7(8) N s((0) (@) = r(8) 1 (00) () = (a®)~(s(a) N a®+(5)).

Since a’r(B)Ns(a) # 0 and (a®)~! is an automorphism, then 7(8) Ns((a?)~(a)) #
0. Therefore (a*)'(a) € L} 4. Conversely, suppose ath € oL} ,; we want to

show that ab € L;Or( g Notice that

)
a’r(B) N s(a? (b)) = o' (B) N a’s(b) = a®(s(b) Nr(B)).
Since s(b) N r(B) # 0 and a° is an automorphism, then a%r(3) N s(a(b)) # 0.

Therefore ab € L}XOT(B). ]

Theorem 2.3.7. Let o be an automorphism of a left-resolving labeled graph (E, L)
and let {sq,prg)} be a universal Cuntz-Krieger (E,L)-family. For a € A define
Sa 1= Sa4,, and for f € L*(E) define P,g) := paor(s). Then the map o : C*(E, L) —
C*(E, L) determined by

a(sa) = Sa and a(pr(s) = Prs) (2.6)

18 an automorphism.

Proof. First we will check that {S, : a € A}, {Pyp) : 8 € L*(E)} generates a
Cuntz-Krieger (F, £)-family. (CKla) and (CK1b) follow from Lemma 2.3.6 (1) and
the fact that « is a homomorphism. To see (CK2), notice that
Fr(8)Sa = Pad(r(8)) Sa(@) = SaA(@Pr(a0(r(8))aA(@) = SaA(@)Padr(Ba) = Salr(a)
by Lemma 2.3.6 (3).
In order to observe that (CK3) holds, notice that S35, = s}4(,)Sad(a) =
Pr(a%(a)) = Padr(a) = Fr(a) by Lemma 2.3.6 (2). Also note that S}5, = Spd(a)Sad(b) =

0 unless a(a) = a(b).
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(CK4) holds since

PT(B) = Padr(8) = Z Sapr(aor(ﬁ),a)sz

1
aELaOT(ﬁ)

= Z S0 AbDr(a0r(8),aAb)Saap DY Lemma 2.3.6 (4)

A Al
aAbeEa Lr(,B)

= Z SaAbDadr(8)Smap Dy Lemma 2.3.6 (3)

A Al
aAbea Lr(ﬂ)

= Y SiPrpaS;

1
aELr(B)

By the universal property of C*(FE, L), there is a map
a:C*(E, L) — C*(E,L)

1

given by s, — S, and p,g) — Pr(g). Since a?, o, and o' are surjective, it follows

that the map a defined in (2.6) is surjective. Since ao~y, = v, 0« for all z € T and

P.s # 0 for all B € L*(F), it follows that « is injective by Theorem 2.2.18. O
2.4 Skew product labeled graphs and group-actions

In this section we shall define a skew product labeled graph, and define what

it means for a group to act on a labeled graph.

Skew product labeled graphs

We begin by reviewing the definition of skew product graph for directed
graphs.
Definition 2.4.1. Let E be a directed graph, G be a group, and ¢ : E! — G be a

function. The skew product graph E X.G is defined as follows:

(Ex.G)Y:=E"xG
(Ex.G)'=E'xG
r(e,g) = (r(e), ge(e))

s(e, g) = (s(e), g).

Remark 2.4.2. There are several definitions of skew product graphs in the literature
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(see [11, Section 2.1.1], [16, Definition 2.1], [13, Section 2], and [27, Chapter 6]).
Remark 2.2 in[13] establishes an isomorphism between their version of the skew
product and the version of the skew product in [16, 11]. Our version of E X, G
tallies with [16, 11] and is isomorphic to the skew product graph E xzG defined in
[27] where ¢(e) = c(e)™! for all e € E.

Remark 2.4.3. For p € E™ let c(u) = ¢(uy1) - - - ¢(n), hence ¢ : B — G extends in
a natural way to a functor ¢ : E* — G from the path category to the group.

It is important to understand how elements in the set (E x. G)* appear. Let
us examine a path of length two (p1, g)(u2, h) € (E x.G)?. To be a path of length
two we know that

P, 9) = (r(p), ge(pn)) = (1), h) = s, ).
Therefore r(u1) = s(p2) and ge(py) = h. Continuing in this way we see that a path
of length n in (E x.G)* is of a form that is most clearly expressed with the aid of
additional notation: For p € E™ we denote y' = py - - - pt,,—1 so that u = p'p,,. With
this notation we may write a path of length n as

(11, 9) (p2; ge(pn)) - -+ (b, ge(i')).-

For convenience, we will define

(1, 9) = (1, 9) (12, geler)) - -+ (pns ge(i')).-
Notice that

s(u, g) = (s(n), 9) and r(u, g) = (r(p), ge(w)). (2.7)
Definition 2.4.4. Let (E, L) be a labeled graph and let ¢, d : E* — G be functions.
The skew product labeled graph (E X .G, L;) over alphabet A X G is the skew product
graph E x. G together with the labeling L4 : E' x G — A x G given by

La(e, g) = (L(e), gd(e)).
Remark 2.4.5. The definition of a skew product labeled graph has been made with
a view to proving a version of the Gross-Tucker theorem for labeled graphs (see

Theorem 2.5.15). In Remark 2.5.16 we shall discuss why it is necessary to introduce
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a separate function d : E' — G in order to form the skew product labeled graph.
Note that the labels received by (v,g) € (E x.G)? are in one to one corre-

spondence with the labels received by v € E°. Hence, if (E, £) is left-resolving then

sois (B x.G, Ly).

Ezamples 2.4.6. 1. Let (FE,L) be a directed graph with the trivial labeling, c¢ :
E' — G be any function, and d : E' — G be defined by d(e) = 1¢ for all
e € E'. Then one can show that the skew product labeled graph (E x .G, Lg)
is isomorphic to the usual skew product directed graph F x.G with the trivial

labeling.

2. Consider the following labeled graph (F, L).
0

1 vw

0

Let G = Z and let ¢ : E' — Z be the constant function c(e) = 1. Let
d : E' — Z be the constant function d(e) = 0. Then the skew-product labeled

graph (F x.Z,L;) is as in the following diagram.

(v,0) (1,0) (v,1) (1,1) (v,2) (1,2) (v,3)

(0,0) '

(0,0)
(w,0) (w,1) (w,2) (w,3)

Remark 2.4.7. 1f instead of the labeling £; in Definition 2.4.4 we use the induced
labeling L, : (E x.G)' — A defined by L(e, g) := L(e) on E x.G then we obtain

a labeled graph in which every pair (e, g) carries the same label L(e). For example,
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the labeled graph

has induced labeling on the skew product graph defined by the function ¢ : E* — Z

where ¢(e) = 1 for all e as shown

o) @) @2 (@3

(w,0) (w,1) (w,2) (w,3)

We denote such a graph (E x. G, L). Note that although the underlying directed
graph is the same as in Example 2.4.6 (2) the labeling is quite different.

Observe that L£%((, g)) = L*(p) for all g € G, p € E*, and so LE((E x.G)*) =
L*(E). Hence the shift spaces X(gx.q,c,) and X(g ) are equal as they have the same
language (see [20, §3], [3, §3]). If u € E* is such that £*(u) = /3, then LX((i,9)) = 5
for all g € G. Since r(p, g) = (r(w), gc(p)), it follows that

re.(B) =rc(B) x G (2.8)
for all B € L*(E). Hence every element A = (Ji_, ([ 72, (Bij) € E(r, L) is of the
form A" x G where A" = J}"_, ﬂ;’ZLI re(Bi) € E(r, L).

Lemma 2.4.8. Let (E, L) be a left-resolving labeled graph, let G be a group, and
let c: EY — G be a function. Then C*(E x.G, L,) =2 C*(E,L).

Proof. Let {54, pr.(3)} be a Cuntz-Krieger (£, £)-family and {t,, ¢, (3)} be a Cuntz-
Krieger (E x. G, Ly)-family. For a € A, set S, = t,, and for § € L*(E) let
Pr.(8) = @r.,(3)- Using (2.8) it is straight forward to check that {S,, P, (g} form
a Cuntz-Krieger (E, £)-family in C*(E x. G, L,). By the universal property of
C*(FE, L) there exists a homomorphism mg p : C*(E, L) — C*(E x.G, L) such that

7"'S,P(sa) = Sa and 7T'S',P(prg(ﬁ)) = PTL(B)'
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For a € A, set T, = s, and for 8 € L*(E), let Q.. 3 = Dro(5). It is

a routine calculation, using (2.8), to show that {T,,Q,, (5} is a Cuntz-Krieger

(Ex.G,Ls)in C*(E, L). By the universal property of C*(E x.G, L), there exists
a homomorphism 77.¢ : C*(E x. G, L;) — C*(E, L) such that
mrQ(te) =T and  m10(ar.,(8) = @re,(8)-

Since mr,q(¢rs.(8) = Qr.(8) = Pres) and mrg(ta) = Ty = s, We see that

Ts.p © T is the identity map on C*(E X, G, L) and similarly 7. o mg p is the

identity map on C*(E, £) so the result follows. O

We now return our attention to skew product labeled graphs as in Definition
2.4.4.

Let (E,L) be a labeled graph over the alphabet A, let ¢,d : E' — G be
functions, and let (E x. G, L,) be the associated skew product labeled graph. Let
¢, : (E x.G)" — E' be given by ¢'(z,g9) = = for x € E', i = 0,1, and let
% A x G — A be given by ¢7*%(a, g) = a.

Lemma 2.4.9. Let (E, L) be a left-resolving labeled graph, let G be a group, and
let ¢,d : E* = G be functions. Define ¢oq: (E X.G,Ly) = (E,L) by
¢i(x,g) =z forz € E'i=0,1, and ¢7*%(a,g) = a.

Then ¢ q is a surjective labeled graph morphism.

Proof. Tt is clear that ¢.q = (¢2, ¢L, ¢7*%) is a surjective, so we begin by showing
be = (09, @) is a graph morphism. So for all (e, g) € E x.G we have
B(r(e,9)) = d2(r(e), ge(e)) = r(e) = r(}(e,9))
and
Ds(e.9)) = B(s(e).9) = 5(c) = s(d(e.q)).

Thus ¢. = (¢2,¢!) is a graph morphism. Now we examine the condition for (bfxc.
For all (e,g) € (E X, G)" we have

XG0 Ly(e,g) = 7%C(L(e), gd(e)) = £(e) = Lo 6 (e, )

and the claim has been proven. O
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Proposition 2.4.10. Let (E,L) be a labeled graph over the alphabet A, let c,d :
E' — G be functions, and let (E x. G, L) be the associated skew product labeled

graph. If Lq(p, g) = La(v, h), then L(pn) = L(v).

Proof. Let (u,q),(v,h) € (E x.G)* have the same label, so they must have the
same length. The result is manifest for paths of length 1; so we shall assume the

length of p, v is n > 2. Hence we have

(1, 9) = (1, 9) (p2, gc(piag)) - - - (fan, ge(pt'))

and

<V7 h) = <V107 h)(VQJ hC(V1G>> T (Vm hc<yl>>
for some g, h € G. Since the labels for (u, g), (v, h) are the the same we have
Ed(,ulca g) = Ed(ylcw h)

Ed(/@: gc(:ulc;)) = ‘Cd(y27 hc(ylc))

La(pn, ge(u')) = La(vn, he(v)).

Applying the definition of £, to each equation gives us

(L(png), 9d(png)) = (L(vig), hd(vg))

(L(p2), ge(png)d(p2)) = (L(v2), he(vig )d(v2))

(L(pn), ge(p)d(pn)) = (L(vn), he(@)d(vn));

and so L(u;) = L(v;) for i =1,--- | n, as required. O

Group-Actions

Let E be a directed graph and G a group. An graph action of G on FE is a
triple (F, G, ) where o : G — Aut(FE) is a group homomorphism. We say that the
graph action (E, G, a) is free if af)(v) = v for all v € E° then we must have g = 1¢.

Two graph actions (F, G, «) and (F, G, §) are isomorphic or conjugate if there is a
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graph isomorphism ¢ : £ — F which is equivariant in the sense that poay, = B,0¢
for all g € G.

The following lemma (which follows from a routine argument) shows that skew
product graphs provide a rich source of examples of free group-actions.
Lemma 2.4.11. Let E be a directed graph, let ¢ : E* — G be a function, and let
E x.G be the associated skew product graph. For g € G,1 = 0,1 let

o(x,h) = (x,gh) for (x,h) € (E x.G)".

Then 7, = (1), 7,) is an automorphism of E x.G. The map 7 = (7°,7') : G —
Aut(E x. Q) defined by g — 74 is a homomorphism. Furthermore, 7)(x, h) = (x,h)
if and only if g = 1¢g, hence (E x.G,G,T) is a free graph action.
Definition 2.4.12. Let E be a directed graph, let ¢ : E' — G be a function, and
let E x. G be the associated skew product graph. We call the map 7 = (7%, 71) :
G — Aut(E x. Q) as described in Lemma 2.4.11 as the left graph translation map,
and the action (E x.G,G, 1) the left graph translation action.
Definition 2.4.13. Let c;,cy : E' — G be functions, then we say that ¢; and ¢,
are cohomologous (and write ¢; ~j ¢o) if there is a function b : E® — G such that
c1(e)b(r(e)) = b(s(e))ca(e) holds for all e € E.
Remark 2.4.14. 1t is straightforward to check that the relation ~ defined above is
an equivalence relation.

The following result was stated but not proved in [25, Section 7].
Proposition 2.4.15. Suppose that E is a directed graph and cq,co are functions
such that c; ~ ¢y, then the left graph translation action (E X ., G, G, T) is isomorphic

to the left graph translation action (E X., G,G,T).

Proof. Suppose that ¢; ~ ¢y, then there exists a function b : E° — G such that

ci(e)b(r(e)) = b(s(e))ca(e) for all e € E'. We define maps ¢' : (E x., G)" —
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(E x., G)" for i = 0,1 by
¢°(v,9) = (v, gb(v)), for (v, g) € (E %, G)°,
¢'(e, ) = (e, gb(s(e))) for (e, 9) € (E x¢, G)".
We claim that ¢ = (¢°, ¢') is a graph isomorphism.
We begin by showing that the pair (¢°, ¢!) is a graph morphism. Let (e, h) €
(E x., G)', then
¢’(r(e,h)) = ¢°(r(e), hew(e)) = (r(e), hew(e)b(r(e)))
= (r(e), hb(s(e))ea(e)) = r(e, hb(s(e))) = r(6!(e, 1))
and

¢°(s(e, h)) = ¢"(s(e), h) = (s(e), hd(s(e))) = s(e, hb(s(e))) = s(¢' (e, ).
Thus we have shown that (¢°, ¢!) is a graph morphism.

Now we need to show that (¢° ¢!) are bijective. To see that ¢" is injec-
tive, suppose that (vi, h), (ve, k) € (E %, G)° satisfy ¢°(vy,h) = ¢°(ve, k). Then
(v1, hb(v1)) = (v9, kb(ve)) and so v; = v = v, say. Now we know hb(v) = kb(v)
which means h = k. Therefore (vi,h) = (v2, k) and ¢° is injective.

To see that ¢° is surjective, let (v,h) € (E X, G)°. Then (v,hb"'(v)) €
(E x.@G)° such that ¢°(v, kb~ (v)) = (v, b~ (v)b(v)) = (v, h). So ¢° is surjective.

The injectivity and surjectivity arguments are similar for ¢!. Therefore ¢ =
(¢°, ¢') is a graph isomorphism.

It remains to show that ¢ is equivariant, that is ¢ o7, = 7,0 ¢ for all g € G.
Notice that for all ¢ € G and (v,h) € (E x,, G)° we have

¢° o 7,(v, h) = ¢°(v, gh) = (v, ghb(v)) = 7,(v, hb(v)) = 7, 0 ¢°(v, h).

The argument is similar for ¢!. [

Let (E, L) be a labeled graph over the alphabet A and G a group. A labeled
graph action of G on (E, L) is a triple ((E, L), G, a) where a : G — Aut(E, L) is

a group homomorphism. In particular, by Definition 2.3.4 (2), for all e € E' and
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g € G we have

£(a}(e)) = a(L(e)) (2.9
We say that the label graph action ((E, £), G, «) is free if the graph action (F, G, «)
is free and if oz;;‘(a) = a for any a € A then we must have g = 15. Two labeled graph
actions ((E, L), G,«a) and ((F, M), G, ) are isomorphic if there is a labeled graph
isomorphism ¢ : (F, L) — (F, M) which is equivariant in the sense that ¢ : E — F
is equivariant and ¢= o az'® = SAr 0 pAr for all g € G.
Lemma 2.4.16. Let (E, L) be a labeled graph, let c,d : EY — G be functions, and

let (F x. G, Ly) be the associated skew product labeled graph.

1. For (a,h) € AX G, and g € G let 7'(a,h) = (a,gh), then g — 71 defines a

map ™ : G — Bij(A x G).

2. Let (7°71) : G — Aut(E x. G) be the left graph translation map. Then for

each g € G, 7, = (10, 7}, 74

9T Ta ) is a labeled graph automorphism.

3. The map 7 = (7°,75,74) : G — Auwt(E x. G, L,) defined by g — 7, is a

homomorphism.

4. Since TgA(a, h) = (a,h) if and only if g = 1¢, it follows that ((Ex.G, Ly), G, T)

15 a free labeled graph action.

Proof. Since (7,1)~" = 7';31 for all g € G statement (1) follows. For (2) first observe

that 74 satisfies the compatibility condition of Equation (2.9): for ¢ € G and
(e,h) € (E x.G)" we have

La(7,(e,h)) = La(e, gh) = (L(e), ghd(e)) = T;‘(ﬁd(e, h)).
Second, recall that (72,7;) is a graph automorphism from Lemma 2.4.11 and 74 is
a bijection from (1). For (3) one checks that 77 = 7171 for all g1, g» € G. For (4)

it suffices to show that 7;%(a, h) = (a,h) implies g = 1, but that follows directly

from the definition of 74. O]
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Definition 2.4.17. Let (F, L) be a labeled graph, let ¢,d : E' — G be functions,
and let (F x. G, L;) be the associated skew product labeled graph. We call the
map 7 = (70,75, 74) : G — Aut(E x. G, L,) as described in Lemma 2.4.16 as the
left labeled graph translation map, and the action ((E x.G, L), G, T) the left labeled
graph translation action.
Since « is a labeled graph homomorphism and all our Cuntz-Krieger (E, £)-families
are defined in terms of universal families, Theorem 2.4.18 (below) is obtained by a
straightforward application of Theorem 2.3.7.
Theorem 2.4.18. Let (E, L) be a left-resolving labeled graph, let ((E, L), G, a) be a
labeled graph action, and let {sq,prs)} be a universal Cuntz-Krieger (E, L)-family.
Then for h € G the maps

hSa = Saha and RPr(B) = Paldr()-
determine an automorphism oy, of C*(E,L). The map a : G — Aut(C*(E, L))

defined by h — ay, is a homomorphism and so it gives an action of G on C*(E, L).

Proof. By Theorem 2.3.7 we know that for all fixed h € G a4, is an automorphism
of C*(E, L) determined by

AnSa = Safa and QnPr(B) = Padr(B)
for all @ € A and f € L*(F). The map h — «p from G — Aut(C*(E, L)) is a
homomorphism since « is a labeled graph action on (£, £). Therefore the proof is

complete. O

2.5 Gross-Tucker Theorem
In this section we prove a version of the Gross-Tucker theorem (see [11, Theorem
2.2.2]) for labeled graphs. For directed graphs, the Gross-Tucker theorem says,
roughly speaking, that up to equivariant isomorphism, every free action a of a
group G on a directed graph E is a left translation automorphism 7 on a skew
product graph F/G x. G built from the quotient graph E/G. Our aim is to prove

a similar result for labeled graphs, the new ingredient is the labeling map d found
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in the definition of a skew product labeled graph. Before giving our main result,
Theorem 2.5.15, we introduce some notation and review the Gross-Tucker theorem
for directed graphs.
Definition 2.5.1. Let (E, G, «) be a graph action. For i = 0,1 and z € E' let
Gz :={al(z): g € G}

be the orbit of x under the action of G.
Lemma 2.5.2. Let (E,G,a) be a graph action. For i = 0,1 let (E/G)' = {Gx :
x € E'} and for Ge € (E/G)! let

r(Ge) = Gr(e) and s(Ge) = Gs(e). (2.10)
Then ((E/G)°, (E/G)',r,s) is a directed graph and for i = 0,1 the map ¢' : E* —
(E/G)" given by ¢'(x) = Gz for x € E' defines a surjective graph morphism q =
(®,¢"): E— E/G.

Proof. First we check that r, s from Equation (2.10) are well-defined. Let e, f € E*
and suppose Ge = Gf, then there exists ¢ € G such that a;(e) = f. Then
r(ag(e)) = ad(r(e)) = r(f). So we have
r(Ge) = Gr(e) = Gr(f) =r(Gf).
The argument for s being well-defined is similar, thus ((E/G)° (E/G)',r,s) is a
directed graph.
To see that ¢ is a graph morphism notice that for all e € E' we have
¢’(r(e)) = Gr(e) = r(Ge) =r(q'(¢))
and
¢’(s(e)) = Gs(e) = s(Ge) = s(q'(e)).
Since surjectivity is evident, we have shown that ¢ : £ — E/G is a surjective graph

morphism. O

Definition 2.5.3. Let (E,G,«) be a graph action. The quotient graph E/G is
the directed graph ((E/G)°, (E/G)',r,s) described in Lemma 2.5.2. The map q =

(¢°,¢") : E — E/G is called the quotient map.
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Let ((E, L), G, «) be a labeled graph action. For a € A let
Ga={a;}(a) : g € G} and A/G = {Ga : a € A}.
Lemma 2.5.4. Let ((E,L),G,a) be a labeled graph action and ¢*(a) = Ga for
a€ A Let L/G: (E/G)' — A/G be given by
(£/G)(Ge) = GL(e),
then (E/G,L/G) is a labeled graph over A/G, and ¢ = (¢°,¢", ¢*) : (E,L) —

(E/G,L/G) is a surjective labeled graph homomorphism.

Proof. To see that £/G is well-defined, let e, f € E' and suppose Ge = G f. Then
there exists g € G such that o (e) = f, so that £(f) = L(c}(e)) = o;'(L(e)). Then
(£/G)(Ge) = GL(e) = GL(f) = (L/G)(G ).

Thus £/G is well-defined and hence (E/G, L/G) is a labeled graph over A/G.
Let e € E*. Since
(L/G)(q'(e)) = (L/G)(Ge) = GL(e) = ¢"L(e),
it follows that ¢ = (¢°, ¢*,¢?) : (E, L) — (E/G, L/G) is a labeled graph morphism.
From Lemma 2.5.2 we know that (¢°, ¢') : E — E/G is a surjective graph morphism,
and by definition ¢* : A — A/G is a surjective map. Hence ¢ = (¢°,q',q?) is

surjective. O

Definition 2.5.5. Let ((E, £), G, «) be a labeled graph action. The quotient labeled
graph (E/G,L/Q) is the labeled graph described in Lemma 2.5.4 and the map
q= ("¢, q¢": (E,L) = (E/G,L/G) is the quotient labeled map.

Proposition 2.5.6. Let (E, L) be a labeled graph over the alphabet A, ¢,d : E' — G
be functions and (E X, G,L;) be the associated skew product labeled graph. Let
(Ex.G,Ly),G,T) be the left labeled graph translation action. Then there is a labeled
graph isomorphism Y.q : (E %, G)/G,Ly/G) = (E, L) such that }.q0q = ¢cq
where ¢eq: (Ex.G,Ly) = (E, L) is the labeled graph morphism from Lemma 2.4.9.

Proof. We begin by defining ¢, 4. For i = 0,1, let ¢ : ((F x.G)/G)" — E" be given
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by ¥!(G(x,q)) = x, where z € E’, and let wc(lAXG)/G : (A x G)/G — A be given by
ch(lAXG)/G(G(a, g)) = a for a € A. We check 9? is well-defined, the other cases being
similar. If G(v, g1) = G(w, g2), then there is an h € G such that 72(v, g1) = (w, ga);
so that (v, hgy) = (w, g2). Hence v = w and g = hg;, which implies
Ve (Gv, g1)) = v =P (G(v, hgr)).
Now we show that (¢°,9!) is a graph isomorphism. Let G(e,g) € ((E x.

C

(G)/G)! and notice that
e (r(Gle, 9))) = ve(Gr(e, 9)) = U (G(r(e), ge(e)) = r(e) = r(v.(Gle, 9)))-

Similarly

(s(Gle, 9))) = ¥2(Gs(e, 9)) = ¥AG(s(e), 9)) = s(e) = s(1(Gle, 9))).

To see that ¥ is injective, let G(v1, g1), G(v2, g2) € ((E%x.G)/G)° and suppose
PG (v1,91)) = ¥2(G(v2, g2)). Then we have v; = vy and since G is a group there
exists g3 € G such that g; = g3gs. Thus (v, 1) = (v1,9392) = Ty, (v1, g2), which
means G(vi, g1) = G(v2, g2). So ¥ is injective.

Let v € E° Since ¢°(G(v,g)) = v it follows that ¢ is surjective. Similar

arguments show that ¢! and wC(lAXG)/  are bijective. Hence (¢0,1?) is a graph

isomorphism and ngXG)/ “ s bijective.
It remains to show the equation from Definition 2.3.4(2): let G(e, g) € ((F X,
(G)/G)' and notice that

§XVC o £4/G(Gle, g) = w5 (G (Lale, 9))
= i CG(L (), gd(e))
= L(e)
= Loy} (Gle.g)).

0yl u )

So we have shown that 9.4 = (¢, is a labeled graph isomorphism.

Lastly, we show that 1,40 q = ¢.q. Let (z,9) € (E x.G)". Then
Ve o q(x,9) = v(G(x,9) = = ¢z, 9).
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Similarly for (a,g) € A x G we have
Ui 0 0, g) = 0 VUG, 9)) = a = 677, ).

Thus the result has been proven. O

Ezample 2.5.7. Recall the labeled graphs (F, £) and (E X .Z, L;) from Example 2.4.6
(2). For the left labeled graph translation action ((E X.Z, Ly),Z, T) we have ((E X,
Z)/Z,L,/Z) = (E, L) by Proposition 2.5.6.

Definition 2.5.8. Let F, E be directed graphs. A surjective graph morphism p :
F — E has unique path lifting property if given u € FY and e € E' with s(e) = p°(u)
there is a unique edge f € F' with s(f) = w and p'(f) =e.

Lemma 2.5.9. Let (E,G,«a) be a free graph action. Then the quotient map q =

(°,¢") : E — E/G has the unique path lifting property.

Proof. Let u € E° and Ge € (E/G)* be such that s(Ge) = ¢°(u). Then

Gs(e) = s(Ge) = ¢°(u) = Gu,
and since the action is free, there exists a unique g € G such that ags(e) = u. So
f = aj(e) has the required property, that is s(ag(e)) = u and ¢*(a,(e)) = Ge. So

q = (¢",¢") is a graph morphism with the unique path lifting property. O

Definition 2.5.10. Let (E,G,a) be a graph action and ¢ = (¢°,¢') : E — E/G
be the quotient map. A section for ¢* is a map 7' : (E/G)" — E' for i = 0,1 such
that ¢' o' = id(g/q):-

Lemma 2.5.11. Let (E,G,a) be a graph action and ¢ = (¢°,¢*) : E — E/G be the

quotient map. A section n° for ¢° uniquely determines a section n' for ¢' such that

s(n*(Ge)) = n°(s(Ge)) for alle € E". (2.11)

Proof. By Lemma 2.5.9, the quotient map ¢ = (¢°,¢') : £ — E/G has the unique
path lifting property. We use this property to define a section n! : (E/G)! — E*
for ¢! in the following manner. Fix Gv € (E/G)°, then for each Ge € (E/G)*

with s(Ge) = Guv there is a unique f € E! satisfying ¢*(f) = Ge = Gf and
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s(f) = n°(Gv). Let n'(Ge) = f, which is well-defined since the source map on

E/G is well-defined. Since ¢!'(n'(Ge)) = ¢*(f) = Ge it follows that n' is a section.

Uniqueness follows from the unique path lifting property of q. O

The following is a restatement of the Gross-Tucker Theorem found in [11,
Theorem 2.2.2].
Theorem 2.5.12. Let (E,G,a) be a free graph action. For every section n° :
(E/G)° — E° for ¢° there is a function ¢, : (E/G)' — G such that (E,G,a) is
isomorphic to (E/G X, G,G,T).

Proof. We begin by fixing a section ° : (E/G)? — E° for ¢°. By Lemma 2.5.11
there is a section ' for ¢! such that
s(n'(Ge)) = n"(Gv) = 11°(s(Ge)). (2.12)
We now define the map ¢, : (E/G)' — G. Suppose that Ge € (F/G)" and
f =n'(Ge), then
¢’(r(n'(Ge))) = ¢"r(f) = Gr(f) = r(Gf) = r(Ge) = ¢°(n°(r(Ge))).
As (E,G, ) is free, there is a unique h € G such that a?n°(r(Ge)) = r(n'(Ge))
and we may set ¢,(Ge) = h which is well-defined since the range map on E/G is
well-defined. In other words, for each Ge € (E/G), ¢,(Ge) is the unique element
of G satisfying
02 o (r(Ge)) = (i (Ge). (213
Next we show that the directed graphs £/G x., G and E are isomorphic. We
begin by constructing maps ¢! : (E/G X, G)" — E', for i = 0,1. For (Gv,g) €
(B/G %, G)° we define ¢ (Gv, g) = agn’(Gv) and for (Ge, g) € (E/G ., G)' we
define ¢} (Ge, g) = ayn'(Ge). We claim that the pair ¢., = (47 , ¢, ) is a graph
morphism. Let (Ge, h) € (E/G x., G)', then by Equation (2.13)
0, (r(Ge, 1)) = 60 (r(Ge). hey(Ge)) = afal(r(Ge)

= ayr(n' (Ge)) = r(oyn’' (Ge)) = (¢, (Ge, b))
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and by Equation (2.12)

= ays(n' (Ge)) = s(ayn'(Ge)) = s(d, (Ge, ).
Our claim is established.

Now we must show that ¢7 and ¢ are bijections. To see ¢ is injective, we
suppose that (Gui, h), (Guy, k) € (E/G x., G)° satisfy ¢ (Gvi, h) = ¢0 (Guva, k).
Then apn°(Gvy) = afn’(Gus), and so af _,a)n®(Guvy) = n°(Gus). It follows that

Guz = ¢°(11°(Gua)) = ¢°(af-1apn°(Gu1)) = ¢°(n"(Gw1)) = Gor.
Now we have af _,a)n°(Gvy) = n°(Guvy). Since (E, g, @) is free we must have k~'h =
lg, and so h = k. Tt follows that (Gvi, h) = (Gvy, k) and ¢7 is injective.

We check that ¢ is surjective. Let v € E then ¢°(v) = Gu. Tt follows that
v = apn’(Gu) for some h € G and so ¢) (Gv,h) = apn’(Gv) = v. Hence ¢ is
surjective. The proof that ¢ is bijective is similar. Thus ¢, : (E/G X, G) = E
is an isomorphism.

To complete the proof of this theorem it remains to show that ¢., o7, = ayo¢.,

for all g € G. Notice that for all (Gv,h) € (E/G x,, G)° and g € G we have
Be, (14 (G, h)) = ¢ (Gv, gh) = ag,n"(Gv)
= agapn’(Gv) = a2¢8n (Gu, h).
The argument for (ﬁ}:n is similar and we have established our result.

]

Corollary 2.5.13. Let (E,G,a) be a free graph action. Suppose that n°, k° :
(E/G)° — E° are sections for ¢° and let ¢, ¢, : (E/G)" — G be as in Theo-

rem 2.5.12. Then ¢, ~ c,.

Proof. Suppose 1°, % : (E/G)° — E° are sections for ¢° : E — E/G, that is
°(n°(Gv)) = Gv = ¢°(k°(Gv)) for all Gv € (E/G)°. Then, as in the proof of

Theorem 2.5.12, there are sections n',x! : (E/G)! — E! for ¢! and functions
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Gt (E/G)Y — G characterized by
A, (ce) 011" (1(Ge)) = r(n' (Ge)) (2.14)
agﬁ(ce) o K(r(Ge)) = r(k*(Ge)) (2.15)
for all Ge € (E/G)*.

We now define the map b : (E/G)? — G. Since ¢°(k°(Gv)) = ¢°(n°(Gv))
and (F,G, ) is a free graph action, there is a unique h € G such that 7°(Gv) =
a%k%(Gv) and we may define b(Gv) = h. In other words, for each Gv € (E/G)",
b(Gw) is the unique element of G satisfying

n’(Gv) = ab K2 (Gw). (2.16)

Applying Equation (2.16) with Gv = r(Ge) we obtain

1((Ge)) = 0§y ((Ge)
so by substituting into Equation (2.14), we obtain
r(n'(Ge)) = g, (o)W (cep i’ (1(Ge))- (2.17)

Now applying Equation (2.16) with Gv = s(Ge) we obtain n°(s(Ge)) =

ab(s(Ge k(s(Ge)). Since s(n'(Ge)) = n°(s(Ge)) and s((k*(Ge)) = K°(s(Ge)) we

have
n'(Ge) = ab (s(Ge ( L(Ge)), (2.18)
and since ay(s(e)) 1s a graph morphism we obtain
7“(771<G€)) = T<a;(s(Ge))(K/l<Ge))) = Oéb( (Ge) )7”( (Ge)). (2.19)
So, by substituting Equation (2.15) into Equation (2.19), we obtain
r(n (Ge)) = 0%( (Ge)) e, (Ge ( (Ge)). (2.20)

Comparing Equations (2.17) and (2.20), we have

Ofgn(ce)ag( (Ge)F \T ( (Ge)) = ag(s(Ge))ag,ﬁ(Ge)I{O(T(e))‘

Since the action of (E, G, «) is free it follows that ¢, (Ge)b(r(Ge)) = b(s(Ge))c.(Ge)

as required. O

Definition 2.5.14. Let ((E, £), G, o) be a labeled graph action and let ¢ : (E, L) —

(E/G, L/G) be the quotient map. A section for ¢* is a map n* : A/G — A that
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satisfies ¢ o 4 = id4/q.

Let ((F,L),G, ) be a labeled graph action and let ¢ : (F, L) — (E/G,L/QG)
be the quotient map. By Lemma 2.5.11 a section 7° for ¢ uniquely determines
a section n' for ¢*, which in turn can be used to form a section n* for ¢*: For
Ga € A/G let Ge € (E/G)! be such that £/G(Ge) = Ga, then define n(Ga) =
L(n(Ge)). One checks that n* defined this way is a section. One must ask if n* is
uniquely determined by n'. Notice that if the labeling is trivial, then n* is uniquely
determined by n'. However, in general, 7! not uniquely determined by n': Suppose
Ge and Gf have the same label Ga and L(n'(Ge)) # L(n'(Gf)). If we use Ge to
define 7, then we get a different function from the one we get if we use G f.

The following is a labeled graph version of the Gross-Tucker Theorem.
Theorem 2.5.15. Let ((E,L),G,a) be a free labeled graph action. Let n°,n* be
sections for q°,q* respectively. There are functions c¢,,d, : (E/G)' — G such that

(£, £),G, ) is isomorphic to (E/G x., G,(L/G)a,),G,T).

Proof. By Theorem 2.5.12 there is a function ¢, : (E/G)! — G and a graph iso-
morphism ¢ = ( gn, (1:77) : B/G X, G — E which is equivariant. Recall from the
proof of Lemma 2.5.11 there is a section n' for ¢' such that for Ge € (E/G)' we
have n'(Ge) = f where f € E' satisfies ¢'(f) = Ge. We begin by fixing a section
nt: A/G — A for ¢*. We now define the map d, : (E/G)" — G. Since

¢ (L)G(Ge)) = ¢*n ' (L/G(GS)) = ¢*n* (GL(f))

= GL(f) = " L(f) = ¢"Ln' (Ge)
and ((E,L),G,a) is free, there is a unique k € G such that af'n*((L/G)(Ge)) =
L(n*(Ge)) and we may define d,(Ge) = k. In other words, for each Ge € (E/G)?,
d,(Ge) is the unique element of G satisfying
ey (L/G)(Ge)) = L(n'(Ge)). (2.21)
Now we shall construct a map d)ﬁn/GXG : A/G x G — A. For each (Ga,g) €

A/G x G we define (b:;/GXG(Ga,g) = a;'n*(Ga). So it remains to show that the
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A/GXG

map ¢y : A/G x G — A satisfies Definition 2.3.4 (2), is a bijection and is

equivariant. To check qu/GXG o (L/G)a, = Lo ¢, we note that by Equation (2.21)

2o (L)G)a(Ge,h) = 67/ (L) G)(Ge), hd,(Ge))

= af“ﬁ(ae)ﬂA(ﬁ/G(Ge))
= a5 L(n'(Ge)) = L(ayn' (Ge)) = Lo ¢, (Ge, h)
for all (Ge,h) € (E/G x., G)'.

To see that gbi{GXG is injective, suppose that (Gay, h), (Gas, k) € A/G x G
satisfy gbA/GXG(Gal,h) = fn/GXG(GaQ,k). Then ai'n(Ga,) = ai'n?(Gay), so we
have

Gay = ¢ (1" (Gap)) = ¢* (i1 (Gar)) = ¢* (1 (Gay)) = Gay.
Now o', ai'n(Gar) = n*(Gay), but since ((E, £), G, ) is free we have k~'h = 15,
so h = k. Therefore (Gay, h) = (Gas, k) which shows QSQI/GXG is injective.

We show that gbA/ GG g surjective. Let a € A. Then there exists e € E' such
that L(e) = a, so Ge € (E/G)" satisfies ¢, (Ge,h) = e. Since (£L/G)(Ge) = Ga
and by Equation (2.21) we have

o (Ga, hd, (Ge)) = 6,/ ((L/G)(Ge), hdy(Ge)) = ajta e (L/G)(Ge))
= L(oyyn' (Ge)) = L(e) = a.
Therefore gbj/ GG g surjective.

A/GxG

To see that ¢} is equivariant notice that for all (Ge,h) € (E/G x G)!

and g € G we have

G O (4 (G, ) = 6,/ (Ge, gh) = alaili (Ge) = a3/ (Ge, ).
Thus @, 4, = (de, s e, » ;27/ “*%) is an isomorphism of labeled graph actions as re-
quired. O
Remark 2.5.16. It is not possible to prove the Gross-Tucker theorem for labeled
graphs (Theorem 2.5.15) without using the function d, : (E/G)* — G in the def-

inition of the skew product labeled graph (E/G x., G,Ly,). The function d, is
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there to accommodate the case where there are two edges in F/G with the same

label. If Ge and G f have the same label Ga, then d, describes the possibly different

translations of £(n'(Ge)) and L(n'(Gf)) by a to n*(Ga) (see Equation (2.21)).
We illustrate the problems mentioned in the previous paragraph with the

following concrete example. Consider the following labeled graph (E, £).

(v,0) (1,0 (v,1) (1,1) (v,2) (1,2) (v,3)

(w,0) (w,1) (w,2) (w,3)

By Lemma 2.4.16 and Proposition 2.5.6 there is a free labeled graph action
((E,L),Z,a) with quotient (E/Z, L/Z) as shown below.

0
f
1 v w
g
0

Let n°(v) = (v,0) and 7°(w) = (w,2), then the section n' as defined in
Lemma 2.5.11 is given by n'(e) = (e,0), n'(f) = (f,0), and n'(g) = (g,2) as shown

below.

(v,0) (1,0) (v,1) (v,2) (v,3)

(w,0) (w,1) (w,2) (w,3)
Note that ¢,(e) =1, ¢,(f) = —1, and ¢,(g) = 3.
Observe that f, g € (E/Z)' have the same label, however L(n'(f)) = (0,0) #
(0,2) = L(n'(g)). If we define n using f, then we have n4(0) = (0,0). If a skew

product labeled graph is defined without using the function d, then the labeling
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map on E/Z x., Z is given by L'(x,n) = (L/Z(x),n) for all (z,n) € (E/Z x Z)".
The map ¢, = ( gn, in, ¢*/%*Z) fails to be a labeled graph isomorphism because
PME Lol = Lo gbin does not hold. For instance,

o2 0 L(g,0) = ¢EE(L)Z(g), 0) = ¢"/#¥%(0,0) = 77(0) = (0,0)
whereas

Lo ¢, (9,0) = L(n'(g9)) = L(g,2) = (0,2).

The problem we have just described above came about because L(n'(f)) =
(0,0) and £L(n*(g)) = (0,2). The function d,, accounts for this difference: According
to Equation (2.21) d,(g) = 2, since a3'(0,0) = (0,2), whereas d,(f) = 0. Hence
do(9) # dy(f) even though L(g) = £(f).

We briefly pause to consider the effect of making a different choice for the
section g™
Definition 2.5.17. Let ¢, ¢y : E' — G satisfy ¢; ~p co. Functions d;,dy : E* —
G are related (and we write d;éedy) if there is a function ¢t : A — G such that
b(s(e))da(e) = di(e)t(L(e)) holds for all e € E*.

Corollary 2.5.18. Consider the function d, in the proof of Theorem 2.5.15. If we

choose a different section k* for ¢** then the corresponding function d, : (E/G)' —

G is such that d,ded,..

Proof. Suppose n,k* : A/G — A are sections for ¢* : A — A/G, that is
¢*(n*(a)) = a = ¢*(k*(a)) for all a € A. Then, as in the proof of Theorem 2.5.12,

there are sections n', k' : (E/G)' — E' and functions d,,d, : (E/G)! — G charac-

terized by
g ey © 1 (L/G(Ge)) = L(n'(Ge)) (2.22)
Ozi(Ge) o kA(L/G(Ge)) = L(K'(Ge)) (2.23)

for all Ge € (E/G)".
We now define the map t : A/G — G which implements d,éd,. Since

A (k*(Ga)) = ¢*(n*(Ga)) and a* is a free action of G on A there is a unique
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h € G such that n(Ga) = a7tk (Ga) and we set t(a) = h. In other words, for each
Ga € (A/G), t(a) is the unique element of G satisfying
n(Ga) = at(Ga A(Ga). (2.24)
Fix Ge € E'/G and set a = L/G(Ge) in Equation (2.24) to obtain n*(£/G(Ge)) =
(z:/G(Ge e A(L/G(Ge)). Now substitute this into Equation (2.22) to obtain
L(n'(Ge)) = aj) (e Qiic/ceent (L/G(Ge)). (2.25)

Recall Equation (2.18) which is ' (Ge) = ;) k! (Ge) and notice that

(s(Ge))
L(n'(Ge)) = £(%(s(Ge) r!(Ge)) = ﬁs(ce))ﬁ('fl(Ge))-
Now apply Equation (2.23) to obtain
L(n'(Ge)) = ey ay (o)™ (L/G(Ge)). (2.26)
Comparing Equations (2.25) and (2.26) we have
o, (Ge)at(ﬁ/G Ge)) (ﬁ/G(Ge)) = ab(s(ae))ai Ge)l¥ (£/G(Ge))
Since the action of a* on A is free we have d,(Ge)t(L/G(Ge)) = b(s(Ge))d,(Ge)

as required. O

2.6 Coactions on Labeled Graph Algebras

For graph algebras, a function ¢ : E* — G induces a coaction 6 on C*(FE). One
should expect, therefore, that the functions ¢, d : E* — G would induce a coaction
on C*(E x.G,L;). However, it is not as straightforward as one might think. For
further information about coactions of discrete groups see [26].
Remark 2.6.1. If (E, L) is left-resolving, then (FE X .G, L) is also left-resolving since
for (v,g9) € E°x G

“H(v,9) ={(e, gc(e) ™) 1 r(e) = v}
Hence L, restricted to r~!(v, g) is injective as
La(r~(v,9)) = {(L(e), ge(e)"d(e)) : 7(e) = v}.

Definition 2.6.2. Let (E, L) be a labeled graph. A function ¢ : E' — G is label

consistent if whenever e, f € E' satisfy L(e) = L(f) we have c(e) = ¢(f).
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Notice that if a function ¢ : E' — G is label consistent, it induces a well-
defined function C' : A — G such that C(a) = ¢(e) where L(e) = a. The function C' :
E' — Ais called the map induced by c. For 8 € L"(E) let C(8) = C(B1) ---C(B,)
then C' : A — G extends to a function C' : A* — G. For f € L"(E) we denote
B'= P+ Bp-1 so that B = 3'B,.

Recall from Remark 2.4.3 that we write paths in (E x. G)* as pairs (u, g)
where p € E*, g € G, s(p, 9) = (s(n), 9), and r(p, g) = (r(p), ge(u))-

The following Proposition is a partial converse of Proposition 2.4.10.
Proposition 2.6.3. Let (E,L) be a labeled graph and ¢. : E x. G — E be the
surjective graph homomorphism from Lemma 2.4.9. In addition, let p,v € E* and
¢,d : E' — G be label consistent functions. If L*(u) = L*(v), then Li(u,g) =
L:(v,g) for all g € G.

Proof. Notice that

L, 9) = La(pa, 9)Lalp2, gc(pr)) - - - La(pin, ge(p'))

which equals
(L(p), gd(pa))(L(p2), ge(pa)d(pz)) - - - (L(ptn), ge(p)d(pin))-
Similarly
Li(v, ) = (L(n), gd(11))(L(v2), ge(r1)d(vs)) - - - (L(vn), ge(v)d(vn)).
Since L£*(u) = L*(v) we have L(u;) = L(v;) for all i = 1,--- ;n. As c is label
consistent, this implies c¢(y;) = ¢(v;), and so d(p;) = d(v;) for all ¢ = 1,--- | n.

Hence £}(u, g) = L3(v, g) as required. O

Recall from Remark 2.4.3 that may identify (E x. G)* with E* x G. We shall now
show that if ¢,d : E' — G are label consistent then we may identify L£5(F X. G)
with £*(F) x G.

Definition 2.6.4. Let ¢,d : E' — G be label consistent functions with correspond-

ing induced maps C, D : E* — A. For 8 € L"(E) and g € G we define
(B,9) = (B1,9D(51))(B2, gC(B1) D(B2)) - - - (Bn, gC(B") D(Bn))- (2.27)
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Remark 2.6.5. Let p € E* be such that £*(u) = 3, then since d is label consistent

we have

Ly, g) = (L(p1), gd(p1))(L(p2), ge(pn)d(p2)) - - - (L(pn), ge(p')d(in))
Ly, 9) = (B1,9D(61)) (B2, gC(B1)D(B2)) - - - (Bn, 9C(B")D(Bn))

Lo, 9) = (L£7(n), 9) = (B, 9)- (2.28)
Hence for 5 € L"(F) and g € G we have (f3,9) € L3(E x.G). Equation (2.27) gives
an identification between £*(E) x G and L}(E x. G).

The following Lemma indicates the behavior of the range and relative range
maps under the identification in Equation (2.27).
Lemma 2.6.6. Let c,d : E' — G be label consistent functions. Let a € A, B €
LX(E), and g € G. Then under the identification of L*(E) x G with L3(E x.G) we

have
1. For (B8,g9) € L*(E) x G we have r(8,9) = (r(B),9C(B8)) € E(r, L) X G.

2. For (r(8),g9) € E(r, L) x G and (a,h) € Ax G we have r((r(B),g), (a,h)) =0

if g # h and r((r(B),9), (a, 9)) = (r(Ba), gC(a)) otherwise.

3. E(r,Lq) = E(r, L) x F(G), where F(G) denotes the collection of finite subsets
of G.

Proof. To see (1) observe that for (8, ) € £L*(E) x G we have
r(B8,9) = r((Br, gD (B1))(B2, gC(B1) D(B2)) - - (Bn, gC(B)D(Bn))) by (2.27)
r(B8,9) = {r((u1, 9)(p2, gc(p1)) -+ - (pn, ge(p))) + L(1) = B} by (2.28)
r(8,9) = {(r(n), ge(p)) : L*(1) = B} by (2.7)
r(B,9) = {(r(n), gC(B)) : L*(1) = B} since c is label consistent. (2.29)
Hence we may identify (8, g) with (r(8), gC(8)).
For part (2) in order to compute r((r(8), ¢)(a, g)) we must identity the set

of vertices in (r(f), g) and source of the edges with label (a,h). Using (2.29) we



45

have (r(8), gC(8)™Y) = {(r(1), g) : £*(1) = B}. Observe that (e, h) with L(e) = a
is such that La(e,h) = (a,h) by (2.28). Now s(e,h) = (s(e),h) by (2.7) and so
s(e,h) € (r(8), g) if and only if s(e) € r(3) and g = h. Hence
r((r(8),9)(a,g)) = {r(e,g) : s(e) € r(B), L(e) = a}
={(r(e),9C(a)) : s(e) € r(B), L(e) = a}
by (2.7) and since c is label consistent
= {(r(ue),9Ca) : L(e) = a, L7 () = 5}
= (r(Ba), gC(a))
as required.
To see (3) recall that £(r, £g) is the is the smallest accommodating subset of
2E°%G containing 7(8, ). Notice that (1) and (2) tell us that the sets generating
E(r, Lq) are of the form (r(8),g)) for some B € L*(E),g € G. Since &(r, L) x

2E'O><G

F(G) is the smallest accommodating subset of containing (r(f), g)) the result

follows. O]

The following lemma is an analog of [13, Lemma 3.2].
Lemma 2.6.7. Let (E, L) be a left-resolving labeled graph, let G be a discrete group,
and let ¢ : EY — G be a label consistent function. Then there is a coaction § :
C*(E,L) — C*(E, L) ® C*(G) such that
0(54) = Sa ® Uc(a) and S(pr(g)) = Pr(p) ® U1 (2.30)
where {sq,prg} is a unwersal Cuntz-Krieger (E, L)-family and {uy, : g € G} are

the canonical generators of C*(G).

Proof. Since s, and p, (g are nondegenerate, s, ® uc(q) and p,(g) @, are nondegen-
erate. We claim that {s, ® uc(a), Pr(s) ® t1,} form a Cuntz-Krieger (£, £)-family.
To verify (CKla) of Definition 2.2.11 observe that for g,w € L*(E)

(Pr(s) @ 1) (Pr(w) @ 1) = Pr(s)Prw) ® g
it follows that (p.(g) ® w1, ) (Pr(w) @ u1,,) = 0 if and only if r(8) Nr(w) = 0. To verify
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(CK2) of Definition 2.2.11 observe that for § € £*(E) and a € A we have
(Pr(s)@16) (8 DUC(a)) = Pr(p)5aDUC(a) = SaPr(ga) DUC(a) = (SaBUC(w)) (Pr(pa) Dt1)-
The proof of (CK1b), (CK3) and (CK4) from Definition 2.2.11 follow from similar
calculations. Thus the claim has been shown. So the universal property gives a
nondegenerate homomorphism 7g p : C*(E, L) — C*(E, L) ® C*(G) which satisfies
(2.30). Let 06 = mgp, let v be the canonical gauge action on C*(F, L) defined in
Equation (2.5), and define a strongly continuous action of T on C*(E, L) ® C*(Q)
by v ® 1.1 We claim that d 0y, = (7, ®id) o § for all = € T. Notice that for
Sq € C*(E, L) we have
3(7:(54)) = 8(2"s0)
= 25, ® uc(a)
— (. @ id)(5 ® u(w)

= (7. ®id)(6(s4))-
The proof for p,g) is similar, thus the claim has been shown. If r(3) C r(w)
then as the family {s,,pr(3)} is a universal Cuntz-Krieger (FE,L)-family we have
Pr(8) 7 Pr(w) and so Ppgy # Py and so by Theorem 2.2.18 the map 0 is injective.
So by Theorem 2.2.18 ¢ is injective. Lastly, we must show that the coaction identity
(d®id)od = (id ®d¢) 0 d holds on generators s, and p,(g). Recall that i : C*(G) —
C*(G) ® C*(G) is the canonical coaction given by u, — u, ® u,. Then for s, we
have
(0 @id) 0d(sq) = (6 ®1d) (54 @ uc(a) = (S0 @ Uc(a) ® Uo(a)
= 84 ® (Uc(a) ® Uc(a)) = (Id ®6a)(Sa @ Uc(a))

= (ld ®6g) e} 6<Sa>.

'For all s, ® uy € C*(E, L) ® C*(G) the map z — (28,4, uy) is continuous.
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Similarly, for p,.(3) we have
(0 ®@id) 0 6(pr(s)) = (0 @1d)(pr(s) @ U1) = (Pr(s) @ 1) @ Uig
= Pr(p) ® (U1 ® Ur1,) = (1d ®3c)(Pr(s) ® ui1,)
= ([d®da) © 6(pr(s))-
Since the coaction identity holds on generators, it will extend by algebra and con-

tinuity to all of C*(F, £) and completes the proof. ]

By Theorem 2.4.18 the left labeled graph translaction action ((F x.G,Ly),G,T)
defined in Definition 2.4.17 induces an action 7 : G — Aut C*(E'x .G, L;). When we
identify £(E x.G) with £*(E) x G this action may be described on the generators
of C*(E x.G, Ly) as follows: For h,g € G, a € A, and § € L*(E) we have

Th(Sa,9) = Sa,ng a0d T (Dr(8),9) = Pr(8),hg- (2.31)
Theorem 2.6.8. Let (E, L) be a left-resolving labeled graph, let G be a discrete
group, let c,d : E* — G be label consistent functions, and let § be the coaction from
Lemma 2.6.7. Then

C*(E, L) xs G=C"(E x.G,Ly)

equivariantly for the dual action 5 of G on C*(E, L) x5 G and the action 7 of G on

C*(E x. G, L) described in (2.31).

Proof. For each g € G, let C*(E, L), = {b € C*(E,L) : 6(b) = b® uy} denote
the corresponding spectral subspace; we write b, to denote a generic element of
C*(E,L)y. ? Then C*(E,L) x5 G is densely spanned by the set {(by, h) : b, €
C*(E,L), and g, h € G}, and the algebraic operations are given on this set by
(bg, ) (br,y) = (bgbn,y) if y =h7'z (and 0 if not), and  (by, z)* = (b}, g).
If (jo=(B,z)sjc) is the canonical covariant homomorphism of C*(E, L) into

M(C*(E, L) x5 G) then (by, x) is by definition (jo=(g,2)(bg)jc(X{z}))

2This subscript convention conflicts with the standard notation for Cuntz-Krieger families: each
partial isometry s, is in C*(E, £)¢(q), and each projection p,(g) is in C*(E, L)1,. We hope this
does not cause confusion.
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We aim to define a Cuntz-Krieger (E x. G, L)-family in C*(E, L) x5 G by

identifying L£5(E x. G) with £*(E) x G and letting
tag = (5, Cla)"'g7") and r(p).g = (Dre) 9
fora,ge Ax G, g€ L(F) and g € G.

Conditions (CK1la) and (CK1b) of Definition 2.2.11 follow directly from the
definitions. To verify (CK2) of Definition 2.2.11 notice that by Lemma 2.6.6(2) we
have

Gr(@)gtag = (Pr(e) 9 )(sa, Cla) 'g™)
= (Pr(#)5a: C(a) 'g™)
= (SaPr(pa), Ca)'g7)
= (52, C(a) g™ ) (Pr(ga), Ca) g ™)

= ta,gqr(8a),gC(a)

= lagr((r(8).9)(a.9))-
Note that by Lemma 2.6.6(1) we have

t:,gta,g - (Sm O(a)_lg_l)*(saa O(a)_lg_l)

= qr(a) ,9C(a)

= Qr(ag)-
Therefore (CK3) of Definition 2.2.11 is satisfied.

If 7(3) contains no sinks then r(8),g = r(3,9C(3)!) contains no sinks and
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we have

qr(B),g = (pr(ﬁ)agil) - (Z Sapr(ﬂa)sz,gil)
acA

- Z (Sapr(ﬁa)527 gil)

acA

= (Sabr(paysi, C(a)C(a) g™")
acA

= > (5, C(a) " g ) (Pr(sa), Cla) g7 (55, Ca)C(a) ')
acA

=D (5a,C(a)" g™ )(pr(pa), C(a) " g™ ) (54, Cla) g ™)"
acA

=Y taglr(a)gci@teg
acA

= Z ta’th((579)7(a7h))t27h by Lemma 2.6.6 (2).
a,he AXG

This shows that {t, 4, ¢r(s)¢} is a Cuntz-Krieger (£ x. G, £)-family.

We use the universal property of the graph algebra to get a homomorphism
Mg : C*(Ex.G,Ly) = C*(E, L) x5G such that m(sq4) = tag and 7(pra).9) = @84
and we shall prove that it is injective using Theorem 2.2.18.

From the proof of Lemma 2.6.7 the gauge automorphisms v, defined in Equa-
tion (2.5) commute with the coaction ¢ in the sense that 6(v,(y)) = 7. ®1id((y)) for
y € C*(F, L), and hence by the universal property of the crossed product induce
automorphisms 7, X5 G of C*(E, L) x5 G. Thus there is a strongly® continuous

action v X5 G of T on C*(F, L) x5 G such that

(73 X G)<bgv‘r) = (’Vz(bg)7x)'

3For all (sq,2) € C*(E, L) x5 G the map z + (254, 2) is continuous.
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Since
(m1,0) (V2(Sa.9)) = 1,q(2(5a,9))

= (2504, Cla)"'g™")
= (7 %5 G)(8a,9, Ca) 'g7")
= (72 X5 G)(meq(5a,)),

and

(Te.a) (V= (Pris).0) = (Pr), 97 1) = (12 X5 G) (Teg(Pris)))

it is straightforward to check that 7, 07, = (7, X5 G) om, for all z € T.

If (r(8),9) € (r(w),h), then as the family {s. 4, prg)¢} is a universal Cuntz-
Krieger (Ex., Lg)-family we have p,s)g # Prw),n and S0 Gr(g)g 7 r(w),» and so by
Theorem 2.2.18 it follows that m;, is injective.

It remains to show that m;, is surjective. Observe that C*(E, L) x5 G is
generated by (sq, g) and (p,(s), h). Since

Ttg(Sag-10(a)-1) = tag-1c(@)-1 = (54, C(a) 7' C(a)g)
and 7 (prs)p-1) = (Pr(a), h), we see that m 4 is surjective. Hence 7,4 : C*(E x
G,L;) — C*(E, L) X5 G is the desired isomorphism.

The C*-algebra C*(E x. G, Ly) carries an free labeled graph action ((£ X,
G,Ly),G, 7). Tt also carries an action of T, namely the gauge action v,. The C*-
algebra C*(E, L) x5 @ carries an action 6 of G via the formula gh(bg, z) = (by,xh™1).
It also carries an action of T, namely v, x5 G defined above.

We need to check that m, is equivariant for the G actions, we claim that
Mg O Ty = 5:] om, for all g € G. Notice that for all s, € C*(E X, G, Ly)

T1q© Ty(San) = Teq(Sagn) = (50, C(a) 'h7'g™") = 0y (5a, Ca) " h™") = 85 0 1 g(50)
and similarly m, o 7,(p), b)) = (5 o Ty q(r(gy, b)) for prayn € C*(E x. G, Ly).
Since we have checked 7,07, = 59 o m 4 on the generators, the claim holds.

We claim that 7, is equivariant for the T actions, that is m, 07, = (7, X
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G) om g for all z € T. Notice that for all s,, € C*(E x. G, Ly)
T1,q9Y=(8an) = Trg(28an) = (250, C(a) 'h™") = (12X G) (50, C(a) 'h™") = (72 %3G )om g (San)
and similarly 7, 407, (pr(g, h)) = (7. X G) oy 4(pr(s, h)) for prgyn € C*(E x.G, Ly).

Since we have checked 7 407, = (7, X G)om, on the generators the claim holds. [

Theorem 2.6.9. Let (E, L) be a left-resolving labeled graph, let G be a discrete
group, let c,d : EY — G be label consistent functions, and let T the action of G on
C*(E x.G,Ly) from (2.31). Then

C*E x.G,Ly) %rp G=C*(E, L) @ K(*(Q)).

Proof. Since the isomorphism of C*(E x. G, L,) with C*(E, L) x5 G is equivariant
for the G-actions 7, ;5\, respectively, it follows that

C*(E %G, L) X7y G=CYE, L) X5 G x5, G.
Following the argument in [13, Corollary 2.5], Katayama’s duality theorem [14] give
us that C*(E, £) x5 G x5, G is isomorphic to C*(E, £) ® K(£*(G)), as required. [

2.7 Additional Remarks

Free actions

If (E,L),a,G) is a free labeled graph action then the Gross-Tucker Theorem
for labeled graphs, Theorem 2.5.15 says that there are functions ¢, d,, : (E/G)' — G
such that ((E/G x., G,(£L/G)a,),7,G) = ((E,£),a,G). We would like use The-
orem 2.6.8 and Corollary 2.6.9 to conclude that C*(E, L) X,, G is isomorphic to
C*(E/G,L/G) @ K(*(G)). However, as yet we do not know when the functions
¢y, dy + (E/G)' — G are label consistent. We know this is not true in general:
In the example given in Remark 2.5.16 we have (£/G)(f) = 0 = (£/G)(g), how-
ever ¢,(f) = —1 # 3 = ¢,(g). We must therefore examine conditions on the free
labeled graph action ((£, £), G, ) which ensure that the functions ¢, d, from The-
orem 2.5.15 are label consistent.

Definition 2.7.1. Let (F,G, ) be a free graph action. The set T C E° is a
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fundamental domain for (E,G,a) if for every v € E° there exists ¢ € G and a
unique w € T such that v = agw.

A free graph action (E,«,G) always has a fundamental domain (see [6]) as
the image of every cross section 7° for ¢ describes a fundamental domain.
Definition 2.7.2. Let ((E, L), G, a) be a free labeled graph action. A fundamental
domain for ((E, L), G, a) is a fundamental domain for (E, G, «) such that for every

e, f € B we have
1. if r(e),r(f) € T, and GL(e) = GL(f), then L(e) = L(f) and
2. if s(e),s(f) € T, and GL(e) = GL(f), then L(e) = L(f).

The following example illustrates that there exists labeled graphs that do not

have fundamental domains.

Example 2.7.3. Consider the following labeled graph
(v,:l) (1,—1) (ULO) (1,0) (Ull) (1,1) (Ul2)

(w,—1) (L) (w,o0) 1.2) (w21) (13) (17:2)

The group Z acts freely on (E, L) by addition in the second coordinate of the
vertices, edges and labels as indicated in the picture above; call this action «a.
Let T' = {(v,0), (w, 1)}, then T is a fundamental domain for the restricted action
(E,a,Z). However when considering the labeled graph action ((E, L), «, Z) the set
T does not satisfy Definition 2.7.2 (2). Consider the edges e, f as shown above
with L£(e) = (1,3) and L(f) = (1,0) respectively. We have s(e) = (w,1) € T and
s(f) = (v,0) € T and ZL(e) = ZL(f) = {(1,n) : n € Z}, however L(e) = (1,3) #
(1,0) = L(f). Indeed any fundamental domain for the restricted action (F,«,Z)
will have a similar flaw.

Proposition 2.7.4. Let c,d : E* — G be label consistent functions, let (Ex.G, Lq)

be a skew product labeled graph, and let (E x. G, L), G, T) be the associated left
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labeled graph translation action. Then T = {(v,1g) : v € E°} is a fundamental

domain for ((E x.G, Ly),G,T).

Proof. Let T = {(v,1g);v € E°} and notice that for (w,g) € (F x.G)" we see
that (w,1¢g) is the unique element in 7' such that 7)(w,1g) = (w,g), so T is a
fundamental domain for (E x, G,G,7). Let (e,q1),(f,g2) € (E x.G)' be such
that r(e,g1),7(f,92) € T and GLy(e,91) = GL4(f,92). Notice that r(e,g;) =
(r(e),c(e)™1), so we have g; = c(e)™! and go = ¢(f)~!. Therefore
GLa(e, g1) = GLa(f, 92)
GLale,c(e)™!) = GLa(f,c(f))
{(£(e), hae(e)d(e)) : iy € G} = {(£(f), haclf)1d()) : By € G}
and so we have L(e) = L(f). Hence since ¢ and d are label consistent we have
La(e,c(e) ™) = (L(e),cle)'d(e)) = (L(f), c(f) " d(f)) = La(f,e(£) 7).
The argument for condition (2) of Definition 2.7.2 follows in a similar and more

straightforward manner. Therefore the result follows. m

Remark 2.7.5. Let T be a fundamental domain for the free group-action (E, G, «).
Then for every Gv € (E/G)° there exists a unique w € T such that Guw = Gv.
Hence if we define n%.(Gv) = w, then 7% : (E/G)° — T is a section for ¢° since

¢° on’(Gv) = ¢°(w) = Guw = Gu.
Proposition 2.7.6. Let ((E, L), G, «) be a free labeled graph action which admits a
fundamental domain. Then there exists label consistent functions c¢,d : (E/G)' — G

such that (E,L),G,a) = ((E/G x.G,(L/G)a),G,T).

Proof. Let T be a fundamental domain for ((E, L), G, «), and let n% be a section
for ¢° as described in Remark 2.7.5. Then define n7. and ¢,,. as in Theorem 2.5.12,
and 17 and d,,. as in Theorem 2.5.15. We want to show that ¢,, and d,, are label
consistent. Suppose Ge, Gf € (E/G)! such that (£/G)(Ge) = (L/G)(Gf) = Ga €
A/G, say. Let b= n#(Ga) € A, d,,(Ge) = k € G, and d,,,(Gf) =1 € G. Then by



54

the definition of d,, we have
L(np(Ge)) = ag7 (L/G)(Ge) = ai'b (2.32)
Lnp(Gf)) = o' n? (L/G)Gf) = ai'b (2.33)
This implies that GL(n+(Ge)) = Ga = GL(n-(Gf)) and so L(n-(Ge)) = L(ni(Gf))
since s(nh(Ge)),s(nk(Gf)) € T. From Equations (2.32) and (2.33) we have
b = afb and so k = [ since the G action on A is free. Therefore d,. is la-
bel consistent.

Suppose Ge, Gf € (E/G)! are such that (£/G)(Ge) = (L/G)(Gf) = Ga €
A/G, say. Let b =n#(Ga) € A, ¢,.(Ge) =k € G, and ¢, (Gf) = € G. Then by
the definition of ¢,, we have

r(np(Ge)) = axny(r(Ge)) (2.34)

HOH(G 1)) = (G ). (235
Then if we let e = o', (nh(Ge)) and f = o' (nh(Gf)) we have e, f € E' with
rie) = n3(r(Ge)),r(f) = n%(r(Gf)) € T and GL(e) = GL(f). Since T is a
fundamental domain £(e) = £(f) and hence

oy (L(np(Ge))) = L(e) = L(f) = oy (L(np(G)))-

Since L(n+(Ge)) = L(n-(Gf)) by the above argument (which shows d,,. is label
consistent) we can conclude that k& = [. Therefore c¢,, is label consistent and our

result is established. O

Taken together, Proposition 2.7.4 and Proposition 2.7.6 demonstrate the re-
lationship between fundamental domains and label consistent functions.
Corollary 2.7.7. Let (E, L) be a left-resolving labeled graph and let ((E, L), G, «)
a free labeled graph action which admits a fundamental domain. Then

C*(E,L) X0, G2 C*(E/G,L/G) @ K(I*(G)).

Proof. By Proposition 2.7.6 there are label consistent functions ¢,d : E'/G — G
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such that
(E,L),G,a) = ((F/G x.G,(L]G)q),G,T).
Hence
C*(E,L) X0, G=CY(E/G x.G,(L/G)a) X+, G.
But
C*E/G x.G,(L]G)g) X+, G=C*E/G, L|G) @ K(1*(G))
by Corollary 2.6.9 and the result follows. O

Dual actions

Now we consider the case when we have a left resolving labeled graph (E, £)
and built a skew-product labeled graph (E x. G, L,;) using functions ¢,d :— G,
where G is abelian. As in [16, Corollary 2.5] we may use Pontryagin duality to
describe an action of G on C*(E, L) such that the resulting crossed product is
isomorphic to C*(E x. G, Ly).

The method for proving our next result is developed from [28, Lemma 3.1]
for graph algebras, with G = Z and c(e) = 1 for all e € E. Before we prove this
theorem observe that we can apply the integrated form of the embedding 5 : G—
M(C*(E, L) o G) to the functions y — (x, g} in L*(G) to get a family of mutually
orthogonal projections {X, : g € G} in M(C*(E, L) X, @) Specifically

X, = [ v 9)iat0ire (2.36)
where A is Haar measure on G.
Theorem 2.7.8. Let (E, L) be a left-resolving labeled graph over the alphabet A
and ¢,d : E' — G be label consistent functions, where G is abelian. Let {sq, pr s}

be the canonical generating family of C*(E, L).

1. There is an action o of G on C*(E, L) determined by

ay(sa) = (X, C(a))sa  a(prp) = Pr(s)
where a € A, 8 € L*(E) and x € G.
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2. There is an isomorphism from C*((Ex .G, Lq)) to C*(E, L) x oG which carries
the action T of G on C*((E X .G, Ly)) to the dual action & of G on C*(E, L) X4

G.

Proof. For each y € G, a € Aand 8 € L*(E) define S, = (x,C(a))s, and Py =
Pr(p) then one checks that the collection {S,, P} forms a Cuntz-Krieger (E, £)-
family in C*(FE, £). Hence by the universal property of C*(E, L) there is a homomor-
phism 7gp : C*(E, L) — C*(E, L) such that mg p(s.) = S, and 7gp(pr)) = Pr(s)-
Similarly, for y € G, a € Aand 3 € L*(F) define T, = (x, C(a))s, and Qr(8) = Dr(p)
then one checks that the collection {75, @)} forms a Cuntz-Krieger (£, £)-family
in C*(FE, L). Hence by the universal property of C*(E, L) there is a homomorphism
rg : C*(E, L) = C*(E, L) such that 7gp(s,) = T, and 7g p(pr(s)) = Qr(s)- Since
ms,p © Ty, is the identity map, it follows that o, = mgp is an automorphism of
C*(E,L). The map x — «, is a homomorphism since x — (x,C(a)) is a homo-
morphism for all a € A, this completes the proof of (1).

For a € A and § € L*(E) let t, = ic+(p,0)(Sa) and gz = ic=(5,0)(Pr(s))-
Using the covariance relation for ic«(g ) and ig in C*(E, L) x4 G and the definition
of X¢ given in (2.36), one checks that

Xgta = taXgc(a) and Xyq,(5) = @)X (2.37)
forall g € G, a € Aand r(B) € L*(E).

For (a,h) € A x G let Tiapy = toXp and Qrp)y = Gr(p)gXg for (B,9) €
E(r,L) x G. Using (2.37) and the identification of Lj(F x. G) with L(E) x G
given in (2.27) one checks that {T{, ), Qrs)¢} forms a Cuntz-Krieger (£ x. G, Ly)-
family. Hence by the universal property of C*((E x. G, Ly)) there is a map mr :
C*((E x. G, Lq)) = C*(B, L) X, G given by 710 (tam) = Tian and T1.0(4r(8).9) =
Qrp)g- Let f: T = Aut(C*(E, L) X4 @) be the strongly continuous T-action on
C*(E, L) %, G induced by the usual gauge action on C*(E, L) so that 3,(T,)) = =T,

and B.(Qrs) = Qrp) and B.(i5(x)) = ig(x). One checks that 8, oo = mrgo7:
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where 7, is the canonical gauge action on C*((E x.G,Ly)) and z € T. Suppose
that (6,9), (w,h) € L*(E) x G are such that r(5,g9) C r(w, k). Since this implies
that 7(8) C r(w) and so p,g) 7 Pr(w) it follows that Q. (s)y 7# Qrw)n- Hence by the
gauge invariant uniqueness theorem 2.2.18, we may deduce that 77 is injective.
An application of the Stone-Weierstrass Theorem shows that the functions
X — (X, g) span a dense | - |;-subspace of C(G). It then follows that the elements
{taqats Xy, B € LY(E"),Ac &(r,L) x G, g € G}
span a dense subspace of C*(E, L) X, G. Hence, by continuity, 77 ¢ is surjective.
The dual action @ of G on C*(E, L) x G is characterized by a,y(ig(x)) =
(X, 9)ia(x). Hence ay(X;) = Xgp. Since & fixes {tq, ¢r(3)} the last assertion follows

in a straightforward manner. O
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CHAPTER 3
IMPLICATIONS OF *-COMMUTATIVITY IN C*-ALGEBRAS

3.1 Introduction to *-commutativity

As indicated in Chapter 1, our goal is to associate a C*-algebra to two commut-
ing local homeomorphisms. For this purpose, it suffices to build a product system
over N2, This is always possible. That is, with two local homeomorphisms, one can
always build a product system over N2. However without additional conditions the
product system and its C*-algebra may be difficult to handle. Our first objective,
then, is to show that if the local homeomorphisms *-commute, then the product sys-
tem is compactly aligned. This somewhat technical condition is very important for
the theory (see [9, 10]). It seems to be precisely the condition that makes the theory
run smoothly. Then we set out to explore the notion of *-commutativity. In section
3.3 we identify the continuous maps that *-commute with the shift and we study
the local homeomorphisms that *-commute with the shift. In section 3.4 we identify
when the two shifts determined by a 2-graph *-commute. In a sense, it is evident
that there is a lot more to do, but these two sections show that *-commutativity is
a rich notion that arises sufficiently often to warrant further investigation.

There are two equivalent definitions of “*-commutativity.” We begin by re-
calling them and proving their equivalence.
Definition 3.1.1. (Arzumanian, Renault [1, Definition 5.6]) Let X be a set. Two
functions S, T : X — X *commute if the map f : z — (T(x),S(z)) is a bijection
from X onto the set Xg*r X :={(y,2) € X x X : S(y) =T(2)}.
Definition 3.1.2. (Exel, Renault [8, Definition 10.1]) Let X be a set. Two functions
S, T : X — X *commute if they commute under composition and given (y, z) €
X x X such that S(y) = T'(z) there exists a unique = € X such that 7'(z) = y and
S(x) = =z.
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S(y)=T(2)
Lemma 3.1.3. Let S,T : X — X be functions. Then S and T *-commute in
the sense of Exel and Renault if and only if S and T *-commute in the sense of

Arzumanian and Renault. In particular, if S and T *-commute in the sense of

Arzumanian and Renault, then S and T commute as maps of X under composition.

Proof. Suppose S and T' Exel-Renault *-commute. Let y, 2 € X be given such that
(y,2) € Xg*xr X, then S(y) = T(z). We will show that there exists a unique z € X
such that f(z) = (y, 2). Since S(y) = T'(z), by Exel-Renault *-commutativity there
is a unique x € X such that T'(z) = y and S(x) = z. That is f(z) = (T'(z), S(z)) =
(y,2), so f is surjective. Since this = is unique, f is injective. Therefore S and T
Arzumanian-Renault *-commute.

Conversely, suppose S and T Arzumanian-Renault *-commute. Let x € X.
Then f(x) = (T'(x),S(z)) and since the pair (T'(z),S(x)) € Xg *r X this means
S(T'(z)) = T(S(x)). Thus S and T" commute. Now let (y,z) € X x X be given
such that S(y) = T(z). Then (y, z) € Xg#*r X and since f is surjective there exists
x € X such that f(z) = (T'(z),S(x)) = (y, z). Since f is injective this x is unique.

Therefore S and T Exel Renault *-commute. O

Remark 3.1.4. We shall use Exel and Renault’s definition of *-commute.

3.2 Exel systems which *-commute

This section is based on joint work with Tain Raeburn.
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3.2.1 Introduction

In operator theory, we say that two operators on Hilbert space o and  *-
commute if they commute and af* = $*a. This notion will be related to our work,
as we shall see shortly. We consider local homeomorphisms ¢, : X — X, where X
is a compact Hausdorff space, and use these functions to generate an action of N?
by endomorphisms of C'(X). This leads us to look for a crossed product C(X) x N2.
The Exel crossed product seems the most suitable because the endomorphisms are
unital. We use the version due to Larsen in [18] which is based on product systems
of Hilbert bimodules introduced by Fowler in [10].

We build a product system of Hilbert bimodules (correspondences) over N?
using transfer operators. We then characterize the dynamical systems which arise
from *-commuting functions as those Exel systems for which the transfer operators
commute with the endormorphism it is not a transfer operator for. Since the transfer
operators K, L for endormorphisms p, v, respectively, are almost left inverses (i.e.
K oy =id), the relation K ov = v o K looks a lot like af* = *a.

In section 3.2.2 we construct Exel and Exel-Larsen systems (which are a type
of dynamical system). In section 3.2.3 we build Hilbert bimodules (correspondences)
over N2 from Exel-Larsen systems. In section 3.2.4 we create a product system of
Hilbert bimodules and show that the Toeplitz representations of the product system
are completely determined by the Toeplitz-covariant representations of the related
Exel systems. In section 3.2.5 we examine the additional properties that occur when

the endormorphisms used to construct the Exel systems *-commute.

3.2.2 Exel systems and Exel-Larsen systems
In order to construct an Exel or Exel-Larsen system we must first define a
transfer operator for an endomorphism of a C*-algebra. We will only consider

unital C*-algebras.
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Definition 3.2.1. Let A be a unital C*-algebra and p € End(A). Then a trans-
fer operator for u is a positive continuous linear function K : A — A such that
K(pu(a)b) = aKb for all a,b € A.

Throughout this section let X be a compact Hausdorff space and suppose
¢, X — X are surjective local homeomorphisms which commute with each
other. Define ¢,¢ : C(X) — C(X) by ¢(f) = fo¢ and ¥(f) = f oo for all
f € C(X). Then gg and J are commuting unital endomorphisms of C(X) that are
injective, since ¢ and v are surjective.

Lemma 3.2.2. For every surjective local homeomorphism ¢ : X — X, the equation
K(f)(x) == >y f(t) , where f € C(X) and v € X, defines a function K :
C(X) — C(X) which is a transfer operator for ¢.

Proof. We see that K is a function from C'(X) to C(X) by [15, Lemma 1.5]. By
definition, K(C(X))y € C(X),. To see that K is linear, let f,g € C(X), x € X,

and z € C denote the function from X to C such that y + 2z for all y € X. Then

we have

K(zf+g)(x)= > zf+g(t)

o(t)=z

K is continuous since it is a positive linear map on a unital C*-algebra. To see that
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K is a transfer operator for 5 notice that for f,g € C(X) and z € X we have

fK(g)(x) = flx) Y g(t)

o(t)=x

= > flelt

P(t)=x

> N H)g(t)
0
(

= K(3(f) - 9)(x).

O

Define K(f)(z) 1= 3 4=, f(1) and L(f)(x) := > )=, f(t), then K and L
are transfer operators for ¢ and w respectively. Note that A and L commute with
each other since ¢ and ¥ commute.

Remark 3.2.3. We defined a transfer operator K for the endomorphism ¢ as K (f)(z) :
> sty=e [ (1) for all f € C(X) and x € X, and we defined the transfer opera-
tor L for @Z similarly. Those who are familiar with transfer operators may won-
der why we did not use the normalized transfer operator. That is, K(f)(x) =
FEd0= d> — > o(t)=z | (t). The reason we did not use the normalized transfer operator
is because with normalization KL need not equal LK. In order to construct the
product system over the abelian semigroup N?, K and L must commute.
Remark 3.2.4. Let A be a C*-algebra. Notice that if T, 7" : A — A are transfer
operators for i, v € End(A), respectively, then T'oT” is a positive, continuous, linear
function such that for all a,b € A we have

0 (ToT)(b) = T(u(a) - T'() = (T o T)(vo p(a) - b).
Thus T o T” is a transfer operator for v o u € End(A).

Define v : N* — End(C(X)) by Ymn = ™", Note that since ¢ and
commute, gg and IZ commute. Now define H from N? to the positive linear maps
on End(C(X)) by Hpn(f)(y) = K™L"(f)(y) = 3 gmyn=y [ (t). By Remark 3.2.4
H,,, is a transfer operator for 7,, ,.

Definition 3.2.5. An FEzel system is a triple (A, u, K) where A is a C*-algebra,
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€ End(A) and K : A — A is a transfer operator for p.

We have shown that (C(X),¢™, K™), (C(X),¢", L") and (C(X), Vs, Hsy)
are Exel systems for all n,m € N and (s,t) € N2
Definition 3.2.6. An FEzel-Larsen system is a quadruple (A, S, u, K) where A is
a C*-algebra, S is an abelian semigroup, p : S — End(A) is an action and K is a
map from S to the positive linear maps on A such that K, is a transfer operator
for pg for all s € S.

Clearly Exel-Larsen systems are a family of Exel systems “organized” by a

semigroup. Throughout we will have to pass back and forth between and among
individual Exel systems, viewed as parts of an Exel-Larsen system, and the entire
Exel-Larsen system.
Proposition 3.2.7. Let A be a C*-algebra and R, T : A — A be endomorphisms
that commute, that is RT = TR. For (m,n) € N? define n,,, = R™T". Then
n: N? — End(A) is an action, i.e. a semigroup homomorphism.

Our discussion to this point clearly proves Proposition 3.2.7. If v and H are

as just defined, then (C'(X),N? ~, H) is an Exel-Larsen system.

3.2.3 Building Hilbert bimodules from Exel sys-
tems

We will review the process of building Hilbert bimodules from Exel systems.
To see a generalization of this process see [18, Section 2.2].
Assume that (A, S, u, K) is an Exel-Larsen system with A unital. Then
(A, tim, K) is an Exel system for each m € S. We endow Ag,, = Ay, (1) with a
right A-module structure given by
g f:=gun(f) for f € Aand g € Ag,, .
Also define an A-valued (possibly degenerate) inner-product (-, ), by
(9, M), = Km(g*h), for all g,h € Ag,,.
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Upon modding out vectors of norm zero and completing we get a right Hilbert A-
module which we denote M, . We denote the quotient map by ¢k, : Ak,, = Mk,,
and note that gk, (Ag,,) is dense in M

m*

For all f € A and g € Ak,, we have
[£9, £9)ic,, || = 1 Emlg™ F N < UAP N Em(g™ D = 117 [{9: 9) i, ||
(by linearity and positivity of K,,) so left multiplication by f on Ak, extends to a
bounded operator Ok, (f) : Mg, — Mk, , which is adjointable by a computation
using
(h,g) = Km(h'g)
for h,g € A. Thus we obtain a *-homomorphism 0, : A — L(Mk,, ). Therefore
My, is a Hilbert bimodule over A with actions
1k, (9) - | =t (g () and O, (f)(ax.. (9)) = ax..(f9)
for f € Aand g € Ak, .

By this method we see that from Exel systems (C/(X), ¢™, K™), (C(X),4", L")
and (C(X), Ysu, Hs) we can build Hilbert bimodules Mgm, Myn, and My, ,, respec-
tively, over C'(X).

Remark 3.2.8. Since ¢ and ¥ commute, {ﬁvgg = 5{5 =1, LK =KL = H;;. So we
have Apg = Agr = An,, and LK(g*h) = KL(g*h) = Hy,1(g*h) for all g,h € A,
hence g1 = qrk-

Remark 3.2.9. Note that for f € A we have
1f = Frm I = (f = frm(1), f = Frm(1))
= Kn((f = frm (D) (f = fm(1)))
= Kn(f"f = ptm D) = " Frim (1) + prn (1) f 1 (1))
= Kn(f*f) = LK (f"f) = Kn(f* /)L + 1K (f )1
— 0.
Therefore f = fum(1) in Mg,,.
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3.2.4 Toeplitz representations of the Product
system

We begin by creating a product system from Hilbert bimodules which come
from Exel systems. We then show that the Toeplitz-covariant representations of Exel
systems completely determine the Toeplitz representations of the product system.
Lemma 3.2.10. For any Exel systems (A, u, K) and (A, v, L) such that KL = LK
L there is a well-defined inner-product preserving bimodule isomorphism ® : Mg ® 4

My, — Mgy, such that ®(qx(a) ® qr(b)) = qrr(ap(b)), where a,b € A.

Proof. Consider U : My x s My — My, well-defined by W (qk(a), qr (b)) = qxr(ap(b)).
Then ¥ is a bilinear map and extends to a linear map ® : Mx ® My — Mg such

that ®(gx(a) © qr(b)) = qrr(an(b)).

Now we will show that inner products are preserved. Let f, f’ € My and

9,9 € My, we will show that (f ®@ g, f'®¢') = (fulg), f'u(g))
(fogfed)=f fad)

=(K((/)")g.9')

= L(g"K(f"f)d)

= L(g"K(f"f'u(g))

= LK(u(g")f*f'1(g"))

= KL(u(g") f*f'1u(g))

= (fulg), ['ulg) -
It is enough to check that the function preserves the inner-product of elementary
tensors since addition passes through the inner-product and all elements may be
written as a linear combination of elementary tensors.

Now we complete the algebraic tensor product Mg ® My, in the inner product

'If we do not assume K L = LK, then we have My ® 4 My = M i where M i is not necessarily
isomorphic to Mg,. Then we would not be able to define a product system over N2.
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defined on elementary tensors by
(grc(a1) @ qr(b1), g (a2) @ qr(b2)) i = ((gx(a2), qx(a1)) g - qr(b1), qr(b2)) -
Since completing includes modding out by vectors of length zero, it balances the
tensor product by making (qx(a1)-a)®qr(b) = qx(a1)®(a-qr (b)) and this extension
is isometric (since the inner-product is preserved), therefore this function is injective.
Since the range of ® is the range of qx; which is dense in Mg, ® has dense
range. So by [29, Remark 3.27] we have shown that ® is a bimodule homomorphism.

[]

Definition 3.2.11. Let A be a C*-algebra and S be a semigroup. A family of
Hilbert bimodules X = {X;}scs over A is a product system over S if there is a map
p: X — S, with X, := p~!(s), and the following condition holds: for every s,t € S,
the map X, x X, — X,; extends to an isomorphism X, ® 4 X; = X, such that after
identifing X with X, ® 4 A} via this isomorphism, p(z®y) = p(x)p(y) for all x € X
and t € AX.

Let (C'(X),N2, v, H) be an Exel-Larsen system. Fix (m,n) € N? and consider
the Exel system (C(X),Vmun, Hnp). Define X, ,, := Mpy,, .. With the operation
T (@)1 (0) = @miknt1(aVmn (D)), the family X = | | X, is a product system over
N? by [18, Proposition 2.1]. This is the product system that we associate with the
Exel-Larsen system (C'(X),N? ~, H).

Recall that a representation 7 of a C*-algebra A in a C*-algebra B is simply
a *-homomorphism of A to B. We will assume that our representations are unital
if A and B are unital.

Definition 3.2.12. Let B be a C*-algebra, (A, u, K) be an Exel system, let 7 :
A — B be a representation, and let V' € B. The pair (V,7) is a Toeplitz-covariant
representation of (A, p, K) in B (in the sense of Brownlowe and Raeburn [4]) if |

for every a € A:

(TCR1) V(a) = m(u(a)V,
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(TCR2) V*m(a)V = m(K(a)).

Proposition 3.2.13. Let (V,7), (W, m) be Toeplitz-covariant representations of(A, u, K)
and (A,v, L), respectively, such that VW = WV. Then the pair (Z,7), where

Z = VW, is a Toeplitz-covariant representation of (A, uv, LK).

Proof. We already know that 7 is a representation, so we will check that (TCR1)
and (TCR2) are satisfied. Observe that for every a € A we have
Zr(a) =VWnr(a)
=Vr(v(a))W
= 7(p(a)) VW
and
Z'rn(a)Z = (VW) m(a)VIW
— WV (@) VW
= W*n(K(a))W
= m(LK(a)).
[l

So by Proposition 3.2.13 we see that if (V,7) is a Toeplitz-covariant repre-
sentation of the Exel system (A, u, K) in B, then (V™ ) is a Toeplitz-covariant
representation of the Exel system (A, u™, K™) in B for all m € N.

Now we wish to examine the relationship between Toeplitz representations
of the product system X that we built and Toeplitz-covariant representations of
(C(X), &, K) and (C(X), 3, L).

Definition 3.2.14. Let X be a product system over a semigroup S. Amap A : X —
B into a C*-algebra B is called a Toeplitz representation of X if A(u)A(v) = A(uv)
for all u,v € X, and the pair (As, \g) := (A a,, A|x,) is a Toeplitz representation
of the bimodule X, that is A, is linear, \g : A — B is a homomorphism, and the

conditions
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(TR1) A(u- ) = Au(u)Aofa).
(TR2) Au(u)*Au(v) = Mol {u, v),).
(TR3) Aua-u) = Ao(@)Au(u)

are satisfied for all s € S, a € A, and u,v € X,.

Notice that the representation of an Exel system has a covariance condition
(TCR2) and the representation of a product system does not.

We will state [4, Lemma 3.2] since it will be very useful momentarily.
Lemma 3.2.15 (Brownlowe-Raeburn). Given a Toeplitz-covariant representation
(V,m) of the Ezel system (A,u, K) in a C*-algebra B, there ezists a linear map
dy : Mg — B such that dy(qi(a)) = m(a)V and the pair (0y,m) is a Toeplitz rep-
resentation of My in B. Conversely, if (0,7) is a Toeplitz representation of My in
B and 7 is unital, then the pair (6(qx (1)), ) is a Toeplitz-covariant representation
of (A, pt, K) and 0s(q,c(1y) = 6.

The Brownlowe-Raeburn Lemma tells us that given a Toeplitz-covariant rep-
resentation (Z,, ,, m) of the Exel system (A, p™v™, L"K™) in B, there exists a linear
map A\?mn : Mgmpn — B such that (AZmn 1) is a Toeplitz representation of Mymn
in B. So when we look at the product system, (A== ) is a Toeplitz representation
of &, in B. We also have the converse, that is, given a Toeplitz representation
(A, m) of Xy in B, if 7 is unital then (Z) ,, 7) is a Toeplitz-covariant representation
of (A, p™v™, L"K™) (where Z), = Mggmz~(1))) and Amn = X,

Theorem 3.2.16. Let (V,m) and (W, m) be Toeplitz-covariant representations of
(A, u, K) and (A,v,L) (where KL = LK), respectively, in a C*-algebra B such
that VW = WV. Then for the product system X over N* where X, , := Mgmpn,
AW X — B where \VW' X,y — B defined by \VWV (qis e (a)) = 7(a)V W and

AVIWE L — w, 18 a Toeplitz representation of the product system X in B and AVIWe

18 unital.
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Conversely, if X is a Toeplitz representation of the product system X (where
X = Mgmpn for commuting transfer operators K and L) in B such that Ao is
unital, then (V> m) and (W?, ) are Toeplitz-covariant representations of (A, i, K)
and (A,v, L), respectively, where VX := X\ o(qx (1)) and W = Xg1(qr(1)), and
7 = Xoo. Furthermore V* commutes with W, AV — ) (V’\VW,WAVW) =

(V, ), and (W™, 22" = (W, n).

Proof. Let (V,7) and (W, 1) be Toeplitz-covariant representations of (A, u, K') and
(A, v, L), respectively, in a C*-algebra B such that VIW = WV. Proposition 3.2.13
gives us that for all s,¢ € N and (m,n) € N2, (V*, 7), (W' ), and (V™W™" ) are
Toeplitz-covariant representations of (A, u®, K*), (A,v', L"), and (A, p™v™, K™L")
respectively. The Brownlowe-Raeburn Lemma gives us that (A\V""" ) is a Toeplitz
representation of X, , in B. We must prove that A\Y"W : X — B is a homomorphism,
that is A\VW (u)AVW (v) = AW (uv) for u,v € X. Let a,b € A and (s,t), (m,n) €N,
then we have
AV Y (i e (@)X (qiem 1o () = (@) VWt (b) VW™
= m(a)m(p* vt (b)) Vrmwitn
= m(ap®V (b)) VW

_ )\VS-Q-m Wt+n (

Qrcs+mpin (apvt (b))
= AV (e (@) @ qreomin (D).
Therefore A\VW is a Toeplitz representation of the product system X in B. Since 7
is a representation, it is unital, therefore AV s unital.

Conversely, given A, a Toeplitz representation of the product system X in B,
such that g is unital and define 7 := g, we know that (A, ., 7") is a Toeplitz
representation of X, ,, for all (m,n) € N?. So in particular, (A, 7), and (A1, )

are Toeplitz representations of &} o = My and &y, = M|, respectively. Now define

VA= Ao(gx (1)) and W2 := Xg1(qr(1)). The Brownlowe-Raeburn Lemma gives us
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that (V*,7}) and (W*,7}) are Toeplitz-covariant representations of (A, u, K) and
(A, v, L), respectively. Notice that
VAW = /\1,0(QK<1)))‘0,1(QL(1))
= A1(gx (1) ® g (1))
= >\1,1(C_IKL(1))
= Ai(qek(1))
= Ao (qz(1)A10(gx (1))
=WV,
To see that \V'W* = A, observe that
Aot (qremin (@) = 7 (@) (V)™ (W)
= 20,0(@)Amo(qrm (1)) Ao (qrn (1))
= X0,0(@) Amn(qrmin (1))
= Amn(a - qrmin(1))
= A (e (@)
Lastly, notice that 7" = Ao, = 7, and since 7 is unital we have
VAT = A k(1) = (VWO =V
and
WA = AW (g (1) = 7))V = W
0

So Toeplitz-covariant representations of Exel systems (C(X), ¢, K) and (C(X), 1, L)
completely determine Toeplitz representations of the product system X over N? de-

fined by X, ,, ;= Mgmpn.

3.2.5 Exel systems that *-commute
We examine the additional properties that emerge from Exel systems (A, u, K)

and (A, v, K) when p and v *-commute.
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Lemma 3.2.17. Suppose ¢,v : X — X are functions. Then the following are

equivalent:

1. ¢ and v *-commute.

2. Foreveryy € X, v :{z:¢(x) =y} = {t: o(t) =¥(y)} is a bijection.
3. Foreveryt € X, ¢: {x:¢(z) =t} = {y: o(t) =¢(y)} is a bijection.

Proof. To prove that (1) implies (2) we begin by showing ¥({x : ¢(x) = y}) C
{t : ¢(t) = ¥(y)}. Fixy € X and let x € {z : ¢(z) = y}. Then ¢(¢(x)) =
Y(p(x)) = ¥(y), therefore ¥(x) € {t : ¢(t) = ¥(y)}. Now we want to show that
VY| {a:p(x)=y} 18 surjective, so let t € {t : ¢(t) = ¥(y)}. Then ¢(t) = ¥(y), thus
there exists x € X such that ¢(z) = y (which says that =z € {z : ¢(x) = y})
and Y(x) = t. Hence 9|(1:4(a)=y} is surjective. To see that 1|(z.¢x)=y} Is injective,
suppose z1,T3 € {z : ¢(x) = y} such that ¢(x;) = ¥(r2) = t. Notice that
¢(z1) = ¢(x9) = y, but since ¢ and 1) *-commute there is only one = such that
¢(x) =y and ¢(x) = t. Therefore z; = xs.

Conversely, to see that (2) implies (1) let z € X. Let y = ¢(x), so z € {x :
bx) = y}. Since P(x) € {t : 6(t) = ¥(y)} we have H((x)) = ¥(y) = H(¥(x))
hence ¢ and ¥ commute. Now fix (y,f) € X x X such that ¢(¢) = ¢(y). Then
te{t:o(t) =1v(y)} and since Y|(z.4(2)=y) is bijective there exists a unique = € {z :
¢(z) = y} such that ¢(x) =t. Hence ¢ and ¢ *-commute.

A similar argument shows (1) if and only if (3). O

Proposition 3.2.18. Suppose ¢, : X — X are commuting surjective local home-
omorphisms and let (C(X), ¢, K), (C(X),1, L) be the corresponding Exel systems.

Then the following are equivalent:
1. ¢ and  *-commute.

2. QZOK:KO@Z.
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3. ggoL:Logg.

Proof. To see that (1) implies (2) let f € C(X) and y € X. Observe that
CoK(Hw) =KAWw)= > ft)
B(H)=¢(y)

By Lemma 3.2.17 we have

Yoo =0 @)= > 0(f@) =Kod(f)y).
o(t)=1(y) o(x)=y o(x)=y
Conversely, suppose that ¢ and 1) do not *-~commute. Then by Lemma 3.2.17

Y| {z:6(z)=y} 15 DOt bijective. Suppose ¥|1:4(2)=y} is nOt injective, so for some w €
{t : ¢(t) = ¥(y)} there exists x1,2o € {z : ¢(x) = y} such that 21 # z, and
P(x1) = Y(x2) = w. Fix f € C(X) such that f(w) = 1 and f(z) = 0 for all
ze{t:o(t)=v(y)} \ {w}. Then we have

Do K(f)(y) = K(f) = > f
and sz
Eog(f)y)= > o(f(x)= > f(x)=f())+ fh(z)) = 2.
¢(l’):~y ¢(z)=y

Therefore @Z o K # K o1). Now suppose | (z.¢(z)=y} 1S DOt surjective, so there exists

w e {t:¢(t) =(y)} such that ¥(z) # w for all x € {z : ¢(x) = y}. Fix f € C(X)
such that f(w) =1and f(z) =0 for all z € {t: ¢(t) = ¥(y )} \ {w} Then we have

Vo K(f)(y) = K(f) = > f®)
d(t)=y(y)
and
Kot (f)(y) = P(f@) = D f(x) =0
b(x)=y 6(z)=y

Therefore Jo K#Ko QZ

It is a similar argument to show (1) if and only if (3). O

For any Hilbert module Y4 and any z,y € Y, the function ©, , : z — z-(y, 2) 4
is an adjointable operator on Y, with adjoint ©, ,. The closed span of the operators
O,y is an ideal KL(Y') in the C*-algebra L(Y"). Elements of K(Y") are called compact
operators (see 27, Example 8.4]). We will denote O := O, (1.4 (1)-

Definition 3.2.19. Let (A, u, K) and (A, v, L) be Exel systems. Then we say Exel
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systems *-commute if pv = vp, KL = LK, and uL = Lpu.
Theorem 3.2.20. Given a pair (A, u, K), (A,v, L) of *~commuting Ezel systems,
then the operators ©F, € K(Mg), ©f, € K(M) satisfy
(01, ® 1)(01; ® 1) = O1F. (3.38)
Notice that ©f, : Mg — K(Mf) is defined by
ax(a) = qx(1) - {qx (1), qx (a))
= qx(1p({gx (1), 4k (a)))
= gk (n(K(1%a)))
= gk (K (a)).

First we want to be clear on what we mean by ©f; ® 1 and O, ® 1 as
elements in (Mpk). Recall the isomorphism ¢ from Lemma 3.2.10. We shall
denote O : Mr @4 My — My and $r : M; @4 Mg — M and note that
My = Mpg. So the operators on the left-hand side of Equation (3.38) are really

O, ®@1=Crgo(Of;®1) 0P and O ®1=g,0(OF ®1)o0dy).
Proof of Theorem 3.2.20. The right hand side of Equation (3.38) yields
@1L,11{(QLK(G)) = qrx(1) - {qrx(1), ok (a))
= qurx(1pv((qx (1), qrx(a))))
= qrx (LK (1"a))

= qri (LK (a)).
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The operator @fl ® 1 on the left hand side applies to an element g (a) as
Dy o (@fl ®1) o ® (qri(a)) = Pkr o (@fl ® 1) o @ (qrr(a)) by Remark 3.2.8
= ®xp 0 (O7; ® 1)(gx(a) @ (1))
= Cxr(gx(pK(a)) ® qu(1))
= qrr(pi (a)pr(1))
= qrx (K (a)pv(1)) by Remark 3.2.8

= qrx(uK(a)) by Remark 3.2.9

The operator Of; ® 1 on the left hand side applies to an element qpx (1 (a)) as
Cri 0 (OF; ® 1) 0 Prp(qri (1K (a))) = Pri o (071 ® 1)(q1(1K (a)) ® gk (1))
= Opr(qu(vLpk(a)) @ i (1))
= qrr(vLpK (a)vp(l))
= qrx(vLpK (a)) by Remark 3.2.9

= qui (LK (a)).
So the left hand side is of Equation (3.38) yields
(011 ®1)(01, ® 1)(grx(a)) = (01, ® 1)(qrx (1K (a)))
= qric (LK (a)).

]

Definition 3.2.21. A semigroup G is said to be lattice ordered if there exists a

partial ordering < of the elements of GG satisfying:

1. g < h implies fg < fh and gf < hf for all f,g,h € G, and

2. every finite set has a least upper bound and a greatest lower bound.

Remark 3.2.22. N? is an example of a lattice ordered semigroup.
Definition 3.2.23. [9, Definition 1.5] Suppose P is a lattice ordered semigroup

and F is a product system over P. We say that E is compactly aligned if whenever
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s,t € P have a common upper bound and S and T are compact operators on FEj
and FEj, respectively, the operator (S ® 1)(7'® 1) is a compact operator on Eyy;.
Theorem 3.2.24. If X is a product system over N? defined from two *-commuting

Ezel systems, then X is compactly aligned.

Proof. Observe that N? is a lattice ordered semigroup by Remark 3.2.22. By The-

orem 3.2.20 &X' is compactly aligned. O]

We do not know if the converse holds. That is, we do not know whether if X

is compactly aligned, then the two commuting Exel systems must *-commute.

3.3 Surjective Local Homeomorphisms which *-commute with the
Shift

3.3.1 Introduction

In this section we were interested in classifying surjective local homeomor-
phisms which *-commute with the unilateral shift. This project was in collaboration
with Iain Raeburn and benefited from information shared by Ruy Exel.

In section 3.3.3 we describe the continuous functions that commute with the
shift. Our result is a one-sided analog of an old theorem of Hedlund in [12]. In
section 3.3.4 we introduce the concept of regressive and prove that it character-
izes continuous functions that *-commute with the shift. In section 3.3.5 we try
to describe which of the functions in section 3.3.4 are local homeomorphisms. We
identify some sufficient conditions but do not yet have a complete answer. Futher-
more, in section 3.3.6 we show that covering maps (i.e. local homeomorphisms)

which commute with the shift are surjective and &k to 1 for some k € N.

3.3.2 Background
Let A be a finite alphabet. We denote A™ to be all the words of length n,

Af = Un21 A" and A* to be all the sequences of infinite length. Since A is a
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compact Hausdorff space, A* is also a compact Hausdorff space by Tychonoft’s
Theorem. For € A* we define Z(u) := {x € A : 21 ---x), = p}. Observe that
the family {Z(u) : u € A*} is a basis for A>°. We use this fact repeatedly.

Remark 3.3.1. We will use ¢ to denote the unilateral shift and assume A, throughout

this section ,that is a finite alphabet.

3.3.3 Continuous Functions which Commute
with the Shift

In [12, Theorem 3.4] Hedlund proved that continuous functions on bisequences

that commute with the shift are of the form o*

74 where k € Z and 7, is notation
that will be defined in this section. Here we show that continuous functions on
sequences that commute with the shift are of the form 74, thus the one-sided case
is a simplified version of Hedlund’s two-sided case.

Definition 3.3.2. For a fixed n € Nlet d : A" — A be a function. Then we define
a function 74 : A® — A> by 14(z); = d(x; -+ - x;4n—1) and say that 7, is defined by
d or d defines 7.

Sometimes 7, is called a sliding block code.

Lemma 3.3.3. For a fited n € N let d : A" — A be a function which defines 7,.
Then 74 18 continuous and commutes with o.

Remark 3.3.4. To show that 7, is continuous it is important to recall the following

fact: Let X,Y be topological spaces, f : X — Y be a function, and B is a basis for

Y. If f~1(U) is open in X for all U € B, then f is continuous.

Proof of Lemma 8.3.5. Fix u € AF for some k. We want to show that 7, (Z(u)) is
open, so suppose x € 7, (Z(p)). Then 74(z) € Z(p), so
Td(x) = d<I1$n)d($2$n+1) = [l .

Now consider w € Z(xy -+ Xpyn-1). We want to show that Z(zy - xpipn_1) C
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(2 0))
Ta(w) = To(T1 - Tpam 1 Wi ) = d(@1 - 20) - d(Th Tpgmt) - = fir - -
So 74(w) € Z () which means w € 7;'(Z(u1)). Thus we have shown that the inverse
image of a base element is open. So by Remark 3.3.4 we have 7, is continuous.
Let x € A* and observe
790 (1) = Tg(x2x374 -+ ) = d(29 - Tpy1)d(X3 -+ Tpyo) -+ -

and

O’Td($) = O‘(d($1 . iﬂn)d(l'z .. '$n+1)d(l‘3 .. '$n+2) .. ) = d(l‘g .. '$n+1)d($3 . xn+2) .

Therefore 75 and o commute. O

Example 3.3.5. Define d : A> — A by d(ajas) = as. Then 74 : A% — A is defined
to be 14(ajasas -+ ) = asazay---. So by Lemma 3.3.3, 7 is a continuous function
which commutes with . For this particular example, 75, = o.

Remark 3.3.6. It is important to note that there is not a unique function d which
defines 74. For example, define d’' : A*> — A by d'(aiaza3) = as. Then 74 equals the
74 from Example 3.3.5.

Lemma 3.3.7. Let ¢ : A — A™ be a continuous function which commutes with

o. Then there exists n € N such that
(%) for every u € A™ there exists a unique a € A such that Z(u) C ¢~ (Z(a)).

Choose the smallest n € N with property (x) and define d : A" — A by d(p) = a
where ¢(Z (1)) € Z(a). Then 14 = ¢.

Proof. Consider {Z(a)la € A}. Notice that Z(a) are open, closed, and disjoint
sets which cover A*. Define V, = ¢~'(Z(a)). Then V, are also open, closed, and
disjoint sets which cover A*. Since the closed subset of a compact space is compact
(see [21, Theorem 26.2]) and A% is compact, V, is compact. Therefore V, is the
union of a finite number of basis elements. That is, V, = Jf_, Z(z% - -- x;]) Denote

m = max{n,;}. We may write V, = Ule Z(u') where u' € A™, so m has property



78

(x). Denote n to be the smallest of all such m’s. We define the function d : A" — A
by d(xy---x,) = a where Z(zy ---x,) C V,. This function is well-defined since the
V, are disjoint.

We will now show that 7; = ¢. Let k € N and © € A*. We will show that
é(x)r = 74(x)g. Notice that o*(x) € Z(xp11 -+ Tpyn) C Vi = ¢~ 1(Z(a)) for some
a € A. Then ¢(c*(x)); = a. Also, we have 74(c*(z)); = d(c*(z), - o"(2),) =
d(xpy1 - Tpyn) = a. Thus

¢(@)r = o (¢(a))r = ¢(0" (2)h = a = Ta(0"(2))1 = o (7(2))1 = Tal@)s-

Since this holds for all k € N, ¢(z) = 74(x) and since x was arbitrary, 7, = ¢. [

Corollary 3.3.8. Let ¢ : A® — A be a continuous function which commutes with
o. Let n be the smallest natural number with property (%) and define d : A — A
such that 74 = ¢. Suppose d' : A™ — A is a function such that 74 = ¢, then

d(xy- - xp) =d(xy---x,) and m > n.

Proof. Since 74 = ¢ = 7y, for all i € N and x € A* we have
d(iﬂi e 'xnﬂel) = Td(iU)z' = ¢(9€)z = Td/(x)i = dl(ﬂci T l’m+i71)-

Now suppose that m < n. We will arrive at a contradiction by showing that

m has property (x). For all u € A™ observe that
d(pmir -+ xn) = a = d'(p)

for some a € A, thus Z(u) C ¢~ '(Z(a)). Now suppose there also exists b € A such
that Z(u) € ¢~1(Z(b)), then d'(u) = b. So b = a otherwise d’ is not a function,
thus a is unique. So m satisfies property (x), but n is the smallest natural number

which satisfies property (*) hence we have reached the desired contradiction. [

Example 3.3.9. Fix a € A and define aaa--- = x € A>*. Consider ¢ : A>® — A®
defined by ¢(y) = x for all y € A*°. Then ¢ is a continuous function which commutes
with o. Notice that ¢~1(Z(b)) = 0 unless b = a, thus we have ¢~ *(Z(a)) =V, = A
and n = 1. So by Lemma 3.3.7 d : A — A is defined by d(b) = a for all b € A and
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Td:¢.

3.3.4 Continuous functions which *-commute
with the Shift

In this section, we classify continuous functions 74 which *-commute with the
shift by requiring d to be regressive.
Definition 3.3.10. Fix n € N and let d : A" — A be a function. Then d is
regressive if for each fixed xy - - - 2,1 € A"! the function 7" ™" : A — A defined
by 5" (a) = d(axy - - - 2,-1) is bijective .

Example 3.3.11. Let B = {a,b,c,d} and define d : B> — B by

d(aa) = a d(ab) = a d(dc) = a d(dd) = a
d(da) = b d(db) = b d(ac) = b d(ad) = b
d(ca) = c d(cb) = c d(be) = c d(bd) = ¢
d(ba) = d d(bb) = d d(ce) = d d(cd) = d.

Notice that when the second coordinate is fixed d is bijective, therefore d is regres-

sive.

Example 3.3.12. Let B = {0,1,2,3} and define d : B> — B by

d(00) =0 d(01) =0 d(02) =1 d(03) = 1
d(10) = 2 d(11) =2 d(12) = 3 d(13) =3
d(20) =0 d(21) =0 d(22) =1 d(23) =1
d(30) = 2 d(31) =2 d(32) =3 d(33) = 3.

is not regressive.

In conversations with Ruy Exel, he told us that 7; *-commutes with ¢ if and
only if it is defined from a regressive function d. This result has not been published,
therefore we prove it.

Theorem 3.3.13. Fizn € N and let d : A" — A be a function. Then d is regressive

if and only if 74 *-commutes with o.
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Proof. By Lemma 3.3.3, 75 commutes with ¢. Suppose we have y,z € A* such
that o(y) = 74(2). Since d is regressive there exists a unique x; € A such that
x1) =d(x121 - 2p—1) = y1. Notice that y;11 = 0(y); = 1a(2)i = Ta(x12)i41-
So we have

Ta(T12) = d(T121 -+ 2p1)Ta(T12)2Ta(T12)3 - = Y1Yays - =Y
and o(x1z) = z. To see that x1z is unique suppose there exists w € A such that
T4(w) =y and o(w) = z. Then w = az for some a € A. Notice that

y1 = 1g(w)y = 14(az); = d(azy -+ z,-1).

Since d is regressive and we know d(x12; -+« z,_1) = Y1, so then a = x;. Hence ;2
is unique, therefore 7; *-commutes with o.

Conversely, let zy - 2,1 € A" 1. To see that 7"31"%_1

is injective suppose
for aj,as € A we have ;""" (ay) = ;""" *(az). Then let z € Z(z; -+ x,-1) and

observe that

Ti(a1z)1 = d(arzr, -+ 2n1) = 15" ar) = 15" (a2) = d(agzy, - zne1) = Ta(az2)s
For i > 2 we have 14(a12); = 74(2)i-1 = 7a(azz);. So 14(a1z) = 74(azz) and
o(a1z) = z = o(agz). Since 73 *-commutes with ¢ we have a;z = asz which

Tn—1

implies a; = ay. Hence 75" is injective.

Let 2 - 2,_1 € A%, To see that r2' " is surjective, let a € A. Suppose
2z € Z(xy---xp_1) and define w = 74(z). Then aw, z € A™ satisfy o(aw) = 14(2).
Since 74 and o *-commute there exists a unique v € A such that o(v) = z and
74(v) = aw. Notice that since o(v) = z, there exists b € A such that v = bz. So we
have

a=T14(v) = 714(b2)1 = d(bzy -+ zp_1) = d(bxy - xTp_1).

So b € A such that rj)' "' (b) = d(bxy - - T,—1) = a, therefore 7' ™" ~" is surjective.

Thus d is regressive. O]

Corollary 3.3.14. Suppose ¢ : A® — A is continuous and commutes with o.

Then ¢ *-commutes with o if and only if there exists a regressive function d : A™ —
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A such that ¢ = 1.

Proof. Since ¢ is continuous and commutes with o, by Lemma 3.3.7, there exists
d: A" — A such that ¢ = 74. Since ¢ *-commutes with o, by Theorem 3.3.13 d is

regressive. The converse is part of Theorem 3.3.13. O

Ezample 3.3.15. The function d : A> — A defined by d(a,as) = as which defines o
is not regressive. Fix x € A, then r4(a) = d(ax) = x for any a € A. Hence r4 is not

injective. Therefore d is not regressive, so o does not *-commute with itself.

3.3.5 Local Homeomorphisms which Commute
with the Shift

In this section, we will examine local homeomorphisms which commute with
o. We know these functions must be of the form 74, but we have not yet found
a necessary and sufficient condition to describe the subset of 7, which are local
homeomorphisms.
Definition 3.3.16. Let X,Y be topological spaces. A function f : X — Y is a
homeomorphism if it is bijective, continuous, and the inverse is continuous.
Definition 3.3.17. Let X,Y be topological spaces. A continuous function f :
X — Y is a local homeomorphism if for every point x € X there exists an open
neighborhood U of z such that f(U) is open in Y and fly : U — f(U) is a
homeomorphism.
Definition 3.3.18. Fix n € N and let d : A" — A be a function. Then d is
progressive if for each fixed x;---x,_1 € A" !, the function p® %1t : A — A
defined by p**n1(a) = d(x; - - - T,—1a) is bijective .
Example 3.3.19. The function d : A> — A defined by d(ajas) = ay (see Exam-
ple 3.3.15) is progressive. Fix a € A, let ay,a; € A and suppose p*(a;) = p*(az).
Then we have

a; = d(aay) = p*(a1) = p*(az) = d(aay) = as,
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so p* is injective. Note that b = p®(b) for all b € A so p* is surjective. Hence d is
progressive.

Exel and Renault prove in [8, Theorem 14.3] that if d is progressive, then 74
is a local homeomorphism. However, this does not characterize all local homeo-
morphisms which commute with the shift. The next example shows a function d
such that d is not progressive, yet 74 is a local homeomorphism. This example is a
simplified version of one shown to us by Exel.

Ezample 3.3.20. The function d : B> — B defined by

d(aa) = a d(ba) = d d(ca) = ¢ d(da) =

d(ab) = a d(bb) = d d(ch) = ¢ d(db) = b
d(ac) = b d(be) = ¢ d(cc) = d d(de) = a
d(ad) = b d(bd) = ¢ d(cd) = d d(dd) = a.

from Example 3.3.11 is not progressive. With a little work one can check that
Ta(Z(a)) = Z(a) U Z(b)
Ta(Z(b)) = Z(c) U Z(d)
Ta(Z(c)) = Z(c) U Z(d)

Ta(Z(d)) = Z(a) U Z(b)

and that 7, is a homeomorphism on Z(a), Z(b), Z(c), Z(d). So 74 is a local homeo-
morphism.

We generalize the idea of progressive, called weakly progressive, and show
that this implies local homeomorphism. However even this generalization is not a
necessary condition.
Definition 3.3.21. Fix n,m € N and let d : A™ — A have the property that for
every u € A" and every v € A™ such that d(u) = vy there exists a unique a € A

such that pfiFn=1(aa) = d(py -+ ptn_1a)d(pg -+ - pin—1a0) - -+ = v has a solution
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a € A™L. Then we say that d is weakly progressive of order m. 2

Example 3.3.22. The function d from Example 3.3.20 is weakly progressive of order
2.
Example 3.3.23. The function d : B?> — B defined by

d(00) = 0 d(10) = 2 d(20) = 0 d(30) = 2
d(01) =0 d(11) =2 d(21) =0 d(31) =2
d(02) = 1 d(12) =3 d(22) =1 d(32) =3
d(03) = 1 d(13) =3 d(23) =1 d(33) = 3.

from Example 3.3.12 is weakly progressive of order 2.
Proposition 3.3.24. Let d : A® — A be a function and fix x1 -+ -z, € A" L. Ifd

is weakly progressive, then 74 : Z(x1 -+ ¥p_1) = Uyen Z(d(21 - - - 25-10a)) is bijective.

Proof. Fix m such that d is weakly progressive of order m. Notice that for z €
Z(x1- xp_1), Ta(x) € Z(d( - - - x,)) which is contained in . 4, Z(d(z1 - - - 2p—10)).
So the range of 74| z(z).zn_1) € Upen Z(d(21 -+ v4-10)). Let y € Z(d(zy -+~ v-10))
for some a € A. We want to show that there exists a unique x € Z(zqy---x, 1)
such that 74(z) = y. Notice that ;- 2,10 € A" and y; -y, € A™ satisfy
d(xy---x,_1a) = y;. So since d is weakly progressive there exists a unique a; € A

such that

L1 Tn—1

j 2 (a10) = d(xy - Tpo1a1)d(T2 - Tp_1@100) - = Y1+ Y,

for some av € A™~!. Now consider xy - -z, 1a10; € A" and yy - - - Y1 € A™ such
that d(xg- -2, 1a101) = yo. Since d is weakly progressive there exists a unique

as € A such that

X1 Lp—1

Pm (GQB) = d(l‘2 o 'xn—1a1a2)d($3 o '$n—1a1a251) =Y2 " Ym+1

for some 3 € A™~1.. We may continue in this manner to construct x = 1 - - - £,,_1a1a5 - - -

such that 74(x) = y, hence the function is surjective. Since each a; was unique,

2If d is progressive, then d is weakly progressive of order 1.
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1a|(Z(x1 -+ 2,-1)) is injective. 3 O

Theorem 3.3.25. Let d : A" — A be a function. If d is weakly progressive then T4

s a local homeomorphism.

Proof. By Proposition 3.3.24 74(Z(xy - - - ©,—1)) is open since it equals |, , Z(d(x; - -
Since 74 is continuous, its restriction to Z(zy - - - x,_1) is also continuous. Also since
A% is Hausdorff and Z(z - - - x,,_1) is a subspace of A*, then Z(x; - - z,,_1) is Haus-
dorff (see [15, Theorem 31.2 (a)]). So we know that 74|Z(x; ---x,_1) is a continu-
ous bijective function from the compact space Z(z; - - - z,,_1) to the Hausdorff space

Uen Z(d(x1 -+~ xy—1a)). By [15, Theorem 5.8], 74|7(z,.z,_,) i3 @ homeomorphism.

Therefore 7, is a local homeomorphism. ]

We have not yet been able to completely characterize the local homeomor-
phisms which commute with o; that is we do not know if 7; local homeomorphism

implies d is weakly progressive.

3.3.6 Covering Maps

Most ideas in this section come directly from collaboration and generous help
from Ruy Exel.

We prove that if a local homeomorphism ¢ *-commutes with o then ¢ is a
k-fold covering map.
Definition 3.3.26. Let ¢ be a function and k € N. We define the sets Z{ := {y :
|07 ()| = k} and Z2, = {y : [0~ (y)| = k}.
Lemma 3.3.27. Let ¢ *-commute with o. Then for all k € N we have o(Z)) =

(Z0), that is o(y) € Z7 if and only ify € Z{. *

8Observe that if d is progressive, then (J,c 4 Z(d(z1 -+ 2n_1a)) = A®. Thus 74 is [A|"* to 1.
4This can be generalized to the statement: If ¢ and 1 *-commute, then w(Z;f) = Z]f and
o(Z)) = 7! for all k,l € N.

CTp_1a)).
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Proof.

a(y)

Let y € A~ and fix k € N such that o(y) € Z{. Then o(y) has k preimages under
¢ and we define {2'}% | = ¢~1(o(y)). Since o and ¢ *-commute, for each 2 there
exists a unique z* such that ¢(z') = y and o(2*) = 2%. So |¢p~!(y)| > k, but we want
to show that [¢~!(y)| = k. Suppose z € ¢~'(y). Then ¢(o(x)) = o(¢(x)) = o(y).
So o(x) € ¢~ o(y)) = {2}~ ,, and there exists i such that o(z) = 2. Hence
é(x) =y, o(z) = 2%, but 2° is the unique element with those properties thus z = z°.

Therefore |¢~'(y)| = k which means y € Z .

Conversely, let y € A> and fix k € N such that y € Z;f . Then define {z}k_| =
¢~ (y). Suppose w € ¢~ (o(y)). Since o and ¢ *-commute there exists x such that
#(r) =y and o(z) = w. However {x'}}F_ | = ¢~1(y) so x = 2 for some 4. So for each
w € ¢ o(y)), w = o(x') for some i. So |¢p~(o(y))| < k. Suppose ¢~ (o(y))| < k,
then there exists %, 27 € ¢~1(y) with i # j such that o(z') = o(27) = 2, say. So

we have y, z € A such that o(y) = ¢(z) and z° # 27 such that ¢(2?) = y = ¢(27)
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and o(z') = z = o(27). Since ¢ and ¢ *-commute z’ = 27, which is a contradiction.

Therefore |¢~'(o(y))| = k which means o(y) € Z{. O

Lemma 3.3.28. If ¢ : A — A* is a local homeomorphism, then for all k € N

Z>, 15 open in A%.

Proof. Let y € A~ and fix k € N such that y € Z>;. Then y € Z; for some [ > k.
Then ¢~1(y) = {x;}\_, where each z; is distinct. Since ¢ is a local homeomorphism,
for each z; there exists a neighborhood U; containing z; such that x; is not an
element of U; for i # j, y € ¢(U;) for each i, and ¢(U;) is open in A*. Since A
is Hausdorff, let ; € V; for each ¢ and V; N V; = () for each i # j. Then define
W; = V;NU,;. Thus the set {W;}!_, are pairwise disjoint. Now let W = ﬂﬁzl o(W3).
Then W is open in A* and y € W. We want to show that W C Z5;. Let z € W.
Then z € ¢(W;) for each i, so there exists w; € W; such that ¢(w;) = z. Since
{W;}_, is pairwise disjoint, the w; are distinct. Therefore z has [ preimages. Hence

z € Z) C Z>y, thus W C Zs. Therefore Z-, is open. O

Remark 3.3.29. It is important to recall that for A, the only open sets U in A*
such that o(U) = U are U = ) or U = A*. Any open set U # () contains a basic
open set Z(zy,- -+ ,x;). If we assume o(U) = U, then ¢!(U) = U for any | € N. So
o (Z(xy, -+ 1)) = A® CU. So U = A>.

Lemma 3.3.30. If ¢ : A — A is a local homeomorphism, then there exists an
M € N such that {Z(u) : u € AM} is finite covering of disjoint sets of A> such
that ¢ is a homeomorphism on each Z(u).

Remark 3.3.31. When considering a covering {W,} of A such that ¢ is a home-
omorphism on each set, it suffices to consider a covering of basic sets {Z(u)} such
that ¢ is a homeomorphism on each set. This is because each W, which is not a
basic open set is an arbitrary union of basic sets, that is W, = (J,c, Zx(1). So in

the covering we may replace the set in question with the collection of basic open
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sets. Since each Z) (1) C Wa, @]z, is still a homeomorphism.

Proof of Theorem 3.3.30. Let {W,} be a covering basic open sets of A such that
¢ is a homeomorphism on each set and let {WW;}!_, be a finite subcover. So W; =
Z(ay - ab.). Let M = max{n;}. Notice that

Z(x-al) = U 22} xh Y1 Yar)
Yn;+1"YM
where this is a finite disjoint union. Now we have a finite cover {Z(u) : p € AM}

such that ¢ is a homeomorphism on each Z(u). O

Proposition 3.3.32. If ¢ is a local homeomorphism and *-commutes with o, then

there exists k € N such that ¢ is k to 1 and surjective.

Proof. Let | € N and consider Z. Notice that Z = @ if | > |A|™ where M is
from Lemma 3.3.30, so there exists & € N such that k = maz{l : Z" # 0}. By
Lemma 3.3.27 we have 0(Z?) = Z{. Since Z = () for | > k, we have Z{ = ng- By
Lemma 3.3.28 Z,(f is open and by Remark 3.3.29 Z;f = A 5. Thus every element
of A has exactly k preimages under ¢.

If ¢ is not surjective, then there exists y € Z;. Then k& = 0 which means ¢
is not defined for any element in A* which does not make sense. Thus ¢ must be

surjective. O

Definition 3.3.33. Let p: E — B be a continuous surjective function. The open
set U of B is said to be evenly covered by p if the inverse image p~!(U) can be written
as the union of disjoint open sets V, in E such that for each «, the restriction of p
to V,, is a homeomorphism of V,, onto U.

Definition 3.3.34. Let p : E — B be a continuous surjective function. If every
point b of B has a neighborhood U that is evenly covered by p, the p is called a

covering map and E is said to be a covering space of B. If p~1(b) has k elements

5Remark 3.3.29 which is used to show that Z;f = A is the only part of the proof that relies
on o.
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for every b € B, then F is called a k-fold covering of B.

Remark 3.3.35. A covering map p is automatically a local homeomorphism (in gen-
eral the converse does not hold), so we have shown that if p is a covering map which
*_commutes with o, then p is a k-fold covering map for some k& € N. We have yet
to find an example of a local homeomorphism which *-commutes with o yet is not
a covering map.

Ezxample 3.3.36. Let A be a finite alphabet and A* be the one-sided infinite words.
Let 0 : A — A be the unilateral shift (i.e. o(zoriz2--+) = 129 -+ - ) and denote
Z(a) ={z € A® 1z =ay,y € A}

Notice that 071 (A>) = UueaZ(a) and o(Z(a)) = A for all a € A. Therefore o is

a covering map. In particular, o is a |A|-fold covering map.

Example 3.3.37. Let B = {a,b,c,d} and define d : B> — B by

d(aa) = a d(ba) = d d(ca) = ¢ d(da) =

d(ab) = a d(bb) = d d(cb) = ¢ d(db) = b
d(ac) = b d(be) = ¢ d(cc) = d d(dc) = a
d(ad) = b d(bd) = ¢ d(cd) = d d(dd) = a,

which is taken from Example 3.3.11. Define V = Z(a)U Z(d) and W = Z(b) U Z(c).
With a little work one can check that
74 (V) = Z(a) U Z(d) 7o (W) =Z(b) U Z(c)

Ta(Z(a)) =V = 14(Z(d)) Ta(Z(b)) = W = 7a(Z(c))-

So 74 is a 2-fold covering map. We know that this map *-commutes with o.
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Example 3.3.38. Let B = {0,1,2,3} and define d : B> — B by

d(00) = 0 d(10) = 2 d(20) = 0 d(30) = 2
d(01) =0 d(11) =2 d(21) =0 d(31) =2
d(02) =1 d(12) = 3 d(22) =1 d(32) = 3
d(03) =1 d(13) =3 d(23) =1 d(33) = 3,

which is taken from Example 3.3.12. Define V = Z(0)UZ(1) and W = Z(2)U Z(3).
With a little work one can check that
7 (V) =Z2(0)UZ(2) T (W) =Z(1)uZ@)

7a(Z(0)) =V = 7a(Z(2)) Ta(Z4(1)) =W = 14(Z(3)).

So 74 is a 2-fold covering map. We know that this map does not *-commute with o.
Remark 3.3.39. An important result from Proposition 3.3.32 that is useful to prove
the next lemma is that if ¢ : A — A* is a local homeomorphism and *-commutes
with o, then there exists k € N such that ¢ is k to 1 and surjective.

Lemma 3.3.40. Let A be a finite alphabet. If ¢ : A — A is a local homeomor-

phism and *-commutes with o, then ¢ is a (k-fold) covering map.

Proof. Since ¢ is a local homeomorphism it is continuous and by Proposition 3.3.32
¢ is surjective. Let y € A®, then ¢~1(y) = {x;}¥_, for some k € N by Proposition
3.3.32. Since ¢ is a local homeomorphism there exists an open neighborhood W; of
x; such that ¢ : W; — ¢(W;) is a homeomorphism (and ¢(W;) is open in A*) for

1 =1,--- k. Since A% is Hausdorff we may define open sets W/ such that z; €

W/ C W; and {W]}\_, are pairwise disjoint. Notice that ¢|y- is a homeomorphism
onto its image and ¢(W/) is open (since it is open in ¢(W;) which is open in A>).
Let U = N¥_,¢(W/) which is an open set containing y. Define V; = ¢=+(U) N W/,

which is open and non-empty since z; is in ¢~ }(U) and W/. Also notice that {V;}¥_,

are pairwise disjoint. So ¢~}(U) = U¥_, Vi, é|y; is a homeomorphism (since V; C W/
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and ¢y is a homeomorphism), and
¢(Vi) = (o (U)NW)) =UNo(W)) =U
hence ¢(V;) is onto U. Therefore A% is evenly covered by ¢. Since y was arbitrary,

¢ is a (k-fold) covering map. O

Theorem 3.3.41. If ¢ is a local homeomorphism of A that *-commutes with o,
then there exists n € N and a regressive function d : A" — A such that 74 = ¢.
Further, ¢ is a k-fold covering map for some k € N. Conversely, if 4 = ¢ for
some regressive function d and if ¢ is a k-fold covering map, then ¢ is a local

homeomorphism (by definition) on A that *-commutes with o.

Proof. Suppose ¢ is a local homeomorphism that *-commutes with o. Then ¢ is
continuous and commutes with o, therefore by Lemma 3.3.7 there exists n € N and
d: A" — A such that 7, = ¢. Now by Lemma 3.3.40 ¢ is a k-fold covering map.
Conversely, suppose there exists n € N and a regressive function d : A" — A
such that 7; = ¢ is a k-fold covering map. Since ¢ is a covering map, it is a local
homeomorphism. Since d is regressive, by Theorem 3.3.13 74 = ¢ *-commutes with

o. OJ

3.4 Characterization of 2-graphs whose shifts *-commute

This section is based on collaboration with Ben Maloney, David Pask, and
[ain Raeburn.

We introduce a concept of coalignment, and prove that two surjective local
homeomorphisms *-commute on the infinite path space of a 2-graph, in the sense
of Exel and Renault, if and only if the 2-graph is 1-coaligned. We go on to classify
completely all 2-graphs defined from tile basic data on which the one-sided unilateral
shift maps *-commute.

Definition 3.4.1. A k-graph is a pair (A, d) consisting of a countable category

A and a functor d : A — N*_ called the degree map, satisfying the factorization
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property: for every A € A and m,n € N¥ with d(\) = m + n, there are unique
elements p, v € A such that d(u) =m, d(v) =n and A = pv. See [24].
Definition 3.4.2. For k > 1, €, is a category with unit space Q) = N*¥_ morphism
space Q0 = {(m,n) € N¥ x N¥ : m < n}, range map r(m,n) = m, and source map
s(m,n) = n. Let d : Q — NF be defined by d(m,n) = m — n, then (Q,d) is a
k-graph, which we denote by 2.
Definition 3.4.3. Let (A, d) be a k-graph. Then

A* = {x:Qp — A:xis a k-graph morphism}
is the infinite path space of A.

We denote sections of these paths with range m € N¥ and source n € NF
by x(m,n). For p € N*¥ we define the map o? : A® — A> by oP(z)(m,n) =
x(m + p,n + p) for (m,n) € Q.

The following proposition was proved by Kumjian and Pask, [17, Proposition
2.3]. We will rely on it more than once.
Proposition 3.4.4. Let A be a k-graph. For all A € A and x € A with x(0,0) =
s(N), there is a unique y € A> such that x = 0Ny and X = y(0,d()\)). We will
write y = A\x. For every x € A* and p € N¥, x = 2(0,p)oPx.
Remark 3.4.5. Let XY be topological spaces and f : X — Y be a function. If the
image of every basis element in X is open in Y, then f is an open map. Similarly,
if every preimage of a base element of Y is open in X, then f is continuous.
Definition 3.4.6. Given A\, u € A, the minimal common extension of A and pu is
defined MCE(\ 1) = {(a, 8) : Aa = puf and d(Aa) = d(\) V d(u)}.
Remark 3.4.7. Observe that if A # p with d(\) = d(u), then the minimal common
extension of A, p is empty. Additionally, MCFE(A, 1) is empty if r(\) # r(u), as
Aa = pf implies r(Aa) = r(pf) which is true only if r(A) = r(u).

The following definition of a cylinder set is standard (see Kumjian and Pask

[17, Definition 2.4]).
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Definition 3.4.8. Suppose A is a k-graph. For A € A, we define the cylinder set of
A,

Z(A\) ={x € A :2(0,d(N)) = A} (3.39)
) Z(Aav).

Lemma 3.4.9. For A\, p € A, Z(N)(Z(1) = Upyemcron

Proof. We will prove this using a double containment argument, but first we shall
deal with the trivial case: if d(\) > d(u), then Z(\) C Z(pu), and so Z(X\) (Z(u) =
Z(A). Hence degree-zero morphisms are in MCE(A, p1), and U, gyemcpop) Z(Aa) =
Z(\). By symmetry, if d(\) < d(u), then Z(A\) (Z(p) = Z(p).

Suppose @ € U, gremopo Z(Aa). Then 2(0,d(A)) = A, so z € Z(A). Also,
since Aa = pf, x(0,d(p)) = p, so x € Z(p). Hence Uy, grerrcmn Z(Aa) C
20N Z(w).

Suppose x € Z(A)[(Z(1), so z(0,d(N)) = X and x(0,d(pn)) = p. To avoid
the trivial case, suppose d(\) £ d(p) and d(p) £ d(A). Let d(X\) V d(n) = m,
say. The unique factorization property of the k-graph A implies that z(0,m) =
Az(d(N),m) = px(d(u),m). Then (z(d(N\),m),x(d(p), m)) a pair in the minimal
common extension, demonstrating Z(A)(1Z(1) € U pemcroy Z(Aa). Hence
we have Z(A) (N Z(1) = Uapyenrcro Z(A). O
Corollary 3.4.10. If X\ # p with d(\) = d(u), then Z(\) (N Z (1) = 0.

Proof. Apply Lemma 3.4.9. By Remark 3.4.7, if A # p with d(\) = d(u), then
MCE(\, u) is empty. ]

Lemma 3.4.11. Let A be a row-finite k-graph with no sources or sinks.

1. For A € A, the compact sets Z(\) form a subbasis for a locally compact Haus-

dorff topology on A*°.

2. Fori=1,...,k, the maps % : A>*° — A defined by
(cx)(m,n) :=x(m+e;,n+e;) (3.40)

are surjective local homeomorphisms such that o%c% = o% g% for(0 <i,j5 < k.
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Proof. For assertion (1), observing that for all x € A*, x € Z(r(z(0,0))), the set
{Z(\) : X € A} is a subbasis for A*. The set {Z(r(x(0,0)))} is compact for all
A € A by [17, Lemma 2.6]. Thus A™ is a locally compact space. To show that A> is
Hausdorff, suppose = # y € A>; then there exists (m,n) € € such that x(m,n) #
y(m,n). Hence x € Z(x(0,n)), y € Z(y(0,n)), but since d(x(0,n)) = d(y(0,n)),
by Corollary 3.4.10, Z(x(0,n)) () Z(y(0,n)) = 0. Therefore, the topology generated
by taking arbitrary unions of finite intersections of elements of the form Z(\) is a
locally compact Hausdorff topology.

For assertion (2) of the lemma, we begin by claiming o¢ is surjective. Take
y € A>; since A has no sinks, we can take e € A%r(y) so that s(e) = r(y). Then we
use Proposition 3.4.4 to see that there exists a unique z € A such that z(0,¢;) = ¢
and z(m + e;,n + e;) = y(m,n) for all m,n € Q. Then %z = y by definition.

We now show ¢ is continuous. We need to show that the image by (o%)~! of
an open set is open. By Remark 3.4.5, it suffices to show that (%) 'Z()\) =
Leenciry Z(€A).  Suppose z € Z(e)) for some e, then o%x € Z(A). Hence
(%) Z(N) 2 Ueeneirn) Z(e)). Now suppose z € (o)1 Z(N), sox = x(0, i) Aa?™ (z)

where x(0,¢;) € A%r(\). Hence x € | | o Z(eA). Therefore (o)™ Z()\) C

e€Acir
Llecacirry Z(eA). So ot is continuous.
Proving that ¢ is a local homeomorphism: let z € A*°; by Proposition 3.4.4
we know = = z(0,¢;)0%(z). We denote x(0,¢;) = e, and show that Z(e,) is a
neighbourhood of z such that o%(Z(e,)) = Z(s(e;)) is open and o% : Z(e,) —
Z(s(e;)) is a homeomorphism. It is immediate that © € Z(e,) and that o%(z) €
Z(s(ez)), hence 0% (Z(e,)) C Z(s(e,)). Now suppose y € Z(s(e,)); since A has no
sources, there exists z € A* such that z = 2(0, ¢;)y. Theny € % (Z(e;)). Therefore
o%(Z(e;)) = Z(s(e;)) is open and onto its range, and the map is therefore surjective.

To see that 0|z, is injective: let y,z € Z(e,) such that 0% (y) = 0% (z). Then

by Proposition 3.4.4, we have y = x(0,¢;)0%(y) = (0, ¢;)0%(2) = 2.
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The restriction o¢

Z(e,) 18 continuous because it is the restriction of a contin-

uous map, and has a continuous inverse because it is a bijection from a compact

space to a Hausdorff space. Hence 0|, is a homeomorphism, and by definition
o : A*° — A*> is a local homeomorphism. For x € A,
(c%c%z)(m,n) =c%z(m+ej,n+ej) =x(m+e +e,n+e;+e)
(o) (m,n) = oc%x(m+e;,n+e)=ac(m+e +ej,n+e +e;).

However, addition in N? is commutative, so o%0c% (x) = 0% (x), which demon-

strates the last part of the lemma. O

We wish to provide necessary and sufficient conditions for ¢!, g : A®° — A™®
to be *-commuting.
Lemma 3.4.12. Let (A,d) be a 2-graph and let o% to be defined as equation (3.40).
If for each pair (e', €*) € A x A° with s(e') = s(e?) there is a unique pair (f', %) €

At x A such that fle? = f2el, then o, 0% : A® — A>® *-commute.

Proof. By Lemma 3.4.11, ¢, 0°> commute. Suppose y, z € A* such that o (y) =

0% (2) = w, say. Take y(0,¢e;) = e' and 2(0, e3) = €2, which is a pair in A° x A®2, and

associate to it the unique pair (f!, f?) such that f'e? = f2e! is a path in A of degree

1+ ey. Define z := f2elw (equivalently equals fle?w), then o (z) = 0% (fle*w) =
1

2w = z and 0%2(x) = o%(f%c'w) = elw = y. Hence 0 ,0% : A® — A® *

commute. OJ

The converse is the challenge.
Lemma 3.4.13. If 0,0% : A — A are *-commuting maps, then for each pair
(el,e?) € A% x A2 with s(e') = s(e?), there exists a unique pair (f1, f?) € A“ x A®
such that fle? = f2el.
Proof. Fix (e!,e?) € A x A with s(e') = s(e?). Since the cylinder set Z(s(e!))
1 2

is non-empty, there exists w € Z(s(e')). Define y := e'w and 2z := e*w. Since

o (y) = w = 0%(z), there exists a unique x € A* such that ¢°'(x) = z and
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0% (x) = y. Define f! := 2(0,¢e;) and f? := 2(0, e3). So Proposition 3.4.4 gives us
r=1x(0,e)0(2) = fl2 = fle*w and z = 2(0, e2)0%(z) = f?y = fre'w.
Hence (f!, f?) € A® x A® satisfies fle? = f2el.
To demonstrate uniqueness, suppose there exists a pair (g', g?) € A° x A®

such that g'e? = g%¢'. Then g'c*w = g*c'w and % (g'e*w) = ¢*w = z and

1

% (g*elw) = elw = y. Since 0,02 *-commute, g'e*w = x = g’c'w. By Proposi-

tion 3.4.4, gt = 2(0,e;) = f! and g% = 2(0,e3) = f>. O
Definition 3.4.14. A k-graph A is 1-coaligned if for every pair (e!,e?) € A® x A®
with s(e!) = s(e?) there exists a unique pair (f!, f%) € A® x A® such that fle? =
f2et.

We are now able to present our classification theorem.
Theorem 3.4.15. Suppose (A, d) is a 2-graph, and 0% : A>*° — A is the one-sided
unilateral shift in the direction e;. The maps o', 0% *~commute if and only if (A, d)

15 1-coaligned.
Proof. Apply Lemma 3.4.12 and Lemma 3.4.13. O]

We consider an example motivated by work by Ledrappier [19], the details of
which are provided by Pask, Raeburn and Weaver [24, 31].
Example 3.4.16. Tile the plane with socks. Let the sum of the entries of each sock
tile equal zero modulo two. So of the eight possible permutations, only four exist

that meet this criteria. That is,

We can then draw the 1-skeleton of the associated 2-graph.
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With a little work, one can check that this example is 1-coaligned, therefore the
unilaterial shifts 0, 02 *-commute on this particular 2-graph.

We expand our field of interest to consider a general 2-graph defined from tiles
that obey some basic rules (see [24]).
Definition 3.4.17. A subset T of N? is hereditary if for j € T, each i such that
0<i<yj,ieT.

Definition 3.4.18. There are four variables that make up the basic data:

e a finite hereditary subset of N2, called the tile, T
e an alphabet {0,...,q — 1}, identified with Z,. °
e an element ¢ of the alphabet called the trace.

e a weight function w: T — {0,...,q — 1} called the rule.

The basic data is denoted (7', ¢, t, w).
From the basic data, we aim to define a 2-graph, A(T),q,t,w). We combine
the four elements of the basic data to define the vertex set of A(T), q,t,w):
AN ={v:T—17Z,: Zw(z)v(z) =t (mod q)}. (3.41)
There is a simple condition to beizgtisﬁed to create a 2-graph from basic data.

Definition 3.4.19. Let (¢, o) := \/{i : i € T'}. The rule w has invertible corners

if w(cier) and w(cqey) are invertible elements of Z,.

®We use Z, to denote the ring Z/qZ. Recall that for w € Z,, the principal ideal generated by
w is denoted (w).
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To describe paths of tiles, some more notation is required. We follow the
definitions and notations of [24, §3]. For S C Z? and n € Z?, define the translate of
Sbynby S+n:={i+n:ie€S} Set T(n) :=Uycpe, T +m. From a function
f:S — Z, defined on a subset S of N? containing T+ n, we define f|ry, : T — Z,
by frin(i) = f(i +n) for i € T. A path of degree n is a function A : T'(n) — Z,
such that A7y, is a vertex for 0 < m < n, with source s(\) = A|r4, and range
r(A) = Alr. We defined A° previously; define A* := |, .2 A™-

A result of Pask, Raeburn and Weaver [24, Theorem 3.4] proves that the

existence of invertible corners for the rule is a sufficient condition to be able to
define a 2-graph from basic data.
Theorem 3.4.20 (Pask, Raeburn, Weaver). Suppose we have basic data (T, q,t, w)
and the rule w has invertible corners. Say that p € A™ and v € A" are composable
if s(u) = r(v) and the composition is the unique path A\ satisfying A(0,m) = p and
Am,m+n) =v. Defined: A — N? by d(\) =n for X\ € A". Then with A°, A*,r,s
defined previously, A(T,q,t,w) := ((A°, A*,r,s),d) is a 2-graph.

Suppose the tile T" has invertible corners. Our goal is to give a condition
regarding the basic data that guarantees the one-sided unilateral shifts *-commute.
We would like a condition that allows us to apply Theorem 3.4.15.

Lemma 3.4.21. Let w € Z,. Then wx = m (mod ¢) has a unique solution x for

each m € Z, if and only if w is invertible in Z,.

Proof. Fix w € Z, and suppose wz = m (mod ¢) has a unique solution x € Z, for
each m € Z,. We want to show that w is invertible in Z,. If ¢ is prime, then w
must be invertible. Suppose ¢ is not prime; we know (w) = Z, since m € (w) for
all m € Z,. So in particular 1 € (w), hence w is invertible.

Conversely, suppose w is invertible in Z,. Define z,, := w™'m. Then wz,, =
ww™'m = m. To see that z,, is the unique solution, suppose wy = m (mod gq).

Then w(y — x) = wy — wxr = m —m = 0. Since w is invertible, w is not a zero
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divisor, therefore y — x = 0; hence y = z in Z,. [

Before we present our classification theorem, we set up some notation. Take

b e” with common source, we aim to define a path A : T'(e; +

n = (ni,ng). Given e
es) — Zg. Recall that T'(e; +e3) =T U (T 4+ e1) U (T + e3) U (T + €1 + e3). For
n €T, define v : T\{0,0} — Z,:

e(n—e) ifn >0

vin) = e'(n—ey) ifng>0.

From the basic data, equation (3.41), we define:

v(0,0) = w(0,0)7" (t— > w(i)(i)). (3.43)

i€T\{0,0}

(3.42)

If v(0,0) € Z,, then v is a vertex in A°.

For n € T'(e; + eg), define
e(n—e) :ny >0
Aln)=q¢€(n—e) :ny>0 (3.44)
v(0,0) :n = (0,0).
We wish to show that \ is a path of degree e; + e, and it is the only one with

Mer,e; +ep) = e and A(eg, e; + e3) = €’. To see that ) is a path, it is sufficient
to show | = v is a vertex, Arie, = 7(€"), Mrie, = r(€?) and A|7ie,1e, = s(€7) =
s(€). That Mrie, = 7(€7), Arie, = 7(€®) and Arie,1e, = s(e7) = s(e¥) are
immediate from the definition of A\, equation (3.44). The challenge is to show that
A7 = v is a vertex.

Theorem 3.4.22. Suppose A(T, q,t,w) is a 2-graph with invertible corners. Then

AT, q,t,w) is 1-coaligned if and only if w(0,0) is invertible in Z, for 0 € T

Proof. Suppose w(0,0) is invertible in Z,. We wish to show that A is 1-coaligned.
We need to show there exists a pair (f°, f7) € A® x A® such that fPe" = freb,
and then demonstrate uniqueness. Since w(0,0) is invertible, there exists a vertex
v defined by equation (3.42) and equation (3.43). For n € T', we have that A(n) =
v(n), and so A|; = v. If we define f® = X(0,e;) and f7(0,e5), then freb = fber,
because they are both degree e; 4 e5 factorisations of A. By applying Lemma 3.4.21

to Equation (3.43) we know that v(0,0) is unique, this implies that f* and f" are
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unique.

Conversely, suppose that w(0,0) not invertible in Z,. We wish to show either
there exist multiple possibilities for the path A, or no path at all. The path A
is defined for all n € T'(e; + e2)\{0,0} by the fixed edges €®, e", so the existence
and uniqueness of A is dependent on the existence and uniqueness of v(0,0). Since
w(0,0) is assumed not to be invertible, Lemma 3.4.21 implies that Equation (3.43)
does not have a unique solution contradicting the uniqueness requirement for A to

be 1-coaligned. O

Corollary 3.4.23. The one-sided unilateral shifts o, o> on A(T, q,t, w)> *-commute

if and only if w(0,0) is invertible in Z,.

Proof. Applying Proposition 3.4.22, Lemma 3.4.21, and Theorem 3.4.15, we have
the one-sided unilateral shifts *-commute on A(T,w,t,q) if and only if A(T,w,t,q)

is 1-coaligned, which is true if and only if w(0, 0) is invertible in Z,. O

This generates a host of examples

e Given basic data (T, ¢,t,w) and invertible corners, whenever w(0,0) = 1, the

shift maps will *-commute.

e Given any alphabet of cardinality prime ¢, for any non-zero rule, the shift

maps will *-commute.

If we wish to generalize these results further we first need a formulation of
aperiodicity; this one is due to Robertson and Sims [30, §2]
Definition 3.4.24. A 2-graph A is aperiodic if for every v € A° and m,n € N?
with m # n, there is a path A € A satisfying 7(\) = v, d(\) > m V n and
A(m,m+d(\) — (mVn)) # An,n+d\) — (mVn)).
An interesting subset of our examples are 1-coaligned 2-graphs formed from

basic data (T, ¢,0,w). According to Pask, Raeburn and Weaver [24, Theorem 5.2],



100

A(T, q,0,w) is aperiodic. The associated C*-algebra C*(A(T), q,0,w)) is unital, nu-
clear, simple, purely infinite, and belongs to the bootstrap class N' by Pask, Rae-
burn and Weaver [24, Theorem 6.1]. This implies that C*(A) is determined up to
isomorphism by its K-theory (according to Kirchberg and Phillips).

A further restriction on the rule w is required to assure aperiodicity: w has
three invertible corners if w(0,0),w(c1e1), w(coeq) are all invertible in Z,. Remark
5.5 of [24] indicates that we may reduce to the t = 0 case provided there is a constant
vertex — that is, there exists vy such that vyg(m) = c for all m € T This is equivalent

to the existence of ¢ € Z, such that ¢(d,.,w(i)) =t (mod q).
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